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Preface 


These notes have been prepared to assist students who are learning Advanced Cal- 
culus/Real Analysis for the first time in courses or self-study programs that are 
using the text Principles of Mathematical Analysis (3rd Edition) by Walter Rudin. 
References to page numbers or general location of results that mention “our text” 
are always referring to Rudin’s book. The notes are designed to 


e encourage or engender an interactive approach to learning the material, 
e provide more examples at the introductory level, 
e offer some alternative views of some of the concepts, and 


e draw a clearer connection to the mathematics that is prerequisite to under- 
standing the development of the mathematical analysis. 


On our campus, the only prerequisites on the Advanced Calculus course include 
an introduction to abstract mathematics (MAT108) course and elementary calculus. 
Consequently, the terseness of Rudin can require quite an intellectual leap. One 
needs to pause and reflect on what is being presented; stopping to do things like 
draw pictures, construct examples or counterexamples for the concepts the are being 
discussed, and learn the definitions is an essential part of learning the material. 
These Companion Notes explicitly guide the reader/participant to engage in those 
activities. With more math experience or maturity such behaviors should become 
a natural part of learning mathematics. A math text is not a novel; simply reading 
it from end to end is unlikely to give you more than a sense for the material. On 
the other hand, the level of interaction that is needed to successfully internalize an 
understanding of the material varies widely from person to person. For optimal 
benefit from the combined use of the text (Rudin) and the Companion Notes first 
read the section of interest as offered in Rudin, then work through the relevant 
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section or sections in the Companion Notes, and follow that by a more interactive 
review of the section from Rudin with which you started. 

One thing that should be quite noticeable is the higher level of detail that is 
offered for many of the proofs. This was done largely in response to our campus 
prerequisite for the course. Because most students would have had only a brief 
exposure to some of the foundational material, a very deliberate attempt has been 
made to demonstrate how the prerequisite material that is usually learned in an 
introduction to abstract mathematics course is directly applied to the development 
of mathematical analysis. You always have the elegant, “no nonsense” approach 
available in the text. Learn to pick and choose the level of detail that you need 
according to your own personal mathematical needs. 


0.0.1 About the Organization of the Material 


The chapters and sections of the Companion Notes are not identically matched with 
their counterparts in the text. For example, the material related to Rudin’s Chapter 
1 can be found in Chapter 1, Chapter 2 and the beginning of Chapter 3 of the 
Companion Notes. There are also instances of topic coverage that haven’t made it 
into the Companion Notes; the exclusions are due to course timing constraints and 
not statements concerning importance of the topics. 


0.0.2 About the Errors 


Of course, there are errors! In spite of my efforts to correct typos and adjust errors 
as they have been reported to me by my students, I am sure that there are more errors 
to be found and I hope for the assistance of students who find things that look like 
errors as they work through the notes. If you encounter errors or things that look like 
errors, please sent me a brief email indicating the nature of the problem. My email 
address is emsilvia@math.ucdavis.edu. Thank you in advance for any comments, 
corrections, and/or insights that you decide to share. 


Chapter 1 
The Field of Reals and Beyond 


Our goal with this section is to develop (review) the basic structure that character- 
izes the set of real numbers. Much of the material in the first section is a review 
of properties that were studied in MAT108; however, there are a few slight differ- 
ences in the definitions for some of the terms. Rather than prove that we can get 
from the presentation given by the author of our MAT127A textbook to the previous 
set of properties, with one exception, we will base our discussion and derivations 
on the new set. As a general rule the definitions offered in this set of Compan- 
ion Notes will be stated in symbolic form; this is done to reinforce the language 
of mathematics and to give the statements in a form that clarifies how one might 
prove satisfaction or lack of satisfaction of the properties. YOUR GLOSSARIES 
ALWAYS SHOULD CONTAIN THE (IN SYMBOLIC FORM) DEFINITION AS 
GIVEN IN OUR NOTES because that is the form that will be required for suc- 
cessful completion of literacy quizzes and exams where such statements may be 
requested. 


1.1 Fields 


Recall the following DEFINITIONS: 


e The Cartesian product of two sets A and B, denoted by A x B, is 


{(a,b):aEeAnNbe B}. 
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e A function / from A into B is a subset of A x B such that 
(i) (Va)[a € A= (cb) (b € BA (a,b) €h)]; i.e., domh = A, and 
(ii) (Va) (Vb) (Ve) [(a, b) Eh A (a,c) Eh S b = cl); i.e., his single-valued. 


e A binary operation on a set A is a function from A x A into A. 


e A field is an algebraic structure, denoted by (F,+,-,e, f), that includes a 
set of objects, F, and two binary operations, addition (+) and multiplication 
(-), that satisfy the Axioms of Addition, Axioms of Multiplication, and the 
Distributive Law as described in the following list. 


(A) Axioms of Addition ((F, +, e) is a commutative group under the binary 


operation of addition (+) with the additive identity denoted by e); 


(Al) +:FxF->F 

(A2) (Vx) (Vy) @,y € FS (4+ y = y+ x)) (commutative with respect 
to addition) 

(A3) (Vx) (Vy) (Vz) (x,y,z EF S>[@4+y)+z2=2x4+() +2))) (asso- 
ciative with respect to addition) 

(A4) (de) [e € FA (Vx) (*# € FS>x +e =e +x = x)] (additive identity 
property) 

(A5) (Vx) @ € F= G(—x))[(-x) € FA & + (x) = (-x) +x =e))) 
(additive inverse property) 


(M) Axioms of Multiplication ((F,-, f) is a commutative group under the 


binary operation of multiplication (-) with the multiplicative identity 
denoted by /f); 
(M1) -:FxFOF 
(M2) (Vx) (Vy) (x,y €F > &«&-y=y-x)) (commutative with respect 
to multiplication) 
(M3) (Vx) (Vy) (Vz) (x, y,zEeF> [(x -y)-Z=x-(y- z)]) (associative 
with respect to multiplication) 
(M4) Gf) [f EFA Sf #ea Wx) EF Sx- f = f-x =x)] (mul- 
tiplicative identity property) 
(M5) (Vx) (x € F— {fe} > 
[(A (x~')) (a= EFA(-@7D)=07)-x= f)) 


(multiplicative inverse property) 
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(D) The Distributive Law 
(Vx) (Vy) VW2I@,yzEFS>h-O+)=@-y)+@-2) 


Remark 1.1.1 Properties (Al) and (M1) tell us that F is closed under addition and 
closed under multiplication, respectively. 


Remark 1.1.2. The additive identity and multiplicative identity properties tell us 
that a field has at least two elements; namely, two distinct identities. To see that two 
elements is enough, note that, for F = {0, 1}, the algebraic structure (F, ®, ®, 0, 1) 
where @: F x F> Fand ®: F x F > F are defined by the following tables: 


@]0]1] @]0{1 
0 0] 1 0 [0] 0} 
1 [io] 1 [o[1 


is a field. 


Remark 1.1.3 The fields with which you are probably the most comfortable are 
the rationals (Q, +, -, 0, 1) and the reals (R, +, -,0, 1). A field that we will discuss 
shortly is the complex numbers (C, +, -, (0, 0), (1, 0)) Since each of these distinctly 
different sets satisfy the same list of field properties, we will expand our list of 
properties in search of ones that will give us distinguishing features. 


When discussing fields, we should distinguish that which can be claimed as 
a basic field property ((A),(M), and (D)) from properties that can (and must) be 
proved from the basic field properties. For example, given that (F, +, -) is a field, 
we can claim that (Vx) (Vy), y € F= x+y € F) as an alternative description 
of property (Al) while we can not claim that additive inverses are unique. The 
latter observation is important because it explains why we can’t claim e = w from 
(F,+,-,e, f) being a field and x + w = x +e = x; we don’t have anything that 
allows us to “subtract from both sides of an equation”. The relatively small number 
of properties that are offered in the definition of a field motivates our search for 
additional properties of fields that can be proved using only the basic field properties 
and elementary logic. In general, we don’t claim as axioms that which can be 
proved from the “minimal” set of axioms that comprise the definition of a field. We 
will list some properties that require proof and offer some proofs to illustrate an 
approach to doing such proofs. A slightly different listing of properties with proofs 
of the properties is offered in Rudin. 
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Proposition 1.1.4 Properties for the Additive Identity of a field (F,+,-,e, f) 
1. (Wx)(x €FAx+x=x>5>x=€) 
2. (Vx) (x € F>x-e=e-x =e) 
3. (vx) (Vy) [@, y EFAx-y=e)> (x =eVvy=e)| 


Proof. (of #1) Suppose that x € F satisfies x + x = x. Since x € F, by the 
additive inverse property, —x € F is such that x + —x = —x +x = e. Now by 
substitution and the associativity of addition, 


e=x4+(-x)=(x+x)4+ (-x) =x+ (4+ -x) =x+e=x. 


(of #3) Suppose that x, y € F are such that x - y = e and x # e. Then, by the 
multiplicative inverse property, x! € F satisfies x - x7! = x7!.x = f. Then 
substitution, the associativity of multiplication, and #2 yields that 


ja VS (a) wee reas ete. 


Hence, for x, y € F, x -y =e Ax =e implies that y = e. The claim now follows 
immediately upon noting that, for any propositions P, Q, and M,[P > (Q Vv M)] 
is logically equivalent to [((P A-Q) > M]. 


Excursion 1.1.5 Use #1 to prove #2. 


***The key here was to work from x - e = x (e + e).*** 


Proposition 1.1.6 Uniqueness of Identities and Inverses for a field (F,+,-,e, f) 


1. The additive identity of a field is unique. 
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2. The multiplicative identity of a field is unique. 

3. The additive inverse of any element in F is unique. 

4. The multiplicative inverse of any element in F — {e} is unique. 

Proof. (of #1) Suppose that w € F is such that 
(Vx)~®eEFSx+wu=wt+x=x). 


In particular, since e € F, we have that e = e + w. Since e is given as an additive 
identity and w € F,e + w = w. From the transitivity of equals, we conclude that 
e = w. Therefore, the additive identity of a field is unique. 


(of #3) Suppose that a € F is such that there exists w € F and x ¢€ F satisfying 
at+w=wt+a=e and Gtr Sia =e 
From the additive identity and associative properties 


w=wte = wt(atx) 
= (wt+a)+x 
= e+x 
= 


Since a was arbitrary, we conclude that the additive inverse of each element in a 
field is unique. @ 


Excursion 1.1.7 Prove #4. 


***Completing this excursion required only appropriate modification of the proof 
that was offered for #3. You needed to remember to take you arbitrary element in F 
to not be the additive identity and then simply change the operation to multiplica- 
tion. Hopefully, you remembered to start with one of the inverses of your arbitrary 
element and work to get it equal to the other one.*** 
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Proposition 1.1.8 Sums and Products Involving Inverses for a field (F,+,-,e, f) 


1. (Va) (Vb) (a,b € F > —(a +b) = (-a) + (-d)) 

2. (Va) (a € F > —(-a) =a) 

3. (Va) (Vb) (a,b € F 3 a: (-b) = —(a-b)) 

4, (Va) (Vb) (a,b € F = (-a)-b = —(a- b)) 

5. (Va) (Vb) (a, b € F > (—a) - (—b) =a-b) 

6. (Va) (ae F-{e} > (a7! Zea [a]! =a a— (a7!) = -ay')) 
7. (Wa) (Wb) (a, b € F— {e} = (a-b)7' = (a!) (b“')) 


Proof. (of #2) Suppose that a € F. By the additive inverse property —a € F 
and — (—a) € F is the additive inverse of —a; i.e., — (—a) + (—a) = e. Since —a 
is the additive inverse of a, (—a) +a = a+ (—a) = e which also justifies that a 
is an additive inverse of —a. From the uniqueness of additive inverses (Proposition 
1.1.6), we conclude that —(—a) =a. @ 


Excursion 1.1.9 Fill in what is missing in order to complete the following proof of 
#6. 
Proof. Suppose that a € F — {e}. From the multiplicative inverse property, 
a! € F satisfies . Ifa! =e, then, by Proposition 
(1) 
1.1.4(#2), a~! -a =e. Since multiplication is single-valued, this would imply that 
which contradicts part of the prop- 
(2) (3) 

erty. Thus, a~! # e. 

Since a~! € F—{e}, by the property, Gy € 
(4) 
: -~1\—1 | | -_1\71 . ‘i : ‘ : 
F and satisfies (a ) g -=q° "> (a ) = f; but this equation also justifies 
that ia is a multiplicative inverse for a~!. From Proposition : 
(5) 


=] 
we conclude that (a7!) =a. 
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From (#5), (- (a~')) -(-a) = a~!-a = f from which we conclude 

that — (a~') is a for —a. Since (—a)7! is a mul- 
(6) 

tiplicative inverse for (—a) and multiplicative inverses are unique, we have that 
- (a7!) = (—a)~! as claimed. 


** Acceptable responses are: (1)a-a~! = f,(2)e = f, (3) multiplicative identity, 
(4) multiplicative inverse, (5) 1.1.6(#4), and (6) multiplicative inverse.*** 
Proposition 1.1.10 Solutions to Linear Equations. Given a field (F, +, -,0, 1), 

1. (Va) (Vb) (a,be F => A!lx)@ € FAa+x=b)) 

2. (Va) (Vb) (a,b € FAa 40> (lx) (x € FAa-x =)b)) 


Proof. (of #1) Suppose thata,b € F anda # 0. Since a € F — {0} there 
exists a~! € F such thata-a~'! = a7!-a = 1. Because a~! € Fandb € F, 
< x a~!.b € F from (M1). Substitution and the associativity of multiplication 

e 


yield that 
a-x=a: (a! -b) = (a-a"') be Leb =v. 
Hence, x satisfies a-x = b. Now, suppose that w € F also satisfies a- w = b. Then 
w=1-w=(a!-a)-w=a!-@-w) =a -b =x, 
Since a and b were arbitrary, 
(Va) (Vb) (a,be F=> G!lx)(@ €FAa+x=b)). 
7 


Remark 1.1.11 As a consequence of Proposition 1.1.10, we now can claim that, if 
x,w,z € Fandx+w=x +z, then w = z and, if w,z € F, x € F— {0} and 
w:-x =z-Xx, then w = z. The justification is the uniqueness of solutions to linear 
equations in a field. In terms of your previous experience with elementary algebraic 
manipulations used to solve equations, the proposition justifies what is commonly 
referred to as “adding a real number to both sides of an equation” and “dividing 
both sides of an equation by a nonzero real number.” 
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Proposition 1.1.12 Addition and Multiplication Over Fields Containing Three or 
More Elements. Suppose that (F, +, -) is a field and a,b,c,d € F. Then 

1, @-bbt eHa bebe Hc bea 

225020 C=O 202) SA SO Da 

3. (at+c)+(b+d) =(a+b)+(c+d) 

4. (a-c)- (b-d) =(a-b)-(c-d) 


Proposition 1.1.13 Multiplicative Inverses in a field (F, +, -,0, 1) 


(a,b,c,d €FAb40Ad £0) 
1, (vay (vb) (ve) | =b-d#0A(a-b')-(c-d7) =(a-c)-(b-d)! 


2. (Va) (Vb) (We) [a,b,c € FAc £0) = (ac!) + (b-c7!) = (a +b)-c] 
3. (Wa) (Vb) [(a,b € FAb #0) = ((-a)-b-) = (a- (—-b)“') = - (a - 75] 
4. (Va) (Vb) (Vc) (Vd) [(a € F Ab, c,d € F—{0}) > c-d7! 40 
A(a-b7!) -(c-d7!)' = @-d)-(-0)7! = (a-b7!) - (de c7})] 
5. (Wa) (Vb) (Ve) (Vd) [(a,c € FAb,d €F—{0}) > b-d £0A 
(a-b"') + (c-d7!) =(a-d+b-c)-(-d)"] 


Proof. (of #3) Suppose a,b € F and b # 0. Since b ¥ 0, the zero of the 
field is its own additive inverse, and additive inverses are unique, we have that 
—b £0. Since a € F and b € F— {0} implies that —a € F and b™' € F — {0}, by 
Proposition 1.1.8(#4), (—a) - bi=- (a -b7'). From Proposition 1.1.8(#6), we 
know that — (b7') = (—b)~!. From the distributive law and Proposition 1.1.8(#2), 


el=b)> vaso") Sa: ((-o)" +b-') 2B (- (Ca) +b-') =a-0=0 
from which we conclude that a. (—b)7' is an additive inverse for a - b~!. Since 


additive inverses are unique, it follows that a - (—b)~! = — (a : bah, Combining 
our results yields that 


Gi tss= (a o") 2g (Spy 


as claimed. @ 
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Excursion 1.1.14 Fill in what is missing in order to complete the following proof 
of #4. 

Proof. (of #4) Suppose that a € F and b,c,d € F— {0}. Since d € F— {0}, by 
Proposition , d~'! £0. From the contrapositive of Proposition 1.1.4(#3), 

(1) 
c £Oand d~! £0 implies that . In the following, the justifications 
(2) 

for the step taken is provided on the line segment to the right of the change that has 
been made. 


(ab) (e-a-ty 


“~~ 
Ss 
> 

| 
—— 
= 
fey 
| 

“~ 
Qa 

bs 

—— 

| 
Sa 


(3) 


lI 
— 
gS 
si 
KX 
— 
N 

l 
Q 


(4) 


(6) 


II 
Q 


(6) 


(7) 


lI 
gS 
aN Nm 
Q 
— 
> . 
l 
N 
I 
= 


II 
Q 


(8) 


(a-d)-(b-c)7'. 
(9) 


From Proposition 1.1.8(#7) combined with the associative and commutative prop- 
erties of addition we also have that 


(a-d)-(b-cy! = (a-d)- (b7! -c“) 


lI 
pe 
Sg 
Fp 
Qa 
Go te 
| 
= 
a” 
Qa 9 
I 


| | 
Q 
Q 
ST > 
ak 
js eer 
—ms~ = 
Qa 
N 
19 
ie Ar 


Consequently, (a . Br*) : (c : rie =(a-d)-(b-c)!= (a . ba) . (d . a) as 
claimed. @ 


** Acceptable responses are: (1) 1.1.8(#6), (2) c-d~! ¥ 0, (3) Proposition 1.1.8(#7), 
(4) Proposition 1.1.8(#6), (5) associativity of multiplication, (6) associativity of 
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multiplication, (7) commutativity of multiplication, (8) Proposition 1.1.8(#7), (9) 
associativity of multiplication, (10) (a . (b7! . d)) oF oT dei 

The list of properties given in the propositions is, by no means, exhaustive. The 
propositions illustrate the kinds of things that can be concluded (proved) from the 
core set of basic field axioms. 


Notation 1.1.15 We have listed the properties without making use of some nota- 
tional conventions that can make things look simpler. The two that you might find 
particularly helpful are that 


e the expression a+ (—b) may be written as a —b; (—a)+(—b) may be written 
as —a — b; and 


: ; a : : 
e the expression a - b~! may be written as —. (Note that applying this nota- 
p y pplying 


tional convention to the Properties of Multiplicative Inverses stated in the last 
proposition can make it easier for you to remember those properties.) 


Excursion 1.1.16 On the line segments provided, fill in appropriate justifications 
for the steps given in the following outline of a proof that for a,b,c, d in a field, 
(a+b)—(c—d)=(a-c)+(b+a). 

Observation Justification 


(a+b) — (c—d) = (a+b) + (-(e + (-d))) pauses 
(a+b) + (— + (-d))) = (@ +b) + (He) + (-(-49))) 


(a +b) + ((—c) + (-(—a))) = (a +b) + (0) +d) (1) 
(a+b) + ((—c) +d) =a+ (b+ ((-c) +4)) (2) 
a+ (b+ ((-c)+d)) =a+ (b+ (-c)) +4) ©) 
a+ ((b+(-c)) +d) =a+(((-c) +b) +4) (4) 
a+(((—c) +b) +d) =a+ ((—c) + (b+4d)) (5) 
at ((-c) + b+4)) = @+ (-c)) +b +4) " 
(a + (—c)) + (b +d) = (a—-—c) + (644) : 
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*** Acceptable responses are: (1) Proposition 1.1.8(#1), (2) Proposition 1.1.82), 
(3) and (4) associativity of addition, (5) commutativity of addition, (6) and (7) as- 
sociativity of addition, and (8) notational convention.*** 


1.2 Ordered Fields 


Our basic field properties and their consequences tell us how the binary operations 
function and interact. The set of basic field properties doesn’t give us any means of 
comparison of elements; more structure is needed in order to formalize ideas such 
as “positive elements in a field” or “listing elements in a field in increasing order.” 
To do this we will introduce the concept of an ordered field. 

Recall that, for any set S, a relation on S is any subset of S x S$ 


Definition 1.2.1 An order, denoted by <, ona set S is a relation on §S that satisfies 
the following two properties: 


1. The Trichotomy Law: If x € S and y € S, then one and only one of 
(x < y) or (x = y) or (y <x) 
is true. 
2. The Transitive Law: (Vx) (Vy) (Vz) [a WweEeSAX =yvyAy eZ ee z\. 
Remark 1.2.2 Satisfaction of the Trichotomy Law requires that 


(Vx) (Vy) @,yEe SS (ax=y)VOX <y)V(y <x)) 


be true and that each of 


(Vx) Vy)@,yEeSS(e%=y) S70 <y)AT(Yy <x))), 
(Vx) (Vy) @,yEeS> (a <y)S 7H =yY)A7(y <x))), and 
(Vx) Vy) @,yESS (QV <x) > 7@=y)A7(@ < y))) 


be true. The first statement, (Vx) (Vy) (x,yE SS (xX=y)V(X <y)VO <x)) 
is not equivalent to the Trichotomy Law because the disjunction is not mutually 
exclusive. 
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Example 1.2.3 For S = {a, b, c} witha, b, and c distinct, <= {(a, b) , (b,c), (a, c)} 
is an order on §. The notational convention for (a,b) €< isa < b. The given or- 
dering has the minimum and maximum number of ordered pairs that is needed to 
meet the definition. This is because, given any two distinct elements of S, x and 
y, we must have one and only one of (x, y) €< or (y,x) €<. After making free 
choices of two ordered pairs to go into an acceptable ordering for S, the choice 
of the third ordered pair for inclusion will be determined by the need to have the 
Transitive Law satisfied. 


Remark 1.2.4 The definition of a particular order on a set S is, to a point, up to 
the definer. You can choose elements of S x S almost by preference until you start 
having enough elements to force the choice of additional ordered pairs in order 
to meet the required properties. In practice, orders are defined by some kind of 
formula or equation. 


Example 1.2.5 For Q, the set of rationals, let <C Q x Q be defined by (r,s) E<& 
(s + (—r)) is a positive rational. Then (Q, <) is an ordered set. 


Remark 1.2.6 The treatment of ordered sets that you saw in MAT108 derived the 
Trichotomy Law from a set of properties that defined a linear order on a set. Given 
an order < ona Set, we write x < y for (x < y) Vx = y. With this notation, the 
two linear ordering properties that could have been introduced and used to prove 
the Trichotomy Law are the Antisymmetric law, 


(Vx) (Vy) (@,yESAG,y ESA, x) ES) Sx=Yy), 
and the Comparability Law, 
(Vx) (Vy) @,y € S= (x,y) €< V(y,x) €S)). 


Now, because we have made satisfaction of the Trichotomy Law part of the def- 
inition of an order on a set, we can claim that the Antisymmetric Law and the 
Comparability Law are satisfied for an ordered set. 


Definition 1.2.7 An ordered field (F,+,-,0,1, <) is an ordered set that satisfies 
the following two properties. 


(OF1) (7x) (Vy) (Vz) [x,y,z €FAx <y>xtz<ytz] 


(OF2) (7x) (Vy) (Vz) [x,y,z EF Ax <yA0<zSx-z<y-z| 
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Remark 1.2.8 Jn the definition of ordered field offered here, we have deviated from 
one of the statements that is given in our text. The second condition given in the 
text is that 


(Vx) (Vy) [x,y EFAx>0Ay>05x-y> 0]; 


let’s denote this proposition by (alt O F2). We will show that satisfaction of (O F 1) 
and (alt O F2) is, in fact, equivalent to satisfaction of (O F1) and (O F2). Suppose 
that (O F1) and (O F2) are satisfied and let x, y € F be such that0 < x and0 < y. 
From (O F2) and Proposition 1.1.4(#2),0 =0-y < x+y. Since x and y were arbi- 
trary, we conclude that (Vx) (Vy) [x, yEeFAx>O0Ay>05>x-y> 0]. Hence, 
(OF2) => (altOF2) from which we have that (OF 1) A (OF2) = (OF1)A 
(altO F2). Suppose that (O F 1) and (alt O F2) are satisfied and let x, y,z € F be 
such that x < y andO < z. From the additive inverse property (—x) € F is such 
that [x + (—x) = (—x) +x =O]. From (O F1) we have that 


O=x+(—x) <y+(-x). 


From (alt O F2), the Distributive Law and Proposition 1.1.8 (#4), 0 < y + (—x) 
and () < z implies that 


0<(+(-x))-z=0-24+((-*)-2=0-24+(-(@-2)). 


Because + and - are binary operations on F, x-z € F and (y -z)+(—(«-z)) € F. 
It now follows from (O F 1) and the associative property of addition that 


O+x-z2<(9-2)+CG@-2D)4+%4-2=0-)D4+CO@-D4+x-d=y-z4+0. 
Hence, x -z < y-z. Since x, y, and z were arbitrary, we have shown that 
(Vx) (Vy) (Vz) [x,y,z EFA x <“yAC A275 x22 <y-z| 


which is (O F2). Therefore, (OF 1) A (altOF2) = (OF1) A (OF 2). Combining 
the implications yields that 


(OF 1) A (OF2) & (OF1) A (alt OF 2) as claimed. 


To get from the requirements for a field to the requirements for an ordered field 
we added a binary relation (a description of how the elements of the field are or- 
dered or comparable) and four properties that describe how the order and the binary 
operations “interact.” The following proposition offers a short list of other order 
properties that follow from the basic set. 
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Proposition 1.2.9 Comparison Properties Over Ordered Fields. 
For an ordered field (F, +, -,0, 1, <) we have each of the following. 


10<1 
. (Vx) (Vy) [x,y EFAx>O0Ay>05x-y>0] 
. (Vx) [x Ee FAx > 05 (-x) < 0] 


‘ (Vx) (Vy) [x,y EF Ax <y=>-y <—x| 


mM KR WON 


(Vx) (Vy) (Vz) [x,y,z €FAx <yAz<O0Sx-z>y-2] 


a 


(Vx) [x eFAx 40>x-x=x?>0] 


1 


N 


(Vx) (Vy) [x,y EFA0<x<ysS0<y | 

In the Remark 1.2.8, we proved the second claim. We will prove two others. 
Proofs for all but two of the statements are given in our text. 

Proof. (or #1) By the Trichotomy Law one and only one of 0 < 1, 0 = 1, or 
1 < Ois true in the field. From the multiplicative identity property, 0 ~ 1; thus, 
we have one and only one of 0 < 1 or 1 < 0. Suppose that 1 < 0. From OF1, 
we have thatO0 = 1+ (-1) < 0+ (-1) = —-l;ie., 0 < —1. Hence, OF 2 
implies that (1) - (—1) < (0) - (—1) which, by Proposition 1.1.8(#3), is equivalent 
to —1 < 0. But, from the transitivity property, 0 < —1 A—1l <0= 0 < 0 which 
is a contradiction. 


Excursion 1.2.10 Fill in what is missing in order to complete the following proof 
of Proposition 1.2.9(#4). 

Proof. Suppose that x,y € F are such that x < y. In view of the additive 
inverse property, —x € F and —y € F satisfy 


—x+x=x+-x-—0 and 
(1) 


From ,O=x+-x < y+ —-x; Le, 
(2) (3) 
and0Q+-y < ( + —y. Repeated use of commutativity and as- 
(4) 
sociativity allows us to conclude that (y + —x) + —y = —x. Hence —y < —x as 


claimed. @ 


1.2. ORDERED FIELDS 15 


* A cceptable responses are: (1) —-y+y = y+—y =0, (2) OFI, (3)0 < y+—x, 
(A) yo eet 


Remark 1.2.11 From Proposition 1.2.9(#1) we see that the two additional prop- 
erties needed to get from an ordered set to an ordered field led to the requirement 
that (0, 1) be an element of the ordering (binary relation). From 0 < 1 and (OF 1), 
we also have that1 < 1+1= 2,2 <2+41 = 3; etc. Using the convention 
1+1+1---+1 =n, the general statement becomes) <n <n+1. 


nof them 
1.2.1 Special Subsets of an Ordered Field 


There are three special subsets of any ordered field that are isolated for special con- 
sideration. We offer their formal definitions here for completeness and perspective. 


Definition 1.2.12 Let (F,+,-,0,1, <) be an ordered field. A subset S of F is said 
to be inductive if and only if 


I. 1 e Sand 
2. (Vx)\(xeS>xt+leS). 


Definition 1.2.13 For (F,+, -,0, 1, <) an ordered field, define 
Nr = () S 
SEG 


where G = {S CF: S is inductive}. We will call Ng the set of natural numbers of 
F. 


Note that, 7 = {x € F : x > 1} is inductive because 1 € T and closure of F un- 
der addition yields that x + 1 € F whenever x € F. Because (Vu) (u< 1 > u €T) 
and T € G, we immediately have that any n € Nj satisfies n > 1. 


Definition 1.2.14 Let (F,+,-,0,1, <) be an ordered field. The set of integers of 
F, denoted Zx, is 


Ze—={aeF:aeNrvy -—aeNrva=0dO}. 
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It can be proved that both the natural numbers of a field and the integers of a 
field are closed under addition and multiplication. That is, 


(Vm) (Vn) (n €NgpAme Nesnt+meéeNeran-meéNgp) 
and 
(Vm) (Vn) (née ZpAméeZpan+meZpan-me Zp). 


This claim requires proof because the fact that addition and multiplication are bi- 
nary operations on F only places n +m and n-m in F because Ng C F and Zp C F. 

Proofs of the closure of Nr = N under addition and multiplication that you 
might have seen in MAT108 made use of the Principle of Mathematical Induction. 
This is a useful tool for proving statements involving the natural numbers. 


PRINCIPLE OF MATHEMATICAL INDUCTION (PMD). If S is an inductive 
set of natural numbers, then S = N. 


In MAT108, you should have had lots of practice using the Principle of Mathe- 
matical Induction to prove statements involving the natural numbers. Recall that to 
do this, you start the proof by defining a set S to be the set of natural numbers for 
which a given statement is true. Once we show that | € S and 
(Vk) (k € S => (kK + 1) € S), we observe that S is an inductive set of natural num- 
bers. Then we conclude, by the Principle of Mathematical Induction, that § = N 
which yields that the given statement is true for all N. 


Two other principles that are logically equivalent to the Principle of Mathemat- 
ical Induction and still useful for some of the results that we will be proving in this 
course are the Well-Ordering Principle and the Principle of Complete Induction: 


WELL-ORDERING PRINCIPLE (WOP). Any nonempty set S of natural num- 
bers contains a smallest element. 


PRINCIPLE OF COMPLETE INDUCTION (PCD). Suppose S is a nonempty 
set of natural numbers. If 


(Vm) (m ENA {kEN:k <m}CS)S>meS) 


then S = N. 
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Definition 1.2.15 Let (F,+,-,0, 1, <) be an ordered field. Define 
Or= {r e€ F: (dm) (an) (m,n €ZprAnZ#O0Ar =mn-"')}. 
The set Qg is called the set of rational numbers of F. 


Properties #1 and #5 from Proposition 1.1.13 can be used to show the set of 
rationals of a field is also closed under both addition and multiplication. 

The set of real numbers R is the ordered field with which you are most familiar. 
Theorem 1.19 in our text asserts that R is an ordered field; the proof is given in 
an appendix to the first chapter. The notation (and numerals) for the corresponding 
special subsets of R are: 


N=J = ({1,2,3,4, 5, ...} the set of natural numbers 
Z={m:(m éN)V (m =0) Vv (-m EN)} = {..., -3, —2, -1, 0, 1, 2, 3, ...} 
Q=(p-q!=F:p,qeZaqg FO}. 


Remark 1.2.16 The set of natural numbers may also be referred to as the set of 
positive integers, while the set of nonnegative integers is J U {0}. Another common 
term for JU{0} is the set of whole numbers which may be denoted by W. In MAT108, 
the letter N was used to denote the set of natural numbers, while the author of our 
MATI127 text is using the letter J. To make it clearer that we are referring to special 
sets of numbers, we will use the “blackboard bold” form of the capital letter. Feel 
free to use either (the old) N or (the new) J for the natural numbers in the field of 
reals. 


While N and Z are not fields, both Q and R are ordered fields that have several 
distinguishing characteristics we will be discussing shortly. Since Q C R and 
R—Q#4Q, it is natural to want a notation for the set of elements of R that are not 


rational. Towards that end, we let Irr a _~R— Q denote the set of irrationals. It 
e 


was shown in MAT108 that afd. is irrational. Because af. + (-v2) =0 ¢Irr 


and /2-/2 = 2 ¢ Irr, we see that Irr is not closed under either addition or 
multiplication. 


1.2.2 Bounding Properties 


Because both Q and R are ordered fields we note that “satisfaction of the set of 
ordered field axioms” is not enough to characterize the set of reals. This natu- 
rally prompts us to look for other properties that will distinguish the two algebraic 
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systems. The distinction that we will illustrate in this section is that the set of ra- 
tionals has “certain gaps.” During this (motivational) part of the discussion, you 
might find it intuitively helpful to visualize the “old numberline” representation 
for the reals. Given two rationals r and s such that r < s, it can be shown that 
m = (r+s)-27! © Qis such thatr <m <s. Thenr; = (r+m)-27! € Qand 
s} =(m+s)-27! © Qare such thatr <r} <mandm <s| <s. Continuing this 
process indefinitely and “marking the new rationals on an imagined numberline” 
might entice us into thinking that we can “fill in most of the points on the number 
line between r and s.” A rigorous study of the situation will lead us to conclude 
that the thought is shockingly inaccurate. We certainly know that not all the reals 
can be found this way because, for example, /2 could never be written in the form 
of (r +s) -27! forr,s € Q The following excursion will motivate the property 
that we want to isolate in our formal discussion of bounded sets. 


Excursion 1.2.17 Let A= {p €Q: p>O0Ap? <2} and 

B= {p EQ: p>O0ap*> 2h Now we will expand a bit on the approach used 
in our text to show that A has no largest element and B has not smallest element. 
For p a positive rational, let 


p?’-2  2p+2 
p+2  pt2- 


q=p— 
Then 


2 (p* — 2) 
a en 
2 (p +22 


(a) For p € A, justify thatq > pandq € A. 


(b) For p € B, justify thatq < pandq é B. 
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***H opefully you took a few moments to find some elements of A and B in order to 
get a feel for the nature of the two sets. Finding aq that corresponds to a p € A and 
a p € B would pretty much tell you why the claims are true. For (a), you should 
have noted that g > p because (p? — 2) (p +2)~! < 0 whenever p* < 2; then 
— (p? — 2) (p +2)! > Oimplies that g = p+(— (p? — 2) (p +:2)7') > p+0= 
p. That g is rational follows from the fact that the rationals are closed under multi- 
plication and addition. Finally g?—2 = 2 (p? — 2) (p +2)? < Oyields thatg € A 
as claimed. For (b), the same reasons extend to the discussion needed here; the only 
change is that, for p € B, p* > 2 implies that (p? — 2) (p +2)7! > 0 from which 
it follows that — (p* — 2) (p +2)! < Oandg = p + (— (p? —2) (p+2)"') < 
PLoS pr" 


Now we formalize the terminology that describes the property that our example 
is intended to illustrate. Let (S$, <) be an ordered set; i.e., < is an order on the set 
S. A subset A of S is said to be bounded above in S if 


(du)\ueSA(Wa)\(aeASa<u)). 


Any element u € S satisfying this property is called an upper bound of A in S. 


Definition 1.2.18 Let (S, <) be an ordered set. For A C S, u is a least upper 
bound or supremum of A in S if and only if 


1. ue SA (Va)(a€e Aa <u)) and 


2. (Vb) [(bESA(Wa)(aeASpa<b))>u< bd. 


Notation 1.2.19 For (S, <) an ordered set and A C S, the least upper bound of A 
is denoted by lub (A) or sup (A). 


Since a given set can be a subset of several ordered sets, it is often the case that 
we are simply asked to find the least upper bound of a given set without specifying 
the “parent ordered set.” When asked to do this, simply find, if it exists, the u that 
satisfies 


(Va) (ae A>a <u) and (vb)[(Va) (ae ADSa<b)>u <b). 


The next few examples illustrate how we can use basic “pre-advanced calculus” 
knowledge to find some least upper bounds of subsets of the reals. 
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Example 1.2.20 Find the lub | —— : x e R}. 
1+ x? 
From Proposition 1.2.9(#5), we know that, for x € R, (1—x)* > 0; this is 
equivalent to 


1+x7 > 2x 
; x 1 1. 
from which we conclude that (Vx) {x € R=>——~ < =]. Thus, = is an upper 
1+x27 2 Zz 
1 1 
bound for | 5 1x € R|. Since lek = 5 it follows that 


x 1 
tub | 5 sx eR] = 5. 


The way that this example was done and presented is an excellent illustration 
of the difference between scratch work (Phase II) and presentation of an argument 
(Phase III) in the mathematical process. From calculus (MAT21A or its equivalent) 


x ‘ a2 : 
we can show that f (x) = Te? has a relative minimum at x = —1 and a relative 
x 


maximum at x = 1; we also know that y = 0 is a horizontal asymptote for the 


1 
graph. Armed with the information that (1 ;) is a maximum for f, we know 


; ie x 1 
that all we need to do is use inequalities to show that i = 5" In the scratch 


aoe eg 
work phase, we can work backwards from this inequality to try to find something 
that we can claim from what we have done thus far; simple algebra gets use from 


x 1 ; 

ry: < 5 to 1 — 2x + x? > 0. Once we see that desire to claim (1 — xy > 0, 
B 

we are home free because that property is given in one of our propositions about 


ordered fields. 


Excursion 1.2.21 Find the lub (A) for each of the following. Since your goal is 
simply to find the least upper bound, you can use any pre-advanced calculus infor- 
mation that is helpful. 
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L A= ned 


gnt+l 


2. A= {(sinx) (cosx): x € R} 


Seay 


***Hor (1), let x, = an 


; then'x2; = is a sequence that is strictly 


q2j-1 


1 
decreasing from a to 0; while x2;~1 is also decreasing from 5 to 0. Consequently 


1 1 
the terms in A are never greater than — with the value of ~— being achieved when 
n = | and the terms get arbitrarily close to 0 as n approaches infinity. Hence, 


1 
lub (A) = 5 For (2), it is helpful to recall that sinx cosx = 5 sin 2x. The well 


1 
known behavior of the sine function immediately yields that lub (A) = mee 


Example 1.2.22 Find lub (A) where A = {x ER: x? +x <3}. 
What we are looking for here is sup (A) where A = f~! ((—00, 3)) for f (x) = 
x* + x. Because 


Sy egeye= re 
y=x-+x sar eel ame 


1 1 
f is a parabola with vertex (-;; -7). Hence, 


Aas ona) = fr eR: SB ca EN 
—1+4+/13 


from which we conclude that sup (A) = 5 
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Note that the set A = {p €Q: p > 0A p? < 2} is a subset of Q and a subset 
of R. We have that (Q, <) and (R, <) are ordered sets where < is defined by 
r <s & (s+ (-71)) is positive. Now lub (A) = V2 ¢ Q; hence, there is no least 
upper bound of A in S = Q, but A C S = Rhas a least upper bound in S$ = R. 
This tells us that the “parent set” is important, gives us a distinction between Q and 
R as ordered fields, and motivates us to name the important distinguishing property. 


Definition 1.2.23 An ordered set (S, <) has the least upper bound property if and 
only if 


(VE (ECSAEFZBACGBS)(PESA Wa) (ae E>a < B))) 
) = ((Gu) (u = lub (E) Aw € S)) 


Remark 1.2.24 As noted above, (Q, <) does not satisfy the “lub property”, while 
(R, <) does satisfy this property. 


The proof of the following lemma is left an exercise. 


Lemma 1.2.25 Let (X, <) be an ordered set and A © X. If A has a least upper 
bound in X, it is unique. 


We have analogous or companion definitions for subsets of an ordered set that 
are bounded below. Let (S$, <) be an ordered set; i.e., < is an order on the set S. A 
subset A of S is said to be bounded below in S if 


(dv) (vo ESA (Va) (aE A>Dd <a)). 
Any element u € S satisfying this property is called a lower bound of A in S. 


Definition 1.2.26 Let (S, <) be a linearly ordered set. A subset A of S is said to 
have a greatest lower bound or infimum in S if 


I. Ag) (g € SA (Va) (a € A> g <a)), and 


2: (Wc) [(c € SA (Va) (a eA>cK<a)>c< gl. 
L 2 
Example 1.2.27 Find the glb (A) where A = {—-»" = =) ine N. 
n 


te 
Let x, = (—1)" (; - =); then, for n odd, xn = and, for n even, 
n 
t 2 
Xn ae ta tae 


4 on 
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N 
ios) 


Suppose thatn > 4. By Proposition 1.2.9(#7), it follows that ~ 

Then (OF2) and (OF 1) yield that Z = : = ‘ and — a ee < é — = 
n 4 2 n 4 2 4 

respectively. From - < ; and Proposition 1.2.9(#4), we have that -* > 

Thus, —_ _ Z > ; _ = —+ from (OF 1). Now, it follows from Proposition 

1.2.9(#1) that n > 0, for any : € N. From Proposition 1.2.9(#7) and (OF 1), 


IA 


NI SRI SAIS 


2 
n > Oand2 > Oimplies that — > 0 and — — — > —-. Similarly, from Proposition 
n n 


2 2 V- 2s al 1 
1.2.9(#3) and (OF 1), — > O implies that -— < OQ and —-——- <—-+0=-. 
n n 4 n 4 4 

Combining our observations, we have that 


(¥n)| (n ©N=(1,2,31 4241) 9-7 < ay < Al 


and 


(Yn) | (me N= (1,2,3) 421m) > 7 <a < :/: 


; | 3 
Finally, x; = —, x2 = i and x3 = 


1 1 
7 each of which is outside of | | 


ies 44} 


Comparing the values leads to the conclusion that glb (A) = —— 


Excursion 1.2.28 Find glb (A) for each of the following. Since your goal is simply 


to find the greatest lower bound, you can use any pre-advanced calculus informa- 
tion that is helpful. 


34 (-1)" 
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1 1 
2A= at aginmen] 


***Our earlier discussion in Excursion 1.2.21, the set given in (1) leads to the con- 


1 1 
clusion that glb (A) = 0. For (2), note that each of om and 3m are strictly de- 
creasing to 0 as n and m are increasing, respectively. This leads us to conclude that 


5 
glb (A) = 0; although it was not requested, we note that sup (A) = go 
We close this section with a theorem that relates least upper bounds and greatest 


lower bounds. 


Theorem 1.2.29 Suppose (S, <) is an ordered set with the least upper bound prop- 
erty and that B is a nonempty subset of S that is bounded below. Let 


L={geS:(Wa)\aeB>g<a)}. 


Then a = sup (L) exists in S, and a = inf (B). 


Proof. Suppose that (S, <) is an ordered set with the least upper bound property 
and that B is anonempty subset of S$ that is bounded below. Then 


L={geS:(Wa)\aeB>g<a)}. 


is not empty. Note that for each b € B we have that g < b forall g € L; ie., 
each element of B is an upper bound for L. Since L C S is bounded above and S$ 
satisfies the least upper bound property, the least upper bound of L exists and is in 
S. Let a = sup (L). 
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Now we want to show that a is the greatest lower bound for B. 


Definition 1.2.30 An ordered set (S, <) has the greatest lower bound property if 
and only if 


wey| ECSAE FDA Gr) ESA (Wa) (ae E> 7 <a))) 
) 5G sib) Ad eS) 


Remark 1.2.31 Theorem 1.2.29 tells us that every ordered set that satisfies the 
least upper bound property also satisfies the greatest lower bound property. 


1.3 The Real Field 


The Appendix for Chapter | of our text offers a construction of “the reals” from 
“the rationals”. In our earlier observation of special subsets of an ordered field, we 
offered formal definitions of the natural numbers of a field, the integers of a field, 
and the rationals of a field. Notice that the definitions were not tied to the objects 
(symbols) that we already accept as numbers. It is not the form of the objects in the 
ordered field that is important; it is the set of properties that must be satisfied. Once 
we accept the existence of an ordered field, all ordered fields are alike. While this 
identification of ordered fields and their corresponding special subsets can be made 
more formal, we will not seek that formalization. 

It is interesting that our mathematics education actually builds up to the formu- 
lation of the real number field. Of course, the presentation is more hands-on and 
intuitive. At this point, we accept our knowledge of sums and products involving 
real numbers. I want to highlight parts of the building process simply to put the 
properties in perspective and to relate the least upper bound property to something 
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tangible. None of this part of the discussion is rigorous. First, define the sym- 
bols 0 and 1, by {} a O and {@} iG _ 1 and suppose that we have an ordered field 
é é 


(R,+,-,0, 1, <). Furthermore, picture a representation of a straight horizontal line 
(<——>) on which we will place elements of this field in a way that attaches some 
geometric meaning to their location. The natural numbers of this field Np is the 
“smallest” inductive subset; it is closed under addition and multiplication. It can be 
proved (Some of you saw the proofs in your MAT108 course.) that 


(Vx)(x ENr=>x > 1) 
and 
(Vw) (w E Np => =v) (vo ENRAw <v <wtl)). 


This motivates our first set of markings on the representative line. Let’s indicate the 
first mark as a “place for 1.” Then the next natural number of the field is 1+ 1, while 
the one after that is (1 + 1) + 1, followed by [(1 + 1) + 1] + 1, etc. This naturally 
leads us to choose a fixed length to represent 1 (or “1 unit”) and place a mark 
for each successive natural number 1 away from and to the right of the previous 
natural number. It doesn’t take too long to see that our collections of “added 1's” 
is not a pretty or easy to read labelling system; this motivates our desire for neater 
representations. The symbols that we have come to accept are 1, 2,3, 4,5, 6,7, 8, 
and 9. In the space provided draw a picture that indicates what we have thus far. 


The fact that, in an ordered field, 0 < 1 tells us to place 0 to the left of 1 on our 
representative line; then 0 + 1 = { } U {@} = {@} = 1 justifies placing 0 “1 unit” 
away from the 1. Now the definition of the integers of a field Zr adjoins the additive 
inverses of the natural numbers of a field; our current list of natural numbers leads to 
acceptance of —1, —2, —3, —4, —5, —6, —7, —8, and —9 as labels of the markings 
of the new special elements and their relationship to the natural numbers mandates 
their relative locations. Use the space provided to draw a picture that indicates what 
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we have thus far. 


Your picture should show several points with each neighboring pair having the 
same distance between them and “lots of space” with no labels or markings, but 
we still have the third special subset of the ordered field; namely, the rationals of 
the field Qr. We are about to prove an important result concerning the “density 
of the rationals” in an ordered field. But, for this intuitive discussion, our “grade 
school knowledge” of fractions will suffice. Picture (or use the last picture that you 
drew to illustrate) the following process: Mark the midpoint of the line segment 


from 0 to 1 and label it 2~! or 3 then mark the midpoint of each of the smaller 
1 1 
line segments (the one from 0 to 5 and the one from 5 to 1) and label the two new 
1 3 
points — and -, respectively; repeat the process with the four smaller line segments 


to get 374° 8° 2°84 as the marked rationals between 0 and 1. It doesn’t take 
too many iterations of this process to have it look like you have filled the interval. 
Of course, we know that we haven’t because any rational in the from p - g~! where 
0 < p < qandgq £ 2" for any n has been omitted. What turned out to be a 
surprise, at the time of discovery, is that all the rationals r such the 0 < r < 1 
will not be “enough to fill the interval [0,1]. At this point we have the set of 
elements of the field that are not in any of the special subsets, R — Qpr, and the 
“set of vacancies” on our model line. We don’t know that there is a one-to-one 
correspondence between them. That there is a correspondence follows from the 
what is proved in the Appendix to Chapter | of our text. 

Henceforth, we use (IR, +, -, 0, 1, <) to denote the ordered field (of reals) that 
satisfies the least upper bound property and may make free use of the fact that for 
any x € R we have that x is either rational or the least upper bound of a set of 
rationals. Note that the subfield (Q, +, -,0, 1, <) is an ordered field that does not 
satisfy the least upper bound property. 


1.3.1 Density Properties of the Reals 


In this section we prove some useful density properties for the reals. 
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Lemma 1.3.1 Jf S C R has L as a least upper bound L, then 
(Ve) ((e € RAe > 0) > Gs)(8s EeSAL—E<s<L)). 


Proof. Suppose S is a nonempty subset of R such that L = sup (S) and let 
é € R be such that ¢ > 0. By Proposition 1.2.9(#3) and (OF 1), —e < O and 
L—e < L. From the definition of least upper bound, each upper bound of S is 
greater than or equal to L. Hence, L — ¢€ is not an upper bound for S from which 
we conclude that — (Vs) (s e S => s < L — ¢«) is satisfied; i.e., 


(ds)\(seSAL—e<s). 
Combining this with L = sup (S) yields that 
(ds)\(seSAL—e<s<L). 


Since ¢ was arbitrary, (Ve) ((e € RAe > 0) => Gs) (s EeSAL—e <s <L)) as 
claimed. m 


Theorem 1.3.2 (The Archimedean Principle for Real Numbers) /f a and [ are 
positive real numbers, then there is some positive integer n such that na > Pp. 


Proof. The proof will be by contradiction. Suppose that there exist positive 
real numbers a@ and f/f such that na < f for every natural number n. Since a > 0, 
a < 2a < 3a < +--+ < na < --- is an increasing sequence of real numbers 
that is bounded above by /. Since (R, <) satisfies the least upper bound property 
{na :n € N} has a least upper bound in R, say L. Choose € = 5a which is positive 
because a > 0. Since L = sup {na :n € N}, from Lemma 1.3.1, there exists 
s €{na:n €N}suchthat L—e <s < L.Ifs = Na, then for all natural numbers 
m > N, we also have that L —e < ma < L. Hence, form > N,O0 < L—ma <e. 
In particular, 


1 
0<L-(N4+1)a ae 
and 
1 
0<L-—(N+2)a Ae 5a. 


Thus, L — Sa < (N+ 1a and(N+2)a < L < L+ 50. But adding a to 
both sides of the first inequality, yields L + 5a < (N + 2)a which contradicts 
(N+2)a <L+ 5a. Hence, contrary to our original assumption, there exists a 
natural number 7 such that na > f. 
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Corollary 1.3.3 (Density of the Rational Numbers) /f a and f are real numbers 
with a < f, then there is a rational number r such thata <r < fp. 


Proof. Since 1 and £ — a are positive real numbers, by the Archimedean Prin- 
ciple, there exists a positive integer m such that 1 < m(f — a), or equivalently 


ma+l1< mfp. 
Let n be the largest integer such that n < ma. It follows that 
n+1<ma+l1<mf. 


Since n is the largest integer such that n < ma, we know thatma < n+ 1. 
Consequently, ma <n+1 < mf, which is equivalent to having 


n+1 


=p 
Therefore, we have constructed a rational number that is between a and /. 


Corollary 1.3.4 (Density of the Irrational Numbers) Jf a and f are real num- 
bers with a < f, then there is an irrational number y such thata < y < fp. 


Proof. Suppose that a and f are real numbers with a < /. By Corollary 1.3.3, 
there is a rational r that is between Wa and S,. Since mo) is irrational, we conclude 


thaty =r- ep) is an irrational that is between a and /. m 


1.3.2 Existence of nth Roots 


The primary result in this connection that is offered by the author of our text is the 
following 


Theorem 1.3.5 For Rt = {x € R: x > 0}, we have that 


(Vx) (Vn) (x € RF An eJ>@G!y)(yeRAy"=x)). 
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Before we start the proof, we note the following fact that will be used in the 
presentation. 


Fact 1.3.6 (Vy) (Vz) (Vn) [G,z EeRAnETA0<y<aay" <2" 
To see this, for y, z € R satisfying are 0 < y < z, let 


Sa(redey? a2"). 


Our set-up automatically places 1 € S. Suppose thatk € S;i.e.,k € Jand y* < 2. 


Since 0 < y, by (OF2), y*+! = y. yk < y-z’. From0 < z and repeated use 
of Proposition 1.2.9(#2), we can justify that 0 < z‘. Then (O F2) with 0 < z* and 
y < zyields that y - zk < z-z* = z**!. As a consequence of the transitive law, 


k+1 k k k+1 k+1 k+1., 
aE a LAN eae cig alee a eae as 


that is, k + 1 € S. Since k was arbitrary, we conclude that 
(Vk) (kK ES => (K+ 1) €S). 

From 1 € S A (Wk) (k € S = (k +1) € S), S is an inductive subset of the 
natural numbers. By the Principle of Mathematical Induction (PMI), S = J. Since 
y and z were arbitrary, this completes the justification of the claim. 


Fact 1.3.7 (Vw) (Vn) [(w ERAneJ-{IA0<w<l>w" < w| 

Since n > 2,n —1 > 1 and, by Fact 1.3.6, w=! < 1"7! = 1. From (OF2), 
0<wAw"! <1 implies that w" = w""!-w <1-w =v; ie, w” < was 
claimed. 

Fact 1.3.8 (Va) (Vb) (Vn) [(a,b Ee RAn € J—{1}A0 <a <b) 
= (b” —a") < (b—-—a)nb""] 

From Fact 1.3.6,n > 2A0 <a <b =a"! <b", while (OF2) yields 
thata- bi <b-b/ = bi*! for j =1,2,...,n — 2. It can be shown (by repeated 
application of Exercise 6(a)) that 

pr! 4+ pq + ne + ba"? aged < pr! ape + an 4 pr! — nb"—!. 
this, with (O F2), implies that 

b” —a" = (b—-a) ae +b" a+... +ba"? + a") < (b—a)nb""! 
as claimed. 


Proof. (of the theorem.) Let Rt = {u ¢ R:u> 0}. Whenn = 1, there is 
nothing to prove so we assume that n > 2. For fixed x € Rt andn € J— {1}, set 


Bea {pert it <x}. 
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Excursion 1.3.9 Use w = i 
1+ 


to justify that E # 9. 
x 


Now let u = 1+ x and suppose that tf > u > 0. Fact 1.3.6 yields that 


1 
t” > u". From Proposition 1.2.9447),u > 1 => 0 < — < 1. It follows from 
u 


1 1 
Fact 1.3.7 and Proposition 1.2.9(#7) that 0 < — < —andu" > u. By transitivity, 
u u 


t” > u" Au" > u implies that t” > wu. Finally, since u > x transitivity leads to the 
conclusion that t” > x. Hence, t ¢ E. Since t was arbitrary, (Vt) (t > u => t ¢ E) 
which is equivalent to (Vt) (t € E > t < u). Therefore, E C R is bounded above. 
From the least upper bound property, lub (£) exists. Let 


y =lub(E). 


Since E C Rt, we have that y > 0. 
By the Trichotomy Law, one and only one of y” = x, y” < x,ory” > x. 


In what follows we will that neither of the possibilities y” < x, or y” > x can hold. 
x—y" 


Case 1: If y"” < x, thenx—y” > 0. Since y+1 > Oandn > 1, as 
n(y+1)"" 


O and we can choose fi such that 0 < h < 1 and 
cy! 
n(y +1" 
Taking a = y andb = y +h in Fact 1.3.8 yields that 


(y +h)" —y" <hn(y thy"! <x-y". 


oe CHAPTER 1. THE FIELD OF REALS AND BEYOND 


Excursion 1.3.10 Use this to obtain contradict that y = sup (E). 


Case 2: If0 < x < y", thenO < y” —x < ny”. Hence, 


n — 
a 
ny"— 
is such thatO <k < y. Fort > (y —k), Fact 1.3.6 yields that t” > (y —k)”. 
From Fact 1.3.8, with b = y anda = y — k, we have that 


1 n 


yr —t! <y*®—(y—k)® < kny™™ =y" —x. 


Excursion 1.3.11 Use this to obtain another contradiction. 


From case | and case 2, we conclude that y” = x. this concludes the proof that 
there exists a solution to the given equation. 

The uniqueness of the solution follows from Fact 1.3.6. To see this, note 
that, if y” = x and w is such that 0 < w # y, then w < y implies that w” < y” = 
x, while y < w implies that x = y” < w”. In either case, w” # x. @ 

***For Excursion 1.3.9, you want to justify that the given w is in E. Because 0 < 


x<14+x,0<w= i : < 1. In view of fact 1.3.7, w” < wforn > 20rw” < w 


<1la <x-l=x. 


ba costa 1 
lon 2d. But 0 Bore | amples that = 
x 

From transitivity, wo” <wAw <x > w" <x;ie.,weE. 


To obtain the desired contradiction for completion of Excursion 1.3.10, hope- 
fully you notices that the given inequality implied that (y +h)” < x which would 
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place y +h in E; since y+h > y, this would contradict that y = sup (E) from 
which we conclude that y” < x is not true. 

The work needed to complete Excursion 1.3.11 was a little more involved. In 
this case, the given inequality led to —t” < —x or t” > x which justifies that 
t ¢ E; hence, t > y —k implies that t ¢ E which is logically equivalent tot € E 
implies that t < y —k. This would make y — k an upper bound for EF’ which is a 
contradiction. Obtaining the contradiction yields that x < y” is also not true.*** 


Remark 1.3.12 For x a positive real number and n a natural number, the number 
y that satisfies the equation y" = x is written as x/x and is read as “the nth root of 


” 


Xx. 


Repeated application of the associativity and commutativity of multiplication 
can be used to justify that, for positive real numbers a and / and n a natural number, 


a" B" = (af)". 


From this identity and the theorem we have the following identity involving nth 
roots of positive real numbers. 


Corollary 1.3.13 [fa and b are positive real numbers and n is a positive integer, 
then 


(ab)'/" = qi/*pl/n. 


Proof. For a = a!/" and 8 = b!/", we have that ab = a" 8" = (af)". Hence 
af. is the unique solution to y” = ab from which we conclude that (ab)!/" = af 
as needed. m 


1.3.3. The Extended Real Number System 


The extended real number system is IRU {—00, +00} where (R, +, -, 0, 1, <) is the 
ordered field that satisfies the least upper bound property as discussed above and 
the symbols —oo and +00 are defined to satisfy —oo < x < +00 forall x € R. 
With this convention, any nonempty subset S of the extended real number system is 
bounded above by +00 and below by —ox; if S has no finite upper bound, we write 
lub (S$) = +00 and when S has no finite lower limit, we write glb (S) = —oo. 

The +-oo and —oo are useful symbols; they are not numbers. In spite of their 
appearance, —oo is not an additive inverse for +00. This means that there is no 
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: : oe oO, 
meaning attached to any of the expressions 00 — oo or —— or —-;; in fact, these 


expressions should never appear in things that you write. Because ihe symbols co 
and —oo do not have additive (or multiplicative) inverses, R U {—0«, oo} is not a 
field. On the other hand, we do have some conventions concerning “interaction” of 
the special symbols with elements of the field IR; namely, 


e ve Rohe ooo we eo an eS ee. 
CO ©6000 

e If x > 0, then x - (+00) = +00 and x - (—0o) = —ow. 

e Ifx <0, then x - (400) = —oo and x - (—oo) = +00. 


Notice that nothing is said about the product of zero with either of the special sym- 
bols. 


1.4 The Complex Field 
For C = R x R, define addition (++) and multiplication (-) by 


(x1, v1) + (2, y2) = (1 + X2, v1 + y2) 


and 


(x1, ¥1) + (2, y2) = 1x2 — yi y2, X1y2 + Y1x2), 


respectively. That addition and multiplication are binary operations on C is a con- 
sequence of the closure of R under addition and multiplication. It follows immedi- 
ately that 


(x, y) + (0,0) = (x, y) and (x, y)+ U1, 0) = @, y). 


Hence, (0,0) and (1,0) satisfy the additive identity property and the multiplica- 
tive identity field property, respectively. Since the binary operations are defined as 
combinations of sums and products involving reals, direct substitution and appro- 
priate manipulation leads to the conclusion that addition and multiplication over 
C are commutative and associative under addition and multiplication. (The actual 
manipulations are shown in our text on pages 12-13.) 

To see that the additive inverse property is satisfied, note that (x, y) € C implies 
that x € RA y € R. The additive inverse property in the field R yields that —x e R 
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and —y € R. It follows that (—x, —y) € C and (x, y) + (—x, —y) = (0,0) and 
needed. 


Suppose (x, y) € C is such that (x, y) # (0,0). Thenx #O0V y 4 0 from 
x 


: y : 
which we conclude that x7 + y? 4 0 and (a,b) = {——~, ———— } is well 
ve ( Ne x? 4 y?? x2 4 y? 
defined. Now, 
x —y 
xX, -‘(a4,b) = &, 2) (Rea, aot cee ey 
(x, y)- (a,b) (x,y) (= =) 


Xx —y —y Xx 
2S ae ee) 
Keke lay) aoe 

x2 + y2 i x2 + y? 

_ x? + y? —xy + yx 
7 (se ae) 
= (1,0). 


Hence, the multiplicative inverse property is satisfied for (C, +, -). 
Checking that the distributive law is satisfied is a matter of manipulating the 
appropriate combinations over the reals. This is shown in our text on page 13. 
Combining our observations justifies that (C, +, -, (0, 0), (1, 0)) is a field. It is 
known as the complex field or the field of complex numbers. 


Remark 1.4.1 /dentifying each element of C in the form (x, 0) with x € R leads to 
the corresponding identification of the sums and products, x +a = (x,0)+(a, 0) = 


(x +.a,0) and x -a = (x,0)- (a, 0) = (x - a, 0). Hence, the real field is a subfield 
of the complex field. 


The following definition will get us to an alternative formulation for the complex 
numbers that can make some of their properties easier to remember. 


Definition 1.4.2 The complex number (0, 1) is defined to be i. 
With this definition, it can be shown directly that 
e i* = (—1,0) =—1 and 


e if a and b are real numbers, then (a,b) =a + bi. 
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With these observations we can write 
c= a+ bi eb eRA?=-1| 


with addition and multiplication being carried out using the distributive law, com- 
mutativity, and associativity. 

We have two useful forms for complex numbers; the rectangular and trigono- 
metric forms for the complex numbers are freely interchangeable and offer different 
geometric advantages. 


From Rectangular Coordinates 


Complex numbers can be represented geometrically as points in the plane. We 
plot them on a rectangular coordinate system that is called an Argand Graph. In 
zZ = x+y, x is the real part of z, denoted by Rez, and y is the imaginary part 
of z, denoted by Imz. When we think of the complex number x + iy as a vector 
OP joining the origin O = (0,0) to the point P = (x, y), we grasp the natural 
geometric interpretation of addition (+) in C. 


Definition 1.4.3 The modulus of a complex number z is the magnitude of the vector 
representation and is denoted by |z|. If z = x +iy, then |z| = /x? + y?. 


Definition 1.4.4 The argument of a nonzero complex number z, denoted by arg z, 
is a measurement of the angle that the vector representation makes with the positive 
real axis. 


Definition 1.4.5 For z = x + iy, the conjugate of z, denoted by Z, is x — iy. 


Most of the properties that are listed in the following theorems can be shown 
fairly directly from the rectangular form. 
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Theorem 1.4.6 For z and w complex numbers, 
1. |z| > 0 with equality only if z = 0, 

- ZL =Izi, 

- [zw] = |z| |wl, 


. [Rezl < |z| and |Imz| < |zl, 


mM KR Ww ND 


. ig+ wl? = [2 +2Rezo +t lw’. 
The proofs are left as exercises. 
Theorem 1.4.7 (The Triangular Inequalities) For complex numbers z, and z2, 
Iz1 +22] < Izil+[zal, and |z1 — 22] = [zal — zal. 
Proof. To see the first one, note that 


a teal? = lel? +2Reziz2 + Iz2l? 
< lal +2\eillel+leal? = Czilttzl)* 


The proof of the second triangular inequality is left as an exercise. ™ 


Theorem 1.4.8 Jf z and w are complex numbers, then 


4. zz is anonnegative real number. 


From Polar Coordinates 
For nonzero z =x +iy € C,letr = Vx? + y2 and @ = arctan (=) = arg z. 
Then the trigonometric form is : 
z=r(cos?+ising). 
In engineering, it is customary to use cis 0 for cos 8 +i sind in which case we write 
Z= 7 isd. 


NOTE: While (r,@) uniquely determines a complex number, the converse is not 
true. 
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Excursion 1.4.9 Use the polar form for complex numbers to develop a geometric 
interpretation of the product of two complex numbers. 


The following identity can be useful when working with complex numbers in 
polar form. 


Proposition 1.4.10 (DeMoivre’s Law) For 0 real and n € Z, 
[cis 0)” = cisnd. 


Example 1.4.11 Find all the complex numbers that when cubed give the value one. 

We are looking for all ¢ € C such that ¢ 3 = 1. DeMoivre’s Law offers us a nice 
tool for solving this equation. Let ¢ =r cis 0. Then? = 1 & r? cis30 = 1. Since 
|r? cis 30| = r>, we immediately conclude that we must have r = 1. Hence, we need 
only solve the equation cis30 = 1. Due to the periodicity of the sine and cosine, 
we know that the last equation is equivalent to finding all 0 such that cis30 = 


2k 
cis (2kz) for k € Z which yields that 30 = 2ka fork € Z. But {= ike 2} = 


20 20 
|-=. 0, a 6 Thus, we have three distinct complex numbers whose cubes are 


2 2 
one; namely, cis (-=). cis 0 = 1, and cis (+). In rectangular form, the three 


=) 1 3 
complex numbers whose cubes are one are: = a2 0, and 5 + = 


Theorem 1.4.12 (Schwarz’s Inequality) [f a, ...,a, and b,..., by, are complex 


numbers, then 
2 n 2 n 2 
< (Sl \era ) 
j=l j=l 


n 
> (jd; 
j=l 
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Proof. First the statement is certainly true if by = 0 for all k, 1 < k <n. Thus 
we assume that not all the b; are zero. Now, for any 4 € C, note that 


>. la; - aB;I = 0. 
j=1 


Excursion 1.4.13 Make use of this inequality and the choice of 


(Eom )(Zer) 


to complete the proof. 


Remark 1.4.14 A special case of Schwarz’s Lemma contains information relating 
the modulus of two vectors with the absolute value of their dot product. For ex- 
ample, if Df = (a1, a2) and ws = (bi, bz) are vectors in R x R, then Schwarz’s 
Lemma merely reasserts that | of e 03 | = |ayb, + anb2| < a | 03 |- 


1.4.1 Thinking Complex 


Complex variables provide a very convenient way of describing shapes and curves. 
It is important to gain a facility at representing sets in terms of expressions involving 
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complex numbers because we will use them for mappings and for applications to 
various phenomena happening within “shapes.” Towards this end, let’s do some 
work on describing sets of complex numbers given by equations involving complex 
variables. 


One way to obtain a description is to translate the expressions to equations in- 
volving two real variables by substituting z = x +iy. 


Example 1.4.15 Find all complex numbers z that satisfy 
2\z| =2Imz-—1. 
Letz =x + iy. Then 


2|z| =2Imz—-1 


2/x2+y2=2y-1 


1 t gf 


1 1 1 
The last equation implies that y < —. Since y < ri Ay> 5 is never satisfied, we 


conclude that the set of solutions for the given equation is empty. 


Excursion 1.4.16 Find all z € C such that |z| — z = 1+ 2i. 


3 
*** Your work should have given the 5 2i as the only solution.*** 
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Another way, which can be quite a time saver, is to reason by TRANSLAT- 
ING TO THE GEOMETRIC DESCRIPTION. In order to do this, there are some 
geometric descriptions that are useful for us to recall: 


{z:|z—zol =r} is the locus of all points z equidistant from the fixed 
point, zo, with the distance being r > 0. (a circle) 


{z:|z—z1| = |z—Zal} is the locus of all points z equidistant from two 
fixed points, z; and z2. (the perpendicular bisec- 
tor of the line segment joining z; and z2.) 


{z: |z—z,|+|z-z2| = is the locus of all points for which the sum of the 
p} for a constant p > distances from 2 fixed points, z; and z2, is a con- 
|Z1 — Z2| stant greater than |z} — Z2|. (an ellipse) 


Excursion 1.4.17 For each of the following, without substituting x +iy for z, sketch 
the set of points z that satisfy the given equations. Provide labels, names, and/or 
important points for each object. 

zZ-2i 
gap SPE 


2. |z —4i| + |z + 7i| = 12 
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3. |4z+3—i| <3 


***The equations described a straight line, an ellipse, and a disk, respectively. In 


3 9 
set notation, you should have obtained } x +iy eC: y=—-x—-—-f, 


4 8 
(+3) 
f y+5) 
Z 
ee a ie ane ae eee ee | 


|: tiyec:(r+3) +(y-1) (3) | 


Remark 1.4.18 Jn general, if k is a positive real number and a,b € C, then 


Z—a 


; =k #1] 


jz: 


= 


describes a circle. 


Excursion 1.4.19 Use the space below to justify this remark. 
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** Simplifying 


= = k leads to 
z—b 
(1 =) [zl? — 2Re (az) + 2k? Re (bz) + (lal? — 1B) 


from which the remark follows.*** 


1.5 Problem Set A 


1. For F = {p,q,r}, let the binary operations of addition, 6, and multiplication, 
®, be defined by the following tables. 


(a) Is there an additive identity for the algebraic structure (F, 6, ®)? Briefly 
justify your position. 


(b) Is the multiplicative inverse property satisfied? If yes, specify a multi- 
plicative inverse for each element of F that has one. 
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(c) Assuming the notation from our field properties, find 
(r@q)@(p@p7'). 


(d) Is {(p, p), (p.r), (¢,4), (Pp, 9), (r%1r)} a field ordering on F? Briefly 
justify your claim. 


. For a field (F,+,-,e, f), prove each of the following parts of Proposition 


1.1.6. 


(a) The multiplicative identity of a field is unique. 


(b) The multiplicative inverse of any element in F — {e} is unique. 


. For a field (F,+,-,e, f), prove each of the following parts of Proposition 


1.1.8. 


(a) (Va) (Vb) (a,b € F > -—(a +b) = (—a) + (—b)) 
(b) (Va) (Vb) (a,b € FS a- (—b) = —-(a-b)) 

(c) (Va) (Vb) (a,b € F => (—a)-b = —-(a-b)) 

(d) (Va) (Vb) (a,b € F=> (—a) - (—b) =a-b) 

(e) (Wa) (Vb) (a,b € F— {e} = (a-b)™! = (a!) (67) 


. Fora field (F, +, -, 0, 1), prove Proposition 1.1.10(#1): 


(Va) (Vb) (a,b EF => (lx) @ € FAa +x =d)) 


. Fora field (F, +, -, 0, 1), show that, for a,b,c € F, 


a—(b+c)=(a—b)-c and a-—(b-—c)=(a—b)+c. 


Give reasons for each step of your demonstration. 


. For an ordered field (F, +, -, 0,1, <), prove that 


(a) (Va) (Vb) (Vc) (Vd) [(a,b,c,d E€FAa<bac<d)> 
at+c<b+d] 
(b) (Va) (Vb) (Vc) Vd) [(a,b,c,d EFAN0<a<bA0<c<d)=> 
ac < bd] 


. For an ordered field (F, +, -, 0, 1, <), prove each of the following 
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(a) (Va) (Vb) (Ve) [a,b,c € FAc #0) > 
(a . e=") + (b . oo) =(at+b)- err] 
(b) (Va) (Vb) (Vc) (Vd) [(a,c €EFAb,d € F—{0}) > b-dFO0A 
(a-b-!) + (c-d7!) =(a-d+b-c)-(b-d)"] 


8. Find the least upper bound and the greatest lower bound for each of the fol- 
lowing. 


n 
1 
(c) +—- mned| 
n 
@ | R 
1+x2 aS 
1 1 
(e) at gerined| 


ae eR-(0)| 
at 2 
(g) [r+ 225 <x< 


9. Let (X, <) be an ordered set and A C X. Prove that, if A has a least upper 
bound in X, it is unique. 


10. Suppose that S C R is such that inf (S) = M . Prove that 


(Ve) ((e € RAe > 0) > Cg) (g Ee SAM <g <M-+ea)). 


11. For f (x)= z + = find 
yx 

(a) sup f~' ((—00, 3)) 

(b) inf f~! (G, co)) 
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12. 


I3; 
14. 


15. 


16. 


17. 


18. 
19. 


20. 


ZL, 
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Suppose that P C Q C Rand P # 9. If P and Q are bounded above, show 
that sup (P) < sup (Q). 


Let A = {x € R: (« +2) (x —3)7! < —2}. Find the sup (A) and the inf (A). 


Use the Principle of Mathematical Induction to prove that, fora > 0 andna 
natural number, (1 + a)” > 1+ na. 


Find all the values of 


(a) (—2, 3)(4, -1). (d) (1 +i)*. 
(b) 1+ 27)[(3(2 +1) —2(34 6/)]. (e) 0 +i)" —(—i)". 
(c) (1 +i). 
Show that the following expressions are both equal to one. 
3 3 
—1+iV3 —1-iV3 
(a) ad (b) ead 


For any integers k and n, show that i” = i”+4*, How many distinct values 
can be assumed by i”? 


Use the Principle of Mathematical Induction to prove DeMoivre’s Law. 


If z1 = 3 —4i and z2 = —2 + 33, obtain graphically and analytically 


(a) 2z1 + 422. (d) |z1 + zal. 
(b) 3z1 — 2z2. (e) |zi — zal. 
(c) 73 —Z72 —4. (f) |2z77 + 3z7 — 1|. 


Prove that there is no ordering on the complex field that will make it an or- 
dered field. 


Carefully justify the following parts of Theorem 1.4.6. For z and w complex 
numbers, 

(a) |z| > O with equality only if z = 0, 

(b) [zl = Izl, 


(c) |zw| = Iz] lel, 


1.5. PROBLEM SETA 47 


22: 


23. 


24. 


2D: 
26. 


(d) |Rez| < |z| and |Imz| < zl, 


(e) |z+ wl? = |zl? +2Rezw + |wl?. 


Prove the “other” triangular inequality: For complex numbers z; and z2, 
a= 25 = lei) [zat 


Carefully justify the following parts of Theorem 1.4.8. If z and w are complex 
numbers, then 


(a) z+w=Z+w 
(b) zw = zw 
ZZ =] 
R == I = ’ 
(c) Rez 5 mz F 
(d) zz is a nonnegative real number. 


Find the set of all z € C that satisfy: 
(a) 1<|z<3.  @ [z-14+lze+1]=2. (g) le-2) 41242] =5. 


(b) =| ss | (e) Imz? > 0. (h) |z] = 1+ Re(z). 
z+2 , 
(f) Z+2 = 
(c) Rez? > 0. z-1 ; 


When does az + bz + c = O represent a line? 


Prove that the vector z; is parallel to the vector zz if and only if Im (z1Z2) = 0. 
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Chapter 2 


From Finite to Uncountable Sets 


A considerable amount of the material offered in this chapter is a review of termi- 
nology and results that were covered in MAT108. Our brief visit allows us to go 
beyond some of what we saw and to build a deeper understanding of some of the 
material for which a revisit would be beneficial. 


2.1 Some Review of Functions 


We have just seen how the concept of function gives precise meaning for binary 
operations that form part of the needed structure for a field. The other “big” use of 
function that was seen in MAT108 was with defining “set size” or cardinality. For 
precise meaning of what constitutes set size, we need functions with two additional 
properties. 


Definition 2.1.1 Let A and B be nonempty sets and f : A — B. Then 
1. f is one-to-one, written f : A oy B, if and only if 
(Vx) Vy) Wz) (Ee fAY2Ef Sx=y), 
2. f is onto, written f : A — B, if and only if 


(Vy) (ye B= Gr) @EANG, YE f)), 


1-1 
3. f is a one-to-one correspondence, written f : A —» B, if and only if f is 
one-to-one and onto. 
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Remark 2.1.2 Jn terms of our other definitions, f : A — B is onto if and only if 


mg (f) = (ye B: Gree AA (ey) € f)) = B 


a 
which is equivalent to f [A] = B. 


In the next example, the first part is shown for completeness and to remind the 
reader about how that part of the argument that something is a function can be 
proved. As a matter of general practice, as long as we are looking at basic functions 
that result in simple algebraic combinations of variables, you can assume that was 
is given in that form in a function on either its implied domain or on a domain that 
is specified. 


X 
"1 = |x| 


Example 2.1.3 For f = {(« ) ERxR:-l<x< 1}, prove that 


1-1 
f:(-LDoR 


(a) By definition, f CR x R; i.e. f is a relation from (—1, 1) to R. 
Now suppose that x € (—1,1). Then |x| < 1 from which it follows that 


1 — |x| 40. Hence, (1 — |x|)~! € R — {0} and y ad (—|x|)"' eR 
e 


because multiplication is a binary operation on R. Since x was arbitrary, we 
have shown that 


(vx) (« € (-1,1) => Gy) E RAG, y) € f)); ie, 


dom (f) = (-1, 1). 


Suppose that (x,y) € f A (x,v) € f. Thnu=x-(1—\|x|)7! =o 
because multiplication is single-valued on R x R. Since x, u, and v were 
arbitrary, 


(Vx) (Vu) (Vo) (x, ue fA(x,v) Ee ff Su=d); 


i.e., f is single-valued. 


Because f is a single-valued relation from (—1, 1) to RR whose domain 
is (—1, 1), we conclude that f : (—1,1) > R. 
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X2 


(b) Suppose that f (x1) = f (x2); Le. x1, x2 € (-1, I and 24 Dol’ 
— 1X1 — 1x2 

Since f (x1) = f (x2) we must have that f (x1) < OA f (x2) < Oor 

f (x1) = OA Ff (x2) = 0 which implies that -1 < x1 <OA-1 <x. <0 


orl > x, > OAI1 > x2 > 0. Now x1,x2 € (—1,0) yields that f (x1) = 


i = = i = = f (x2), while x,, x2 € [0, 1) leads to f (x) = i — 
X2 


i = f (x2). In either case, a simple calculation gives that x; = x2. 
Since x, and x2 were arbitrary, (7x1) (V¥x2) (f (41) = f (x2) > x1 = x2). 
Therefore, f is one-to-one. 


(c) Finally, fill in what is missing to finish showing that f is onto. Let w € R. 
Then either w <Oorw > 0. Forw <0, letx = == Then (1 — w) > 0 


and, because —1 < 0, we have that -1+w < wor—(1—w) < w. Hence, 


-l< and we conclude the x € . It follows that 
= (1) 
|x| = and 
(2) 
x 
f@= 7 
(3) 
For w > 0, letx = a Because 1 > 0 and w > O implies that 
Ww 
> w > Owhich is equivalent to having 1 > x = > 0. 
@ l+w 
Hence, |x| = and 


(5) 


f@)= 
(6) 


Since w € R was arbitrary, we conclude that f maps (—1, 1) onto R. 


*** Acceptable responses are: (1) (—1, 0), (2) — ; 
—w 
-1 
w w w 
3 1 —— = 5 4 1 . 5 > 
© (=) ( +) w, (4) 1+ w, 6) 


-1 
(00) (00) 
(6) (4) (: 7 a) aoe 
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Given a relation from a set A to a set B, we saw two relations that could be used 
to describe or characterize properties of functions. 


Definition 2.1.4 Given sets A, B, and C, letR € P(A x B) and S € P(BxC) 
where P (X) denotes the power set of X. 


1. the inverse of R, denoted by R™, is {(y,x): (x, y) € R}; 
2. the composition of R and S, denoted by S o R, is 
{(x,z)€AxC: Gy) (@,y) € RAG,2) € S)}. 


Example 2.1.5 For R = {(x,y) ¢Nx Z: x7 + y? < 4} and 
S={@,y)EeRxR: y=2x4+ 1}, Ro! = {(0, 1), (-1, 1), 0, 1), (0, 2)}, sol= 


x—1 


{ry eR xR: y="S-], and $0 R= ((1,1).,3) (1,-1.2, Dh 


Note that the inverse of a relation from a set A to a set B is always a relation 
from B to A; this is because a relation is an arbitrary subset of a Cartesian product 
that neither restricts nor requires any extent to which elements of A or B must be 
used. On the other hand, while the inverse of a function must be a relation, it need 
not be a function; even if the inverse is a function, it need not be a function with 
domain B. The following theorem, from MAT108, gave us necessary and sufficient 
conditions under which the inverse of a function is a function. 


Theorem 2.1.6 Let f : A > B. Then f~' is a function if and only if f is one-to— 
one. If f—! is a function, then f~' is a function from B into A if and only if f is a 
function from A onto B. 


We also saw many results that related inverses, compositions and the identity 
function. These should have included all or a large subset of the following. 


Theorem 2.1.7 Let f : A— Bandg:B- C. Then go f is a function from A 
into C. 


Theorem 2.1.8 Suppose that A, B, C, and D are sets, R € P(AxB), S € 
P (Bx C), andT € P(C x D). Then 


To(SoR)=(ToS)oR. 
and 


(SoR)'=R oS, 
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Theorem 2.1.9 Suppose that A and B are sets and that R € P (A x B). Then 
I RoR*eEP (B x B) and, whenever R is single-valued, R o R7'CIp 
2. R7'oREP (A x A) and, whenever R is one-to-one, R'oRCI, 
3. (RO) =R 
4. IpoR=RandRola=R. 
Theorem 2.1.10 For f: A Bandg: BOC, 
1. If f and g are one-to-one, then g o f is one-to-one. 
2. If f is onto B and g is onto C, then g o f is onto C. 
3. If g o f is one-to-one, then f is one-to-one. 
4. If g o f is onto C then g is onto C. 
Theorem 2.1.11 Suppose that A, B, C, and D are sets in the universe U . 


I. Ifh is a function having domh = A, g is a function such that dom g = B, 
and A1)) B = @, thenh U g is a function such that dom (h Ug) = AUB. 


2. Ifh:A—>C,g:B—-~ DandANB=Q9, thenhug:AUB—->CUD. 
3. Ifh: A 3 C,g:B 5 D, ANB =, andCND =, then 
hUg:AUB > CUD. 


Remark 2.1.12 Theorem 2.1.11 can be used to give a slightly different proof of the 
result that was shown in Example 2.1.3. Notice that the relation f that was given 
in Example 2.1.3 can be realized as f U f2 where 


fi={(x 22) eR«R:-1 <x <o| 
x 

fr={(x 2.) eRxRioex <1); 
l1-x 


iI (em 
for this set-up, we would show that f, : (—1,0) —» (—co,0) and fo : [0,1) — 


1-1 
[0, 00) and claim f; U f2 : (—1,1) — R from Theorem 2.1.11, parts (#2) and 
(#3). 


and 
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2.2 A Review of Cardinal Equivalence 


Definition 2.2.1 Two sets A and B are said to be cardinally equivalent, denoted 
1-1 
by A ~ B, if and only if (Af) | f :A — B). IfA ~ B (read “A is equivalent to 


B”), then A and B are said to have the same cardinality. 
1 ' 
Example 2.2.2 Let A = {0} and B = E ine N. Make use of the relation 
n 


((x, f (x)) : x € [0, 1} 


where 


: ifxeA 
5 ; 
f (x) = ze ,ifxeB 
1+ 2x 
x ,ifx €[0,1]-(AUB) 


to prove that the closed interval [0, 1] is cardinally equivalent to the open interval 
(0, 1). 


Proof. Let F = {(x, f (x)): x € [0, 1]} where f is defined above. Then F = 
{(x, 21): x E€AUB}U{(x, g2): x € ([0, 1] — (A U B))} where 


1 
5 , if x EA 
gi(x) = x and go =f [fo,1-(AuB)- 
,ifxeB 
1+ 2x 


1 
Suppose that x € AU B. Then either x = 0 or there exists n € N such that x = -. 
n 


1 
1 1 3 1 
It follows that gi (x) = gi (0) = 5 OF 81 (x) = g1 Ne ee) E 
lee 2= 
* n 


(0, 1). Since x was arbitrary, we have that 


(Vx)(x €e AUB= (Ay) (y € 0,1) A gi @&) = y)). 
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Thus, dom (g1) = AU B. Furthermore, since (1+2-x)4O0forx €B 


x 
—;x-(142-x)7! 

ar x-(1_+2-x) 

is defined and single-valued because - and + are the binary operations on the field 


R. Hence, g} : AUB — (0, 1). 
Since 


1 
AU B] = }——:neN} =C, 
au ] | —— n ls 
we have that g; : AU B -» C. Now suppose that x;,x2 € AUB are such 


; 1 
that g\ (x1) = g1 (x2). Then either g) (x1) = g1 (%2) = 5 OF 81 (x1), 1 (x2) € 


| 155 Ine NI. In the first case, we have that x1 = x2 = 0. In the second case, 
n 


we have that g1 (x1) = g1 (x2) > 


Xx] _ x2 
Loy Tae De. 


& x, + 2x, x2 = x2 + 2x0xX1 OX = XD. 
Since x; and x2 were arbitrary, 
(Vx1,%2)(%1,X%2 EAUBA gy (x1) = 81 (4X2) SX = X02); Le, 
g1 is one-to-one. Therefore, 
1-1 
g,: AUB > C. 


Note that [0,1] — (AUB) = (0,1) — C. Thus, go, as the identity function on 
(0, 1) — C, is one-to-one and onto. That is, 


#2: (0, 1)-C)  (,1)-C). 
From hearers 27:11 G2) and (3),.2) AUR se Cog (Oya) 
((0, 1) —C), ((0, 1] — (AU B))N (AU B) = Gand ((0, 1) — C) NC = Y implies 


that 


g1U gy: (AUB)U(O,1)—C) > CU(O,)—-C). (5) 
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Substituting ((0, 1) — C) = [0, 1] — (A U B) in addition to noting that 
(A U B) U ([0, 1] — (A U B)) = [0, 1] 
and 
CU((0,1)-—C) = 0,1), 
we conclude from (*) that 


1-1 
F = g; Ug): [0,1] eu (0, 1). 


Therefore, |[O, 1]| = |(0, 1)|. = 


For the purpose of describing and showing that sets are “finite”, we make use of 
the following collection of “master sets.” For each k € J, let 


Ke={GeJ:lsj<k}. 


Fork e€ J, the set J; is defined to have cardinality k. The following definition offers 
a classification that distinguishes set sizes of interest. 


Definition 2.2.3 Let S be a set in the universe U. Then 
1. S is finite = ((S = 9) Vv Gk) (k Ee JAS ~ Jy). 
2. S is infinite = S is not finite. 
3. S is countably infinite or denumerable = S ~ J. 
4. S is at most countable = ((S is finite) V (S is denumerable)). 
5. S is uncountable = S is neither finite nor countably infinite. 


Recall that if § = @, then it is said to have cardinal number 0, written |S| = 0. 
If S ~ Jz, then S is said to have cardinal number k; i.e., |S| = k. 


Remark 2.2.4 Notice that the term countable has been omitted from the list given 
in Definition 2.2.3; this was done to stress that the definition of countable given by 
the author of our textbook is different from the definition that was used in all the 
MATIO8 sections. The term “at most countable” corresponds to what was defined 
as countable in MATI108. In these Companion Notes, we will avoid confusion by 
not using the term countable; when reading your text, keep in mind that Rudin uses 
the term countable for denumerable or countably infinite. 
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We know an infinite set is one that is not finite. Now it would be nice to have 
some meaningful infinite sets. The first one we think of is N or J. While this claim 
may seem obvious, it needs proving. This leads to the following 


Proposition 2.2.5 The set J is infinite. 


Space for comments. 


Proof. Since {9} oz 1 € J, Jis not empty. To prove that — (4k) (k e JAI, ~ J) 
é 


is suffices to show that (Vk) (Vf) ((k E JAS : Je =s J) — se ae = J). Sup- 


pose thatk € J and f is suchthat f : J, aa J. Letn = f()+f(2)+--+f(A)4+1. 
For each j, | < j < k, we have that f(j) > 0. Hence, n is a natural number that 
is greater than each f(j). Thus, n 4 f(/) for any j € Jy. But thenn ¢ rng(f) 
from which we conclude that f is not onto J; i.e., f [Jx,] 4 J. Since k and f were 


arbitrary, we have that (Vk) (Vf) ((k e JAS : Je = J) => fii 4 J) which is 
equivalent to the claim that (Vk) (k € J => J, ~ J). Because 


(J AG) A-Gk) (kk EeEJAI~ Ix), 
it follows that J is not finite as claimed. m 


Remark 2.2.6 From the Pigeonhole Principle (various forms of which were visited 
in MATI108), we know that, for any set X, 


X finite => (VY) VY CXAYFAXDYXX). 
The contrapositive tautology yields that 
A(WY)YCKAY AX SY %X)> 7(X is finite) 
which is equivalent to 


(AY) (Y CX AYFXAY~X)= X is infinite. (A) 
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In fact, (A) could have been used as a alternative definition of infinite set. To see 
how (A) can be used to prove that a set is infinite, note that 


Ten e€ J: 2|n} 


is such that Je © J and Je ~ J where that latter follows because f (x) = 2x : 


[4 
J — Je; consequently, J is infinite. 


Recall that the cardinal number assigned to J is No which is read as “aleph 
naught.” Also shown in MAT108 was that the set P(J) cannot be (cardinally) equiv- 
alent to J; this was a special case of 


Theorem 2.2.7 (Cantor’s Theorem) For any set S, |S| < |P(S)|. 


Remark 2.2.8 Jt can be shown, and in some sections of MAT108 it was shown, 
that P(J) ~ R. Since |J| <|IR|, the cardinality of R represents a different “level 
of infinite.’ The symbol given for the cardinality of R is ec, an abbreviation for 
continuum. 


Excursion 2.2.9 As a memory refresher concerning proofs of cardinal equivalence, 
complete each of the following. 


1. Prove (2,4) ~ (—S, 20). 


, neJA2|n 
2. Use the function f (n) = 
n—Il 


a: d 


neJa2t{n 
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to prove that Z is denumerable. 


25 
***For (1), one of the functions that would have worked is f (x) = 5 — 30; jus- 


tifying that f : (2,4) = (—5, 20) involves only simple algebraic manipulations. 
Showing that the function given in (2) in one-to-one and onto involves applying 
elementary algebra to the several cases that need to be considered for members of 
the domain and range.*** 


We close this section with a proposition that illustrates the general approach that 
can be used for drawing conclusions concerning the cardinality of the union of two 
sets having known cardinalities 


Proposition 2.2.10 The union a denumerable set and a finite set is denumerable; 
i.eé., 


(VA) (VB) (A denumerable A B finite = (AU B) is denumerable). 


Proof. Let A and B be sets such that A is denumerable and B is finite. First 
we will prove that A U B is denumerable when AM B = 9. Since B is finite, we 
have that either B = 9 or there exists a natural number k and a function f such that 

1-1 

f:B—~{jeN: 7] < ky}. 

If B = 9, then A U B = A is denumerable. If B ¥ Q, then let f be such 

i-1 
that f : B —» Nz where Nz ao {7 € Ng: j < k}. Since A is denumerable, there 
e 
i-1 

exists a function g such that g : A — N. Now leth = {(n,n+k):neN}. 
Because addition is a binary operation on N and N is closed under addition, for 
each n € N,n +k is a uniquely determined natural number. Hence, we have that 
h:N7N. Sincen € Nimplies thatn > 1, from OF1,n+k > 1+k; consequently, 
{jf EN: 7 >1+k}=N-—Ngx is acodomain for h. Thus, h : N > N —Ng. 
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We will now show that h is one-to-one and onto N — Ng. 

(i) Suppose that h (n;) = h (nz); Le., ny +k = no +k. Since N is the set 
of natural numbers for the field of real numbers, there exists an additive inverse 
(—k) € Rsuch that k + (—k) = (—k) +k = 0. From associativity and substitution, 
we have that 

nm = mt+(kK+(-k)) = (11 +k) +(-k) 
= (n2+k)+(-k) 
= n+(k+ (-k)) 
= Nj. 
Since n; and n2 were arbitrary, (Vn) (Vn2) (A (nj) =h (n2) 3 ny =N2); Le., h is 
one-to-one. 

(ii) Let w €e N—Ng. Then w € N and w > 1+k. By OFI, associativity of 

addition, and the additive inverse property, 


wt (-k) > 1 +k) + (-k) = 14 ke + (-’) = 1. 


Hence, x a w + (—k) € N =dom (A). Furthermore, 
é 


h(x) =x+k= (w+ (-k)) +k =w ((-k) +k) = w. 
Since w was arbitrary, we have shown that 
(Vw) (we N-Ny > Cx) & E NA (x, w) €h)); 
that is, 4 is onto. 


1-1 
From (i) and (ii), we conclude that h : N-» N — Nx. From Theorem 2.1.10, parts 
tes 1-1 
(1) and (2), g: A — Nandh: N-» N — N, implies that 


1-1 
hog: A~N—Ng. 
Now we consider the new function F = f U (hog) from B UA into N 
which can also be written as 


ft (x) forx € B 
F(x)= 
(hog)(x) forxeA 


t=4 {21 
Since AN B=9,NO(N-N;y) = 9, ff: B— Ng andhog: A+N—Ngx, by 


1-1 
Theorems 2.1.11, part (1) and (2), F: BUA —+ NU(N—Nx) =N. Therefore, 
BUAorA U Bis cardinally equivalent to N; i.e., AU B is denumerable. 
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If AM B + @, then we consider the sets A — B and B. In this case, 
(A —B)NB=M6and (A— B)UB=AUB. Now the set B is finite and the set 
A — B is denumerable. The latter follows from what we showed above because our 
proof for the function h was for k arbitrary, which yields that 


(vk) (k EN => IN—Ngl = No). 


From the argument above, we again conclude that A U B = (A — B) U B is denu- 
merable. 
Since A and B were arbitrary, 


(VA) (VB) (A denumerable A B finite = (A U B) is denumerable) . 


2.2.1 Denumerable Sets and Sequences 


An important observation that we will use to prove some results concerning at most 
countable sets and families of such sets is the fact that a denumerable set can be 
“arranged in an (infinite) sequence.” First we will clarify what is meant by arranging 
a set as a sequence. 


Definition 2.2.11 Let A be a nonempty set. A sequence of elements of A is a func- 
tion f : J — A. Any f : Jp — Aforak € J is a finite sequence of elements of 
A. 


For f : J — A, letting a, = f (n) leads to the following common notations 
for the sequence: {an}>-, {dn}neg» {an}, OF a1, a2, 43, ...,n, .... It is important to 
notice the distinction between {a,}?°, and {a, :n € J}; the former is a sequence 
where the listed terms need not be distinct, while the latter is a set. For example, if 


f :J — (1, 2, 3} is the constant function f (n) = 1, then 
[ces aero ey Os Dee 


while {a, :n € J} = {1}. 
Now, if A is a denumerable or countably infinite set then there exists a function 


g such that g: J a A. In this case, letting g (n) = x, leads to a sequence {Xp}jej 
of elements of A that exhausts A; i.e., every element of A appears someplace in 
the sequence. This phenomenon explains our meaning to saying that the “elements 
of A can be arranged in an infinite sequence.” The proof of the following theorem 
illustrates an application of this phenomenon. 


62 CHAPTER 2. FROM FINITE TO UNCOUNTABLE SETS 


Theorem 2.2.12 Every infinite subset of a countably infinite set is countably infi- 
nite. 


Proof. Let A be a denumerable set and E be an infinite subset of A. Because A 
is denumerable, it can be arranged in an infinite sequence, say {a,}°°_,. Let 


Se e4)05-e Bh: 


Because S; is a nonempty set of natural numbers, by the Well-Ordering Principle, 
S; has a least element. Let n; denote the least element of S; and set 


So ={meJ: dam € E}— {nj}. 


Since E is infinite, Sz is a nonempty set of natural numbers. By the Well-Ordering 
Principle, Sz has a least element, say n2. In general, for S;, Sz, ..., Sg—, and 
N1,N2, ..., Nk—1, we choose 


ny = min S$; where SS. ={me J: dam € E}— {ny,no,...,ng_1} 


Use the space provided to convince yourself that this choice “arranges E into an 
infinite sequence {an | paar ~ 


2.3. Review of Indexed Families of Sets 


Recall that if F is an indexed family of subsets of a set S and A denotes the indexing 
set, then 
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the union of the sets in F = {A, : a € A}, denoted by U Aq » 1S 


aeA 
{p eS: GB) (Be AA pe Ag)}; 


and the intersection of the sets in F , denoted by () Aq, iS 


aecA 
{pe S: (VB) (Be A= pe Ag)}. 


Remark 2.3.1 Jf F is a countably infinite or denumerable family of sets (subsets of 
a set S), then the indexing set is J or N; in this case, the union and intersection over 


[o.@) (oe) 
F are commonly written as U Aj; and () A ;, respectively. If F is anonempty finite 
j=l j=l 
family of sets, then Jx, for some k € J, can be used as an indexing set; in this case, 
k k 


the union and intersection over F are written as U Aj; and () A j, respectively. 
j=l j=l 


It is important to keep in mind that, in an indexed family F = {Ay : a € A}, 
different subscript assignments does not ensure that the sets represented are differ- 
ent. An example that you saw in MAT108 was with equivalence classes. For the 
relation =3that was defined over Z by x =3 y & 3|(x — y), for any a € Z, let 
Ag = [a]=,; then A_4 = Az = As, though the subscripts are different. The set 
of equivalence classes from an equivalence relation do, however, form a pairwise 
disjoint family. 

An indexed family F = {A,, : a € A} is pairwise disjoint if and only if 


(Va) (VB) (a,B Ee AN AGN Ag #H => Ag = Ag); 


it is disjoint if and only if () Aq = 9. Note that being disjoint is a weaker condi- 
aed 

tion that being pairwise disjoint. 

Example 2.3.2 For each j € Z, where Z denotes the set of integers, let 


Aj = {(%1,x2) E Rx R: [x1 — f[ < 1A [x0] < 1}, 


Find |_) Aj and ( | Aj. 
jeEeZ jeEeZ 
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Each Aj; consists of a “2 by 2 square” that is symmetric about the x- 


axis. For each j € Z, Aj and Aj+ overlap in the section where j < x, < 
j +1, while Aj and Aj+3 have nothing in common. Consequently, [JA = 
jeEeZ 
{(x1, x2) € R?: [x2] < lp and (Aj = 9. 
jeEeZ 
\ ee —1)" 
Excursion 2.3.3 Forn € N, let C, = [-3 + aa meer) and 
n n 
C = {C, :n €N}. Find (JC; and ( )C;. 
JEN JEN 
***For this one, hopefully you looked at C, for a few n. For example, C; = 
5 11 1 17 2 
[-5.4), C2 = [-7.55). and C3 = [-2.43). Upon noting that the left 


endpoints of the intervals are decreasing to —3 while the right endpoints are oscil- 
1 
lating above and below 5 and closing in on 5, we conclude that U C= (-3. 5 5) 
JEN 
5 
dj |C; =|-~=,4}.*** 
and (]C, ° ) 
JEN 


Excursion 2.3.4 For j € J, let Aj = {x €R:x > J/j}. Justify the claim that 
AS {Aj ij € J} is disjoint but not pairwise disjoint. 
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***Hopefully, your discussion led to your noticing that Ay 1 Am = Amax{k,m}. On 

the other hand, to justify that () A; = 9, you needed to note that given any fixed 
JEN 

positive real number w there exists p € J such that w ¢ A,; taking p = | w* + 1| ; 

where || denotes the greatest integer function, works.*** 


2.4 Cardinality of Unions Over Families 

We saw the following result, or a slight variation of it, in MAT108. 

Lemma 2.4.1 Jf A and B are disjoint finite sets, then A U B is finite and 
|AU B| = |A| + |B]. 


Excursion 2.4.2 Fill in what is missing to complete the following proof of the 
Lemma. 


Space for Scratch Work 

Proof. Suppose that A and B are finite sets such that 
ANB=9. If A=%orB=9, then AU B= 

(1) 
orAUB= , respectively. In either case A U B 

(2) 
is , and |@| = 0 yields that 
(3) 

|A| + |B| = |AU BI. If A #9 and B F G, then there 
exists k,n € N such that |A] = |{i e N: i < k}| and 


|B| = |{i € N:i < n}|. Hence there exist functions f 
[ot 
and g such that f : A — and 
(4) 
g: . Now let 


5) 
A={k+ Lk i 2,-::,k +n}. Then the function 
h(x) =k +x is such thath: {i eN:i <n} > H. 
Since the composition of one-to-one onto functions is a 
one-to-one correspondence, 
F=hog: 
(6) 
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From Theorem 2.1.11, AN B = @, 
1-1 
ff{EN:i<k}NH=9, f:A— {ie N:i <k}, and 
1-1 
F : B —» H implies that 


FURS . Since 
(7) 
fiEeN:i<k}UH= , we 
(8) 
conclude that A U B is and 
(9) 
JAU B| = = a | 


(10) (11) 


**%* A cceptable responses: (1) B, (2) A, (3) finite, (4) {i e N:i < k} or Ag, 


(1 es 1-1 
(5)B > {fiEeN:i<n},() B > H,(7) AUB —> {fieN:i <k} UG, 
(8) {fi EN: i <k +n} or Agyn, QQ) finite, (10) k +n, and (11) |A| + |B].*** 


Lemma 2.4.1 and the Principle of Mathematical Induction can be used to prove 
Theorem 2.4.3. The union of a finite family of finite sets is finite. 


Proof. The proof is left as an exercise. 


Now we want to extend the result of the theorem to a comparable result concern- 
ing denumerable sets. The proof should be reminiscent of the proof that |Q| = No. 


Theorem 2.4.4 The union of a denumerable family of denumerable sets is denu- 
merable. 


Proof. For each n e€ J, let E,, be a denumerable set. Each E,, can be arranged 
as an infinite sequence, say {x;, pee Then 


Jee tepane DAs ed). 
keJ 


Because EF is denumerable and E; C Jz j» we know that Jz j is an infinite 
jeJ jel 
set. We can use the sequential arrangement to establish an infinite array; let the 
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sequence corresponding to E, form the nth row. 


X11 
x21 
X31 
X41 
X51 


x12 
x22 
X32 
X42 
X52 


X13 
X23 
X33 
X43 
X53 


X14 
X24 
X34 
X44 
X54 


X15 
X25 
X35 
X45 
X55 


X16 
X26 
X36 
X46 
X56 
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.The terms in the infinite array can be rearranged in an expanding triangular array, 


such as 


X11 
X21 
X31 
X41 
X51 
X61 
X71 


This leads us to the following infinite sequence: 


X12 
X22 
X32 
X42 
x52 
X62 


X13 
X23 
X33 
X43 
X53 


X14 
X24 
X34 
X44 


X15 
X25 
X35 


X16 
X26 


X17 


X115X215 X21, X315 X22, X13, --- 


Because we have not specified that each E,, is distinct, the infinite sequence 
may list elements from JE more than once; in this case, JE would corre- 


keJ 


keJ 


spond to an infinite subsequence of the given arrangement. Consequently, Jz 1S 


denumerable, as needed. m 


keJ 
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Corollary 2.4.5 If A is at most countable, and, for each a € A, Bg is at most 
countable, then 
Pete 


acA 


is at most countable. 


The last theorem in this section determines the cardinality of sets of n — tuples 
that are formed from a given countably infinite set. 


Theorem 2.4.6 For A a denumerable set andn € J, letT, =AxAx-:---xA= 
a 


nof them 


A”; Le, 
Tn = {(a1, 42, ..54n): W/)(G ETAL S j <n=a;€A)}. 
Then T,, is denumerable. 


Proof. Let S = {n € J: T, ~ J}. Since T; = A and A is denumerable, | € S. 
Suppose that k € S;1.e.,k € J and 7; is denumerable. Now 7,4; = Ty x A where 
it is understood that ((x1,.x2,... ,Xk),@) = (41, .%2,... ,X%, a). For each b € Tj, 
{(b,a):a € A} ~ A. Hence, 


(Vb) (bE T, = {(b,a):a€ A}~J). 
Because 7; is denumerable and 


Titi = (LD {b, a): 4 € A) 
beTx 


it follows from Theorem 2.4.4 that 7,4; is denumerable; i.e., (kK + 1) € S. Since k 
was arbitrary, we conclude that (Vk) (ke S=> (K+ 1) €S). 
By the Principle of Mathematical Induction, 


leSAWkK(kKES=> (K+1) €S) 
implies thatS = J. m 
Corollary 2.4.7 The set of all rational numbers is denumerable. 


Proof. This follows immediately upon noting that 


Q= Ps peZaqednged(p.g)=1} ~((p.g) © 2x: g0d (po) = 0 


and Z x J is an infinite subset of Z x Z which is denumerable by the theorem. 
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2.5 The Uncountable Reals 


14 
In Example 2.1.3, it was shown that f(x) = : (-1,1) — R. Hence, the 


x 
1 + |x| 
interval (—1, 1) is cardinally equivalent to R. The map g(x) = 5 (x +1) can be used 
to show that (—1, 1) ~ (0, 1). We noted earlier that |J| < |IR|. For completeness, 
we restate the theorem and quickly review the proof. 


Theorem 2.5.1 The open interval (0, 1) is uncountable. Consequently, R is un- 
countable. 


Proof. Since {4, 4, 4,---} € (0, 1) and {5, 4, 4,---} ~ J, we know that (0, 1) 
is not finite. 
Suppose that 


f:IS5@,D. 


Then we can write 


fd) = 0.a41412a13a14 ey 
f() — 0.a21d22023a24 ee 
f(3) = 0.a31432€33034 +++ +++ +++ 

f(n) — 0.4n14n24n34n4 eee ee ee ww we 


where dgm € {0,1,2,3,4,5,6, 7,8, 9}. Because f is one-to-one, we know 
that, if .20000... is in the listing, then .199999... is not. 
( ), if ayA#( ) 
Finally, let m = 0.b,b2b3bq4 - --, where bj = (The 
[din aE agp 
substitutions for (e).and [e] are yours to choose.). Now justify that there isnog e€ J 
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such that f (g) =m. 


Hence, (Am) (Vk) (k € J = f (k) 4m); ie., f is not onto. 
Since f was arbitrary, we have shown that 


VA) :J—- 0,1) A f one-to-one = f is not onto). 


Because [(P A Q) > —M] is logically equivalent to [P => —(Q A M)] and 
—=[P => QJ] is equivalent to [P A —Q] for any propositions P, Q and M, we con- 
clude that 


[(vf) (f :J> ©,1) = =(f one-to-one A f is onto))| 
© (Vf)7A(:J—- (0,1)A f one-to-one A f is onto); 
i omteank ie Oe (py cee = (0, 0). Hence, the open interval (0, 1) is an infinite set that 


is not denumerable. m 


Corollary 2.5.2 The set of sequences whose terms are the digits 0 and | is an 
uncountable set. 


2.6 Problem Set B 


1. For each of the following relations, find Ro, 


(a) R = {(1,3), 0,5), 6.7), (0, 12)} 
(b) R={(@,y)eRxR: y=x"} 
(c) R={(a,b)€ Ax B:a\b} where A=J and B={j €Z:|j| < 6} 


2. Prove that each of the following is one-to-one on its domain. 


2x +5 


a) f@)= FS 
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oO):.f @=2 
3. Prove that f (x) = x* — 6x +5 maps R onto [—4, 00). 


4. Prove each of the following parts of theorems that were stated in this chapter. 


(a) Suppose that A, B, C, and D are sets, RE P(A x B), SE P(Bx OC), 
and T € P(C x D). ThenT 0(So R)=(ToS)oR 


(b) Suppose that A, B, and C are sets, Re P(A x B)andS e P(B x C). 
Then 


(SoR)'=R "0ST, 
(c) Suppose that A and B are sets and that R e P(A x B). Then 
RoR 'eP (B x B) and, whenever R is single-valued, R o Ro! C Ip. 
(d) Suppose that A and B are sets and that R e P(A x B). Then 
R7!oREP (A x A) and, wnenever R is one-to-one, R7'oRCIg. 


(e) Suppose that A and B are sets and that R e P (A x B). Then 
-1 
(x-") = R, Ip oR = Rand Rol, =R. 


5. For f : A— Band g: B > C, prove each of the following. 


(a) If f and g are one-to-one, then g o f is one-to-one. 
(b) If f is onto B and g is onto C, then g o f is onto C. 
(c) If g o f is one-to-one, then f is one—to—one. 


(d) If g o f is onto C then g is onto C. 
6. For A, B, C, and D sets in the universe U/, prove each of the following. 


(a) If h is a function having domh = A, g is a function such that dom g = 
B, and AN B = Q, then h U g is a function such that dom (A U g) = 
AUB. 


(b) Ifh:A—-+C,g:B—- DandANB=Q9,thenhUg:AUB—- CUD. 
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(c) Ifh: AS C,g:B > D,ANB=G,andCND =GQ, then 


hUg:AUB 35 CUD. 


. Prove each of the following cardinal equivalences. 


(a) [-6, 10] ~ [1,4] 
(b) (—00, 3) ~ (1, 00) 
(c) (-00, 1) ~ (1, 2) 
(dd) W=JU{0}~Z 


. Prove that the set of natural numbers that are primes is infinite. 


. Let A be a nonempty finite set and B be a denumerable set. Prove that A x B 


is denumerable. 


Find the union and intersection of each of the following families of sets. 
(a) A= {{1, 3, 5}, (2,3, 4,5, 6}, {0, 3,7, 9}} 


(b) A={A, :n € J} where A, = [o.2+ -) 
(c) B={B,:n € J} where B, = (-7.") 


3 2 
(d) C= {Cyne J} where Cy = |x @R:4—2 <x <6+5-} 
n n 


Prove that the finite union of finite sets is finite. 
For W = J U {0}, let F : W x W — W be defined by 


k(k +1) 


FGi,jj=jt+ 
G@j=ij 5 
where k =i + j. Prove that F is a one-to-one correspondence. 


Prove that Q x Q is denumerable. 


Chapter 3 


METRIC SPACES and SOME 
BASIC TOPOLOGY 


Thus far, our focus has been on studying, reviewing, and/or developing an under- 
standing and ability to make use of properties of R = R!. The next goal is to 
generalize our work to R” and, eventually, to study functions on R”. 


3.1 Euclidean n-space 


The set IR” is an extension of the concept of the Cartesian product of two sets that 
was studied in MAT108. For completeness, we include the following 


Definition 3.1.1 Let S and T be sets. The Cartesian product of S and T, denoted 
by S x T, is 


{((p,g): pESAq €T}. 


The Cartesian product of any finite number of sets S,, S2, ..., Sn, denoted by S, x 
So X-+++ xX Sy, is 


{(P1, p2,--s Pw): WA) (G EJALS j SN) = pj € Sj)}. 
The object (p1, p2, ..-, pn) is called an N-tuple. 


Our primary interest is going to be the case where each set is the set of real 
numbers. 
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Definition 3.1.2 Real n-space, denoted R", is the set all ordered n-tuples of real 
numbers, i.e., 


Re =f ys 5c, Ky) SX KO, ces ER}. 


Thus, IR" =R x R x --- x R, the Cartesian product of R with itself n times. 
——— 


n of them 


Remark 3.1.3. From MAT108, recall the definition of an ordered pair: 


(a,b) o {{a}, {a, b}}. 


This definition leads to the more familiar statement that (a, b) = (c, d) if and only 
ifa = bandc = d. It also follows from the definition that, for sets A, B and 
C, (A x B) x C is, in general, not equal to A x (B x C); i.e., the Cartesian 
product is not associative. Hence, some conventions are introduced in order to 
give meaning to the extension of the binary operation to more that two sets. If we 
define ordered triples in terms of ordered pairs by setting (a,b,c) = ((a,b),c); 
this would allow us to claim that (a,b,c) = (x, y,z) if and only ifa =x, b= y, 
and c = z. With this in mind, we interpret the Cartesian product of sets that are 
themselves Cartesian products as “big” Cartesian products with each entry in the 
tuple inheriting restrictions from the original sets. The point is to have helpful 
descriptions of objects that are described in terms of n-tuple. 


Addition and scalar multiplication on n-tuple is defined by 
(X15 X25 00-5 Xn) + (V1, V2 0-5 Yn) = 1 + V1, x2 + 25 + Xn + Yn) 
and 
GO (X1, X25 «+5 Xn) = (4X1, AX2, ...,AXn), for a € R, respectively. 


The geometric meaning of addition and scalar multiplication over R* and R? as 
well as other properties of these vector spaces was the subject of extensive study in 
vector calculus courses (MAT21D on this campus). For each n,n > 2, it can be 
shown that IR” is a real vector space. 


Definition 3.1.4 A real vector space VY is a set of elements called vectors, with 
given operations of vector addition + : V x V —> VY and scalar multiplication 
-:R x V — V that satisfy each of the following: 
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1. (Vv) (Vw) (V,we V>v+w=wevy) commutativity 

2. (Vu) (Vv) (Vw) (uuv,we VS>u+(v+w)=(u+v)+w) associativity 
3. 0)O0EVA Wv)VeEVS04+v=v+0=V)) zero vector 

4. (Vv) (ve V => €(-v)) ((—v) €e VAv+ (—v) = (-v) + v=0)) negatives 


5. (VA) (Vv) (Vw) AE RAv,weV>4-(vtw)=A-v+4-w)  distribu- 
tivity 


6. (VA) (Vy) Vw) U,y ERAwWEVS>A(y-w)=(Ay)- Ww) associativity 


7. VA Vy) Vw A,y €RAwE VS Cty): w=A-wty-w)  distribu- 
tivity 


& (VWv)veV>1-v=v-l=v) multiplicative identity 


Given two vectors, X = (X1, X2,...,X,) and y = (1, y2,..., yy) in R", the inner 
product (also known as the scalar product) is 


n 
K-y= D> xyyy; 
j=l 


and the Euclidean norm (or magnitude) of x = (x1, x2, ...,X,) € R” is given by 


The vector space IR” together with the inner product and Euclidean norm is called 
Euclidean n-space. The following two theorems pull together the basic properties 
that are satisfied by the Euclidean norm. 


Theorem 3.1.5 Suppose that x, y,z € R" anda € R. Then 
(a) |x| > 0; 
(b) |x] =O@ox=0; 


(c) |ax| = |a| |x|; and 
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(d) |x-yl < Ixllyl. 


Excursion 3.1.6 Use Schwarz’s Inequality to justify part (d). For x = (x1, X2, ..., Xn) 
and y = (y1, Y25 ++» Yn) inR", 


Ix-y|? = 


Remark 3.1.7 It often helps to take our observations back to the setting that is 
“once removed” from R!. For the case R?, the statement given in part (d) of the 
theorem relates to the dot product of two vectors: For € = (x1, x2) and yn = (y1, y2), 
we have that 


CN =X1y1 + x22 


which, in vector calculus, was shown to be equivalent to |é||y|cos@ where @ is the 
angle between the vectors € and n. 


Theorem 3.1.8 (The Triangular Inequalities) Suppose that x = (x1, x2, ...,XN), 
y = (y1, ¥2, «--5 Yn) and z = (z1, 22, ..., ZN) are elements of R. Then 


(a) |x+yl < Ixl + lyls ce, 


< 1/2 is 1/2 y 1/2 
ex jty *) s (> «) 4 (> s) 
j=l j=l j=l 


where (---)'/* denotes the positive square root and equality holds if and only 
if either all the x; are zero or there is a nonnegative real number A such that 
yj; = Ax; for each j,1 < j < N; and 


(b) |x—2| < Ix—yl+ly — 4; Le, 


. 1/2 és ie. Se 1/2 
(Se = i) < (Se s +) ai (Xe, a i) 
j=l 


j=l j=l 


3.2. METRIC SPACES qd 


where (---)'/* denotes the positive square root and equality holds if and only 
if there is a real number r, withO <r < 1, such that y; =rxj +(—1r)z; 
foreachj,1<j<N. 


Remark 3.1.9 Again, it is useful to view the triangular inequalities on “familiar 
ground.” Let € = (x1, x2) and n = ()1, y2 ). Then the inequalities given in The- 
orem 3.1.8 correspond to the statements that were given for the complex numbers; 
i.e., Statements concerning the lengths of the vectors that form the triangles that are 
associated with finding € + yn and € — n. 


Observe that, for C = {(x, y) : x7 + y? = l} and J = {x : a < x < b} where 
a < b, the Cartesian product of the circle C with J, C x J, is the right circular 
cylinder, 


U=({(x,y,z):x7-+y% =1laAa <z < Dd}, 
and the Cartesian product of J with C, J x C, is the right circular cylinder, 
V={(x,y,2):a<x<b,y4+2=]}. 


If graphed on the same R?-coordinate system, U and V are different objects due to 
different orientation; on the other hand, U and V have the same height and radius 
which yield the same volume, surface area; etc. Consequently, distinguishing U 
from V depends on perspective and reason for study. In the next section, we lay the 
foundation for properties that place U and V in the same category. 


3.2 Metric Spaces 


In the study of R! and functions on R! the length of intervals and intervals to de- 
scribe set properties are useful tools. Our starting point for describing properties 
for sets in R” is with a formulation of a generalization of distance. It should come 
as no surprise that the generalization leads us to multiple interpretations. 


Definition 3.2.1 Let S be a set and suppose that d: S x S —> R'. Then d is said 
to be a metric (distance function) on S if and only if it satisfies the following three 


properties: 


(i) (Vx) (Vy) [@,y)e Sx SSdx,y)>0A dQ, y) =0ex=y)], 


78 CHAPTER 3. METRIC SPACES AND SOME BASIC TOPOLOGY 


(ii) (Vx) (Vy) [@, yyESxS>d(y,x)=d(x, y)| (symmetry), and 


(iii) (Vx) (Vy) (Vz) [x, y,z€S => d(x,z) < dx, y)+dv, z)| (triangle inequal- 
ity). 


Definition 3.2.2 A metric space consists of a pair (S,d)—a set, S, and a metric, d, 
on 8. 


Remark 3.2.3 There are three commonly used (studied) metrics for the set RN. 
For x = (x1, X2, .... Xv) and y = (yj, y2,---, YN), we have: 


e (RY, d) where d(x, y) =,/ ae oe — yj) the Euclidean metric, 
e (RY, D) where D(x, y) = 9, |xj — yjl, and 


e (RY, doo) where doo (x, y) = max ke — yj L, 


Proving that d, D, and dx are metrics is left as an exercise. 


Excursion 3.2.4 Graph each of the following on Cartesian coordinate systems 


1. A= {x €R*:d(0,x) < 1} 


2. B= {x ER’: D(O,x) < 1} 
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3. C = {x € R*: d,(0,x) < 1} 


***For (1), you should have gotten the closed circle with center at origin and radius 
one; for (2), your work should have led you to a “diamond” having vertices at (1, 0), 
(0, 1), (—1,0), and (0, —1); the closed shape for (3) is the square with vertices 
(1,-1), (, 1), (-1, 1), and (—1, —1).*** 


Though we haven’t defined continuous and integrable functions yet as a part of 
this course, we offer the following observation to make the point that metric spaces 
can be over different objects. Let C be the set of all functions that are continuous 
real valued functions on the interval J = (x : 0 < x < 1}. Then there are two 
natural metrics to consider on the set C; namely, for f and g in C we have 


(1) (C,d) where d(f, g) = max | f(x) — g(x), and 


(2) (C, d) where d(f, g) = fy If (x) — g(x)ldx. 


Because metrics on the same set can be distinctly different, we would like to 
distinguish those that are related to each other in terms of being able to “travel 
between” information given by them. With this in mind, we introduce the notion of 
equivalent metrics. 


Definition 3.2.5 Given a set S and two metric spaces (S,d,) and (S, dz), d, and 
dy are said to be equivalent metrics if and only if there are positive constants c and 
C such that cd\(x, y) < do(x, y) < Cdi(x, y) forall x, yin S. 


Excursion 3.2.6 As the result of one of the Exercises in Problem Set C, you will 
know that the metrics d and dy, on R? satisfy doo(X, y) < d(x, y) < V2 + doo (X,Y). 


1. Let A = {x € R* : d(O,x) < 1}. Draw a figure showing the boundary of 
A and then show the largest circumscribed square that is symmetric about 


80 CHAPTER 3. METRIC SPACES AND SOME BASIC TOPOLOGY 


the origin and the square, symmetric about the origin, that circumscribes the 
boundary of A. 


2. Let C = {x € R* : dx(0,x) < 1}. Draw a figure showing the boundary of C 
and then show the largest circumscribed circle that is centered at the origin 
and the circle, centered at the origin, that circumscribes the boundary of C. 


****For (1), your outer square should have corresponded to 
{x = (x1X2) € R? : dx (0, x)= V2}; the outer circle that you showed for part of 


(2) should have corresponded to {x = (x,x2) € R? : d(0,x) = ae 


Excursion 3.2.7 Let E = {(cos0, sin0) : 0 < 0 < 27} and define d*(p,, p2) = 
|0, — 02| where py = (cosQ,, sin0,) and p2 = (cos02, sin@2). Show that (E, d*) is 
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a metric space. 


The author of our textbook refers to an open interval (a,b) = {x € R:a <x <b} 
as a segment which allows the term interval to be reserved for a closed interval 
[a,b] = {x € R: a <x < 5}; half-open intervals are then in the form of [a, b) or 
(a, b]. 


Definition 3.2.8 Given real numbers a1, a2, ..., dn and by, bo, ..., by such that aj < 
Dy fer f= 125M 


{(x1, 2, ...%n) ER": (Wj) (1 <j <n aj <x; < b;)} 
is called an n-cell. 


Remark 3.2.9 With this terminology, a 1-cell is an interval and a 2-cell is a rect- 
angle. 


Definition 3.2.10 Jfx € R” and r is a positive real number, then the open ball with 
center x and radius r is given by 


B (x,r) = {y eR”: |x—yl <r}; 


82 CHAPTER 3. METRIC SPACES AND SOME BASIC TOPOLOGY 


and the closed ball with center x and radius r is given by 


B (x,r) = {y € R": |x—y| <r}. 


Definition 3.2.11 A subset E of R" is convex if and only if 
(vx) (Vy) (VA) [x ye EAO<A<1>Ax+(l-A)ye E] 


Example 3.2.12 For x € R" andr a positive real number, suppose that y and z are 
in B (x,r). If A real is such that0 < 2 <1, then 


JAy+(—A)z—-xl = [A(y-—x)+0-4)@-x)I 
< Aly-—xl+(U-—A)|z—-xl 
< Ar+(1—-A)r=r . 
Hence, Ay + (1 — 4)z €B (x,r). Since y and z were arbitrary, 
(vy) (vz) (VA) [y,ze Br) A0<A<1>dyt(l-AzeE Br); 


that is, B (x, r) is a convex subset of R". 


3.3. Point Set Topology on Metric Spaces 


Once we have a distance function on a set, we can talk about the proximity of points. 
The idea of a segment (interval) in R! is replaced by the concept of a neighborhood 
(closed neighborhood). We have the following 


Definition 3.3.1 Let po be an element of a metric space S whose metric is denoted 
by d and r be any positive real number. The neighborhood of the point po with 
radius r is denoted by N(po,r) or N;(po) and is given by 


N,(po) = {p € S: d(p, po) <r}. 


The closed neighborhood with center po and radius r is denoted by N; (po) and 
is given by 


N, (po) = {p € S: d(p, po) < 7}. 
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Remark 3.3.2 The sets A, B and C defined in Excursion 3.2.4 are examples of 
closed neighborhoods in R? that are centered at (0, 0) with unit radius. 


What does the unit neighborhood look like for (R’, d ) where 


: 0, if x=y 
d(x,y)= is known as the discrete metric? 
eg) al. aeeeey 


We want to use the concept of neighborhood to describe the nature of points 
that are included in or excluded from sets in relationship to other points that are in 
the metric space. 


Definition 3.3.3 Let A be a set in a metric space (S, a). 


I. Suppose that po is an element of A. We say the po is an isolated point of A if 
and only if 


(AN,-(p0)) [Nr (po) 9 A = {po} ] 


2. A point po is a limit point of the set A if and only if 
(VN,(po)) Gp) [p 4 po A p € ANN, (po)]- 
(N.B. A limit point need not be in the set for which it is a limit point.) 
3. The set A is said to be closed if and only if A contains all of its limit points. 
4. A point p is an interior point of A if and only if 


(AN,,,(pP)) [Nr (Pp) C A] 
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5. The set A is open if and only if 


(Vp) (p € A= (AN,,(p)) [N-,(P) C A]) ; 


i.e., every point in A is an interior point of A. 


Example 3.3.4 For each of the following subsets of R? use the space that is pro- 
vided to justify the claims that are made for the given set. 


(a) {(x1,%2) € R* : x1,x2 EJ A [x1 +: x2| < 5} is closed because is contains all 
none of its limit points. 


(b) {(x1, x2) € R*:4 < x; A x2 € J} is neither open not closed. 
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(c) {(x1, x2) € R? : x2 > [x1|} is open. 


Our next result relates neighborhoods to the “open” and “closed” adjectives. 


Theorem 3.3.5 (a) Every neighborhood is an open set. 
(b) Every closed neighborhood is a closed set. 


Use this space to draw some helpful pictures related to proving the results. 


Proof. (a) Let N,-(po) be eg Suppose that g € N, (0) and set 
= d(po,q). Let p = = * and the 
aaa inequality yields that 


Pp 


r-Tr _ Srycer 
anes 


d(po,x) < d(po,g) +d (q,x) <r t+ <7, 


Hence, x € N,(po). Since x was arbitrary, we conclude that 
(Vx) (x € Np (q) =XE N,(po)) > 
ie., Ny, (g) C N-(po).Therefore, g is an interior point of N,(po). Because g was 


arbitrary, we have that each element of N,-(po) is an interior point. Thus, N,-() is 
open, as claimed. 
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Excursion 3.3.6 Fill in what is missing in order to complete the following proof of 


(b) 
Let N,(po) be a closed neighborhood and suppose that q is a limit point of 


= > 1 a 
N,(po). Then, for each rn = —,n € J, there exists py 4 q such that pn € N;(po) 
n 


1 — 

and d (q, Pn) < —. Because py € N;(po), d (Po; Pn) < vr for eachn € J. Hence, 
n 

by the triangular inequality 


IA 


d(q, Po) <d(q, Pn) + $ 
(1) (2) 


1 
Since q and po are fixed and — goes to 0 as n goes to infinity, it follows that 
n 


d (q, po) <r; that is, q € . Finally, q and arbitrary limit point of 
(3) 
N,(po) leads to the conclusion that N;(po) contains 


4 
Therefore, N,(po) is closed. ® 
a 
*** Acceptable responses are: (1) d (pn, Po), (2) E +r, (3) N;(po), (4) all of its 
limit points.*** : 
The definition of limit point leads us directly to the conclusion that only infinite 
subsets of metric spaces will have limit points. 


Theorem 3.3.7 Suppose that (X,d) is a metric space and A C X. If p is a limit 
point of A, then every neighborhood of p contains infinitely many points of A. 


Space for scratch work. 


Proof. For a metric space (X,d) and A C X, suppose that p € X is such 
that there exists a neighborhood of p, N (p), with the property that N (p)M A 
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is a finite set. If N(p) NA = Gor, N(p)NA = {p}, then p is not a limit 

point. Otherwise, N (p) 1 A being finite implies that it can be realized as a finite 

sequence, Say 91, 92,593, ---» Gn for some fixed n € J. Foreach j,1 < j <n, 

letr; =d (eg): Set p = = d (x, q;)- If p € {4159255935 ++» Gn}, then 
oe 

Np (p) OA = {p}; otherwise N, (p) 1 A = @. In either case, we conclude that p 

is not a limit point of A. 

We have shown that if p € X has a neighborhood, N (p), with the property 
that N (p) 9 A is a finite set, then p is not a limit point of A C X. From the 
contrapositive tautology it follows immediately that if p is a limit point of A C X, 
then every neighborhood of p contains infinitely many points of A. 


Corollary 3.3.8 Any finite subset of a metric space has no limit point. 


From the Corollary, we note that every finite subset of a metric space is closed 
because it contains all none of its limit points. 


3.3.1 Complements and Families of Subsets of Metric Spaces 


Given a family of subsets of a metric space, it is natural to wonder about whether or 
not the properties of being open or closed are passed on to the union or intersection. 
We have already seen that these properties are not necessarily transmitted when we 
look as families of subsets of R. 


—3n+2 2n*- 
Frampies 3014 A= Ae wee AS |= —"|. Note 
n n 
) 2 it 
that Ay = [-1,1], Ao = | -2, 5 | and A3 = |—3+ ge rat More careful 
=snp 2 re 
inspection reveals that ————- = —3+— is strictly decreasing to —3 andn — on, 
n n 

2n? —n ie ; : : 

5 =—2- 7, is strictly increasing to 2 asn — oo, and A, = [—1,1] C Ay 

n 

for eachn é€ J. It follows that |) An = (—3,2) and () An = Ai = [-1, 11. 


neJ neJ 


The example tells us that we may need some special conditions in order to claim 
preservation of being open or closed when taking unions and/or intersections over 
families of sets. 
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The other set operation that is commonly studied is complement or relative com- 
plement. We know that the complement of a segment in R! is closed. This moti- 
vates us to consider complements of subsets of metric spaces in general. Recall the 
following 


Definition 3.3.10 Suppose that A and B are subsets of a set S. Then the set differ- 
ence (or relative complement) A — B, read “A not B”, is given by 


A-B={peS:pEeArApé€B}; 
the complement of A, denoted by A‘, is S — A. 
Excursion 3.3.11 Let A = {(x1,x2) € R? : x7? +-.x3 < l} and 
B ={(x1,x2) € R?: |xy —1] < LA [x2 —1| < 1}. 


On separate copies of Cartesian coordinate systems, show the sets A — B and 
Ac =R*-A. 


The following identities, which were proved in MAT108, are helpful when we 
are looking at complements of unions and intersections. Namely, we have 


Theorem 3.3.12 (deMorgan’s Laws) Suppose that S is any space and F is a fam- 
ily of subsets of S. Then 


Cc 
ul-o° 
AEF ACF 
and 


Ln a] =|J 4. 


AEF AEF 
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The following theorem pulls together basic statement concerning how unions, 
intersections and complements effect the properties of being open or closed. Be- 
cause their proofs are straightforward applications of the definitions, most are left 
as exercises. 


Theorem 3.3.13 Let S be a metric space. 


I. The union of any family F of open subsets of S is open. 


2. If A,, A2, ...,5 Am is a finite family of open subsets of S, then the intersection 
(Vin1 Aj ts open. 


3. For any subset A of S, A is closed if and only if A‘ is open. 
4. The intersection of any family F of closed subsets of S is closed. 


5. If Aj, A2,..., Am is a finite family of closed subsets of S, then the union 
Uj) A; is closed. 


6. The space S is both open and closed. 


7. The null set is both open and closed. 


Proof. (of #2) Suppose that A;, A2,..., Am is a finite family of open subsets 
of S, and x € ()j_; Aj. From x € ()j_, Aj, it follows that x €¢ Aj for each 
j, 1 < j < m. Since each A; is open, for each j, 1 < j < m, there exists 
rj > O such that N,,(~) C Aj. Let p = min rj. Because N, (x) C Aj; for 


l<j<m 
each j, | < j < m, we conclude that Ny, (x) C Vin Aj. Hence, x is an interior 
point of Ae Aj. Finally, since x was arbitrary, we can claim that each element of 
()j=1 A; is an interior point. Therefore, ()/'_, Aj is open. 


(or #3) Suppose that A C S is closed and x € A‘. Then x ¢ A and, because 

A contains all of its limit points, x is not a limit point of A. Hence, x ¢ AA 

= (VN,;(x)) [A N (N;(x) — {x}) # 9] is true. It follows that x ¢ A and there exists 

a p > Osuch that AM (Np (x) — {x}) = 9. Thus, AM Np (x) = @ and we conclude 

that N,(x) C A‘; ie., x is an interior point of A°. Since x was arbitrary, we have 
that each element of A‘ is an interior point. Therefore, A‘ is open. 

To prove the converse, suppose that A C S is such that A‘ is open. If p 

is a limit point of A, then (VN,(p)) [A 1 (N;(p) — {p}) 4 G]. But, for any p > 0, 

AN (Np (p) - {p}) + § implies that (N, (p)- {p}) is not contained in A‘. Hence, 
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p is not an interior point of A° and we conclude that p ¢ A‘. Therefore, p € A. 
Since p was arbitrary, we have that A contains all of its limit points which yields 
that A is closed. 


Remark 3.3.14 Take the time to look back at the proof of (#2) to make sure that 
you where that fact that the intersection was over a finite family of open subsets of 
S was critical to the proof. 


Given a subset of a metric space that is neither open nor closed we'd like to have 
a way of describing the process of “extracting an open subset” or “building up to a 
closed subset.” The following terminology will allow us to classify elements of a 
metric space S in terms of their relationship to a subset A C S. 


Definition 3.3.15 Let A be a subset of a metric space S. Then 
I. A point p € S is an exterior point of A if and only if 
(AN, (p)) [Nr (p) C AS], 
where AS = S—A. 


2. The interior of A, denoted by Int (A) or A, is the set of all interior points 
of A. 


3. The exterior of A, denoted by Ext (A), is the set of all exterior points of A. 
4. The derived set of A, denoted by A’, is the set of all limit points of A. 


5. The closure of A, denoted by A, is the union of A and its derived set; i.e., 
A=AUA’. 


6. The boundary of A, denoted by OA, is the difference between the closure of 
A and the interior of A; i.e, 0A = A — A. 
Remark 3.3.16 Note that, if A is a subset of a metric space S, then Ext (A) = 
Int (A°) and 
x €0A & (WN, (x) [N- X)NA A BAN,; (x) NAS ZO]. 


The proof of these statements are left as exercises. 
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Excursion 3.3.17 For A U B where 
A = {(x1, x2) € R’: a eae < 1} 
and 
B ={(x1,x2) € R?: |xy —1] < LA [x2 - 1 < 1}. 


1. Sketch a graph of AU B. 


2. On separate representations for R?, show each of the following 


Int (A U B), Ext(AUB), (AUB), and (AUB). 


***Hopefully, your graph of A U B consisted of the union of the open disc that 
is centered at the origin and has radius one with the closed square having vertices 
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(0,0), (1,0), (1, 1) and (0, 1); the disc and square overlap in the first quadrant and 
the set is not open and not closed. Your sketch of Int (A U B) should have shown 
the disc and square without the boundaries (;i.e., with the outline boundaries as not 
solid curves), while your sketch of Ext (A U B) should have shown everything that 
is outside the combined disc and square—also with the outlining boundary as not 
solid curves. Finally, because A U B has no isolated points, (A U B) and (A U B) 
are shown as the same sets—looking like Int (A U B) with the outlining boundary 
now shown as solid curves.*** 


The following theorem relates the properties of being open or closed to the 
concepts described in Definition 3.3.15. 


Theorem 3.3.18 Let A be any subset of a metric space S. 


(a) The derived set of A, A’, is a closed set. 
(b) The closure of A, A, is a closed set. 

(c) Then A = A if and only if A is closed. 
(d) The boundary of A, OA, is a closed set. 
(e) The interior of A, Int (A), is an open set. 
(f) If A C B and B is closed, then A C B. 
(g) If B C A and B is open, B C Int(A). 


(h) Any point (element) of S is a closed set. 


The proof of part (a) is problem #6 in WRp43, while (e) and (g) are parts of 
problem #9 in WRp43. 


Excursion 3.3.19 Fill in what is missing to complete the following proofs of parts 
(b), (c), and (f). 
Part (b): In view of Theorem 3.3.13(#3), it suffices to show that 
(1) 
Suppose that x € S is such that x € (A)°. Because A = AUA’, it follows thatx € A 
and . From the latter, there exists a neighborhood of x, N (x), such 
(2) 
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that ( ) 1 A = @; while the former yields ar ( ) al 
(3) (4) 
A = @. Hence, N (x) C A‘. Suppose that y € N (x). Since , there 


(5) 
exists a neighborhood N* (y) such that N* (y) C N (x). From the transitivity of 


subset, from which we conclude that y is not a limit point of A; i.e., 
; (6) 
ye (A’ ) . Because y was arbitrary, 


(Vy) » eN(x)=> — : 
(7) 


i.e., . Combining our containments yields that N (x) C 


(8) 
A‘ and . Hence, 


(8) 


wencarn(ay'=| |. 
(9) 


Since x was arbitrary, we have shown that 


(10) 


Therefore, (A)* is open. 


Part (c): From part (b), if A = A, then 
(11) 
Conversely, if , then A’ C A. Hence, AUA'’ = __; thatis, 
_ (12) (13) 
A=A. 


Part (f): Suppose that A C B, B is closed, and x € A. Then x € Aor 
. Ifx € A, then x € B; if x e€ A’, then for every neighborhood 
(14) 
of x, N (x), there exists w € A such that w 4 x and . But then 
(15) 
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w € B and (N (x) — {x}) 0 B # @. Since N (x) was arbitrary, we conclude that 
. Because B is closed, . Combining the conclusions 
(16) (17) 
and noting that x € A was arbitrary, we have that 


(Vx) : 
(18) 


*** Acceptable responses are (1) the complement of A closure is open, (2) x ¢ A’, 
(3) N (x) — {x}, (4) N (a), (5) N (a) is open, (6) N* (v) C AS 7) y € (A’)", (8) 
N (x) c (A’)‘s @) AUA’, and (10) (vx) (x € (A)° = GN, (x) (N, () c (4)')); 
(11) A is closed, (12) A is closed, (13) A; (14) x is a limit point of A (or x € A’); 
(15) w € N(x); (16) x is a limit point of B (or x € B’); (17) x € B, (18) 
xEAaxe B** 


Thus, A C B. 


Definition 3.3.20 For a metric space (X,d) and E C X, the set E is dense in X if 
and only if 


(Vx) (xe X=>xeEvxeF’). 


Remark 3.3.21 Note that for a metric space (X,d), E C X implies that E Cc X 
because the space X is closed. On the other hand, if E is dense in X, then X C 
EU E’ = E. Consequently, we see that E is dense in a metric space X if and only 
VE-= x. 


Example 3.3.22 We have that the sets of rationals and irrationals are dense in Eu- 
clidean |-space. This was shown in the two Corollaries the Archimedean Principle 
for Real Numbers that were appropriately named “Density of the Rational Num- 
bers” and “Density of the Irrational Numbers.” 


Definition 3.3.23 For a metric space (X,d) and E C X, the set E is bounded if 
and only if 


(AM) (Aq) [Me R* Age XA(EC Nu (Qq))]. 
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Excursion 3.3.24 Justify that each of the following sets is bounded in Euclidean 
space. 


I. A={(1,%2) €R?:-1 <x <2Al2-3| < 1} 


2. B= {(x1, x2,.x3) € R?: xy > OAXx2 > OAX3 > OA 2x1 + x2 +4x3 = 2} 


Remark 3.3.25 Note that, for (IR, d), where 


0, f x=y 
d(x, y) = : 
1, if x#y 
the space R* is bounded. This example stresses that classification of a set as 
bounded is tied to the metric involved and may allow for a set to be bounded 


The definitions of least upper bound and greatest lower bound directly lead to 
the observation that they are limit points for bounded sets of real numbers. 


Theorem 3.3.26 Let E be a nonempty set of real numbers that is bounded, a = 
sup (E), and 6 = inf (E). Thena € E and f é€ E. 


Space for illustration. 


Proof. It suffices to show the result for least upper bounds. Let E be a nonempty 
set of real numbers that is bounded above and a = sup (£). Ifa € E, thena € EF = 


96 CHAPTER 3. METRIC SPACES AND SOME BASIC TOPOLOGY 


EVE’. Fora ¢ E, suppose that h is a positive real number. Because a—h < a and 
a = sup (£), there exists x € E such thata —h <x <a. Since h was arbitrary, 


(Vh) (h>O0=> (Ax) (a-h <x <a)); 
1.e., a is a limit point for E. Therefore, a € E as needed. 


Remark 3.3.27 In view of the theorem we note that any closed nonempty set of 
real numbers that is bounded above contains its least upper bound and any closed 
nonempty set of real numbers that is bounded below contains its greatest lower 
bound. 


3.3.2 Open Relative to Subsets of Metric Spaces 


Given a metric space (X,d), for any subset Y of X, d fy is a metric on Y. For 
example, given the Euclidean metric d, on IR? we have that d, lx {0} Corresponds 
to the (absolute value) Euclidean metric, d = |x — y|, on the reals. It is natural to 
ask about how properties studied in the (parent) metric space transfer to the subset. 


Definition 3.3.28 Given a metric space (X,d) and Y C X. A subset E of Y is 
open relative to Y if and only if 


(Vp) [p e€ E => (r) (r > 0A (vq) [a EY Ad(p,q)<r>qé E|)| 
which is equivalent to 


(Vp) |p e€ E> (Aar)(r>O0AYNN,(p)c E)]. 
Example 3.3.29 For Euclidean 2-space, (R’, d), consider the subsets 
Y= { (e122) eR?:x,> 3} and Z = { (e152) ER? : x, =0A2 <x < 5}. 


(a) The set X; = {(x1,x2) € RR? :3.< x1 <5A1 <x < 4}U{B,), 3,4} is 
not open relative to Y, while X2 = {(x1, x2) ER?:3 <x, <5A1l <x < 4} 
is open relative to Y. 


(b) The half open interval {(x1, x2) eR? :x, =0A2 <x < 3} is open rela- 
tive to Z. 
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From the example we see that a subset of a metric space can be open relative to 
another subset though it is not open in the whole metric space. On the other hand, 
the following theorem gives us a characterization of open relative to subsets of a 
metric space in terms of sets that are open in the metric space. 


Theorem 3.3.30 Suppose that (X,d) is a metric space and Y C X. A subset E of 
Y is open relative to Y if and only if there exists an open subset G of X such that 
E=YNG. 


Space for scratch work. 


Proof. Suppose that (X, d) is a metric space, Y C X,andE CY. 
If E is open relative to Y, then corresponding to each p € E there exists a 
neighborhood of p, N;., (p), such that YNN,,, (p) C E. Let A= {N,, (p): pe Eh. 


By Theorems 3.3.5(a) and 3.3.13(#1), G = UA is an open subset of X. Since 
é 


p € N,, (p) for each p € E, we have that E C G which, with E C Y, implies that 
E Cc GM ¥. On the other hand, the neighborhoods N,., (p) were chosen such that 
YON,, (p) C E; hence, 


U wana) =r0(U Nn @)=¥NGCE. 


peE pee 


Therefore, E = Y MG, as needed. 

Now, suppose that G is an open subset of X such that EF = Y MG and 
p € E. Then p € G and G open in X yields the existence of a neighborhood of p, 
N (p), such that N (p) C G. It follows that N (p) NY C GNY = E. Since p was 
arbitrary, we have that 


(Vp)[p€ E= GN (p))[N (pP)NY c E|]; 


i.e., E is open relative to Y. 
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3.3.3 Compact Sets 


In metric spaces, many of the properties that we study are described in terms of 
neighborhoods. The next set characteristic will allow us to extract finite collections 
of neighborhoods which can lead to bounds that are useful in proving other results 
about subsets of metric spaces or functions on metric spaces. 


Definition 3.3.31 Given a metric space (X,d) and A C X, the family {Gg : a € A} 
of subsets of X is an open cover for A if and only if Gg is open for each a € A and 
AC U Ga. 


aeA 


Definition 3.3.32 A subset K of a metric space (X,d) is compact if and only if ev- 
ery open cover of K has a finite subcover; i.e., given any open cover {Gg : a € A} 
of K, there exists ann € J such that {Ga, tkKEJAL<k< n} is a cover for K. 


We have just seen that a subset of a metric space can be open relative to another 
subset without being open in the whole metric space. Our first result on compact 
sets is tells us that the situation is different when we look at compactness relative to 
subsets. 


Theorem 3.3.33 For a metric space (X,d), suppose that K C Y C X. Then K is 
compact relative to X if and only if K is compact relative to Y. 


Excursion 3.3.34 Fill in what is missing to complete the following proof of Theo- 
rem 3.3.33. 


Space for scratch work. 


Proof. Let (X,d) be a metric space and K CY C X. 
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Suppose that K is compact relative to X and {Uq:a€ A} 
is a family of sets such that, for each a, Ug is open relative to Y 
such that 


Kc UU. 


aceA 


By Theorem 3.3.30, corresponding to each a € A, there exists a 
set Gg, such that Gg is open relative to X and 


(1) 
Since K CY and 


Ko Uue= Ui aaa 
(1) 


aed aed aeA 


follows that 


i Goa kes 


aeA 


Because K is compact relative to X, there exists a finite number 
of elements of A, G1, 2, ...5 An, Such that 


(2) 


n 
Now K CY and K C U Ga, yields that 
j=l 

n 

KcCcYN Ga; = = 
j=l (3) (4) 

Since {Ug : a € A} was arbitrary, we have shown that every 

open relative to Y cover of K has a finite subcover. Therefore, 


(5) 
Conversely, suppose that K is compact relative to Y and 
that {W, : a € A} is a family of sets such that, for each a, Wa 
is open relative to X and 


KC Wa. 


aceA 
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For eacha € A, let Ug =Y 1W,. Now K CY and 
K C U W4 implies that 


aeA 


(6) 
Consequently, {Ug : a € A} is an open relative to Y 
cover for K. Now K compact relative to Y yields that 
there exists a finite number of elements of A, 
01,02, ...5 An, Such that . Since 
(7) 


n n 
Ce, YN Wa;) =70U We 
ed =—1 


j= 


and K C Y, it follows that 

(8) 
Since {Wz : a € A} was arbitrary, we conclude that 
every family of sets that form an open relative to X 
cover of K has a finite subcover. Therefore, 


(9) 


sree sepiable fill-i ins: (9:09 = FF Ga, (2) K C Ga, U Ga, U+++U Ga, (or 


Ke U Ga;), (3) U (YN G,,), (4) uU Uz, (5) K is compact relative to Y, (6) 
j=l j=l 


KCYNUW= U YW) = U Ua. KC U Ua. KC UW 
acl aca acl ‘ 
(9) K is compact in X.**** 


Our next set of results show relationships between the property of being com- 
pact and the property of being closed. 


Theorem 3.3.35 Jf A is a compact subset of a metric space (S, d), then A is closed. 


Excursion 3.3.36 Fill-in the steps of the proof as described 
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Proof. Suppose that A is a compact subset of a metric space (S, d) and 
p € Sis such that p ¢ A. For gq € A, letrg = 44 (p,q). The 
{Nr (q):qé A} is an open cover for A. Since A is compact, 
there exists a finite number of q, SAY 41, 42; «+5 In, Such that 
AC Nrq, (G1) U Nrq, (G2) U+ ++ UO Nrq, (Qn) a W. 


(a) Justify that the set V = Nr, (P)O Ng, (P) 1+ +O Nrg, (P) 
is a neighborhood of p such that V 1 W = 9. 


(b) Justify that A‘ is open. 


(c) Justify that the result claimed in the theorem is true. 


***For (a), hopefully you noted that taking r = oe rg, yields that N;,, (p) 
<j<n 


Nog (DiC lee eh Ning. (p) = N,;(p). To complete (b), you needed to observe 
that N,(p) C A‘ made p an interior point of A; since p was an arbitrary point 
satisfying p ¢ A, it followed that A‘° is open. Finally, part (c) followed from 
Theorem 3.3.13(#3) which asserts that the complement of an open set is closed; 
thus, (A°)° = A is closed.*** 


Theorem 3.3.37 In any metric space, closed subsets of a compact sets are compact. 
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Space for scratch work. 


Excursion 3.3.38 Fill in the two blanks in order to complete the following proof of 
the theorem. 


Proof. For a metric space (X, d), suppose that F C K C X are such that F is 
closed (relative to X) and K is compact. Let G = {Gg : a € A} be an open cover 
for F. Then the family Q = {V:V €GVV = F‘} is an open cover for K. It 
follows from K being compact that there exists a finite number of elements of Q, 
say Vj, V2, ..., Vn, Such that 


Because F C K, we also have that 


If for some j € J, 1 < j <n, F° = Vj, the family {Vir l<k <nankF j} 
would still be a finite open cover for F. Since G was an arbitrary open cover for 
F, we conclude that every open cover of F has a finite subcover. Therefore, F' is 
compact. lm 


Corollary 3.3.39 If F and K are subsets of a metric space such that F is closed 
and K is compact, then F \ K is compact. 


Proof. As a compact subset of a metric space, from Theorem 3.3.35, K is 
closed. Then, it follows directly from Theorems 3.3.13(#5) and 3.3.37 that F 1 K 
is compact as a closed subset of the compact set K. m 


Remark 3.3.40 Notice that Theorem 3.3.35 and Theorem 3.3.37 are not converses 
of each other. The set {(x1, x2) € R2:x, >2Axn= o} is an example of a closed 
set in Euclidean 2-space that is not compact. 
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Definition 3.3.41 Let {S,}°° , be a sequence of subsets of a metric space X. Then 
{S,}°° , is anested sequence of sets if and only if (Vn) (n € J = Sn41 C Sn). 


Definition 3.3.42 A family A ={A, : a € A} of sets in the universe U_ has the 
finite intersection property if and only if the intersection over any finite subfamily 
of A is nonempty; i.e., 


(VQ) Jaca nsapnie- (400), 


fpeQ 


The following theorem gives a sufficient condition for a family of nonempty 
compact sets to be disjoint. The condition is not being offered as something for you 
to apply to specific situations; it leads us to a useful observation concerning nested 
sequences of nonempty compact sets. 


Theorem 3.3.43 Jf {Kg : a € A} isa family of nonempty compact subsets of a met- 
ric space X that satisfies the finite intersection property, then () Ka #9. 
aceA 


Space for notes. 


Proof. Suppose that ()Ka = @ and choose Ks € {K,:ae€ A}. Since 


A 
1) Ke =6 ae 


acd 


aeA 


(xe kia | 


Let 
GH=1Ke t@e RAK SE KS}: 


Because each Ky is compact, by Theorems 3.3.35 and 3.3.13(#3), Kg is closed and 
K¢ is open. For any w € Kg, we have that w ¢ () Ka. Hence, there exists a 
aeA 
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Pf € A such that w ¢ Kg from which we conclude that w € Ky and Kg # Ko. 
Since w was arbitrary, we have that 


(vo) |w € Ky => GA) (BE AA Kp A Ky Awe Kj)]. 


Thus, Ks C \J G which establishes G as an open cover for K5. Because K5 is 
GEG 
compact there exists a finite number of elements of G, K‘ , K‘ 


n n € 
Koc U5, =(() ea) 
j=l 


j=! 


Kj,» Such that 


from DeMorgan’s Laws from which it follows that 


Kin( (ku) =o 
j=l 


Therefore, there exists a finite subfamily of {K,,} that is disjoint. 


We have shown that if () K,, = 9, then there exists a finite subfamily of 


aeA 
{K,,: a € A} that has empty intersection. From the Contrapositive Tautology, if 


{Ko : a € A} isa family of nonempty compact subsets of a metric space such that 
the intersection of any finite subfamily is nonempty, then () K, #9. @ 


aeA 


Corollary 3.3.44 If {K,}°° | is a nested sequence of nonempty compact sets, then 


()Kn #9. 


neJ 


Proof. For A any finite subset of J, let m = max {j : j € A}. Because {Kn}°°, 
is a nested sequence on nonempty sets, Km C {) Kj; and (| K; #9. Since A 
JEA JeEA 
was arbitrary, we conclude that {K;, : n € J} satisfies the finite intersection property. 
Hence, by Theorem 3.3.43, (Kn #9. ™ 


neJ 


Corollary 3.3.45 [f {S,}°°., is a nested sequence of nonempty closed subsets of a 


compact sets in a metric space, then ()Sn # 9G. 
neJ 
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Theorem 3.3.46 In a metric space, any infinite subset of a compact set has a limit 
point in the compact set. 


Space for notes and/or scratch work. 


Proof. Let K be a compact subset of a metric space and E is a nonempty 
subset of K. Suppose that no element of K is a limit point for E. Then for each 
x in K there exists a neighborhood of x, say N (x), such that (N (x) — {x}) 
E = §. Hence, N (x) contains at most one point from FE; namely x. The family 
{N (x): x € K} forms an open cover for K. Since K is compact, there exists a 
finite number of elements in {N (x): x € K}, say N (x1), N (x2), ..., N (4%), Such 
that K C N (x1) UN (x2) U--- UN (x). Because E C K, we also have that 
E CN (x1) UN (x2) U---U N (x). From the way that the neighborhoods were 
chosen, it follows that E C {x, x2, ...,X,}. Hence, E is finite. 

We have shown that for any compact subset K of metric space, every subset 
of K that has not limit points in K is finite. Consequently, any infinite subset of K 
must have at least one limit point that isin K. m 


3.3.4 Compactness in Euclidean 1-space 


Thus far our results related to compact subsets of metric spaces described implica- 
tions of that property. It would be nice to have some characterizations for compact- 
ness. In order to achieve that goal, we need to restrict our consideration to specific 
metric spaces. In this section, we consider only real n-space with the Euclidean 
metric. Our first goal is to show that every n-cell is compact in R”. Leading up to 
this we will show that every nested sequence of nonempty n-cells is not disjoint. 


Theorem 3.3.47 (Nested Intervals Theorem) /f {J,,}"° ; is a nested sequence of 
CO 
intervals in R', then () In #@. 


n=1 


Proof. For the nested sequence of intervals {In} as let J, = [an, b,] and A = 
CO 


{an :n € J}. Because {J,}°, is nested, [dy,bn] C [a1,b1] for eachn e€ J. It 
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follows that (Vn) (n € J = ay, < b)). Hence, A is a nonempty set of real numbers 
that is bounded above. By the Least Upper Bound Property, x a _sup A exists and 
ée 


is real. From the definition of least upper bound, a, < x for each n e€ J. For any 
positive integers k and m, we have that 


Ok < Akim < Derm < by 


from which it follows that x < b, foralln € J. Since a, < x < b, foreachn € J, 


(oe) lo) 
we conclude that x € (] J,. Hence, () I, #49. m 


n=1 n=l 


Remark 3.3.48 Note that, for B = {by :n € J} appropriate adjustments in the 

proof that was given for the Nested Intervals Theorem would allow us to conclude 
CO 

that inf B € () In. Hence, if lengths of the nested integrals go to 0 as n goes to ~, 


n=1 
oo 


then sup A = inf B and we conclude that (\ In consists of one real number. 
n=1 


The Nested Intervals Theorem generalizes to nested n-cells. The key is to have 
the set-up that makes use of the n intervals [x py Ae 1 < j <n, that can be 
associated with (x1, x2, ...,%,) and (y1, y2,..., Yn) in R”. 


Theorem 3.3.49 (Nested n-Cells Theorem) Let n be a positive integer. If {Ix}, 


CO 
is a nested sequence of n-cells, then () Ik # 9. 
k=1 


Proof. For the nested sequence of intervals (Theo, , let 
k= {(x1, x2, ws Xn) € R": Gif Sp SOF for 7 = 1,2, BOP A ge 


For each j, 1 < j <n, let hj = [ax,;- Dx, ;|- Then each era) ae satisfies the 
conditions of the Nested Intervals Theorem. Hence, for each j, 1 < j <n, there 


(oe) [o) 
exists w; € R such that w; € Oo I, ;. Consequently, (w1, w2,..., Wn) € o I, as 
needed. m 


Theorem 3.3.50 Every n-cell is compact. 
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Proof. For real constants a), a2, ..., dn and bj, b2, ..., by such that aj; < bj for 
each j = 1, 2,...,n, let 


Io =1 = {(Q1, x2...) ER": WiED(Il <j <n a; < xj < b;)} 


and 


n 


>, (6; - 4)". 


j=! 


Then (Vx) (Vy) [x, yel=> |x-yl< b]. Suppose that Jp is not compact. Then 
there exists an open cover G = {G, : a € A} of Jp for which no finite subcollection 
covers Ig. Now we will describe the construction of a nested sequence of n-cells 
each member of which is not compact. Use the space provided to sketch appropriate 
pictures forn = 1,n = 2, and n = 3 that illustrate the described construction. 


aj + Oj 


For each j,1 < j <n, letcj = . The sets of intervals 


1(a3cj) ola 7 <n and {Cyd ta pent 


can be used to determine or generate 2” new n-cells, i? for 1 < k < 2”. For 
example, each of 


{(x1,%2,-5%) ER": GeD(l<j<nsaj<xj<c;)}, 


{(1,x2,..,m) ER": WieD(Il<j<n>cj <x; <5;)}, 
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and 


Kes Pee rear Xn) € R" :aj < xj <cjif2| jandcj <x; <b; if 2 j} 
is an element of Hes l<k< an}. For eachk € J, 1 <k < 2”, i) is a subset 


(sub-n-cell) of Jo and U 1 = = Ip. Consequently, G = {G, : a € A} is an open 


cover for each of the 2” : sab -n-cells. Because Jp is such that no finite subcollection 
from G covers Io, it follows that at least one of the elements of {i (1) , :1l<k< an 


must also satisfy that property. Let 7; denote an element of {74 A OS ant for 


which no finite subcollection from G covers [;. For (x1, x2,...,Xn) € I, we have 
that either a; < x; < cj orc; <x; <b; foreach j, 1 < j <n. Since 


cj74j _ bj - ej _ bj 7-4; 
2 2 7 


it follows that, for x = (x1, x2, ...,Xn),Y =(V15 ¥25-- Yn) EN 


d (x,y) = 


0 
i.e., the diam (J;) is =. 
The process just applied to Jo to obtain 7; can not be applied to obtain a 
sub-n-cell of /; that has the transferred properties. That is, if 
T= { (1,225 -.5%n) ER": Wj eD(Isjsnsal <x; <\?)}, 


() 4 ,@) 


ely (Diasied j 
letting c; = 5 


(1) dy). . (1) ,0)). . 
{(a) ep) is yal and {(¢! bY) :1<j snl 


that will determine 2” new n-cells, I, @) for 1 < k < 2”, that are sub-n-cells 
of l;. Now, since G an open cover for /; such that no finite subcollection 


generates two set of intervals 


from G covers J; and U I, Oe = /,, it follows that there is at least one element 
k=1 
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of {1 ©) :1l<k< 2" that cannot be covered with a finite subcollection from G; 


choose one of those elements and denote it by />. Now the choice of c\) allows 


ii 
; diam (/;) 0 st et : 

us to show that diam (/2) = A oe Continuing this process generates 

{Ic}? that satisfies each of the following properties: 


e {I}P2o is a nested sequence of n-cells, 
e for eachk € J, no finite subfamily of G covers J;, and 


e (Vx) (Vy) [x, yek=>|x-yl< 2-* 6]. 


CO CO 
From the Nested n-cells Theorem, (]) I, # @. Let ¢ € () J. Because 
k=0 k=0 


[e.2) 

G = {G, : a € A} is an open cover for Jo and () I; C Ip, there exists G € G such 
k=0 

that ¢ € G. Since G is open, we there is a positive real number r such that N, (€) C 


G. Now diam (WN, (¢)) = 2r and, forn € J large enough, diam (J,) = 27~"6 < 2r. 
Now, ¢ € J; for all k € J assures that ¢ € J; for all k > n. Hence, for allk € J 
such that k > n, Ix C N, (€) C G. In particular, each I;, k > n, can be covered by 
one element of G which contradicts the method of choice that is assured if Jp is not 
compact. Therefore, Jo is compact. & 

The next result is a classical result in analysis. It gives us a characterization for 
compactness in real n-space that is simple; most of the “hard work” for the proof 
was done in when we proved Theorem 3.3.50. 


Theorem 3.3.51 (The Heine-Borel Theorem) Let A be a subset of Euclidean n- 
space. Then A is compact if and only if A is closed and bounded. 


Proof. Let A be a subset of Euclidean n-space (R”, d) 
Suppose that A is closed and bounded. Then there exists an n-cell J such 
that A C J. For example, because A is bounded, there exists M > O such that 


AC Ny (7): for this case, the n-cell 
I= { (e110, € R”: max |x; <M+ 1 
I<j<n 


satisfies the specified condition. From Theorem 3.3.50, J is compact. Since A C I 
and A is closed, it follows from Theorem 3.3.37 that A is compact. 
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Suppose that A is a compact subset of Euclidean n-space. From Theorem 
3.3.35, we know that A is closed. Assume that A is not bounded and let p; € A. 
Corresponding to each m € J, choose a p,, in A such that py,» 4 px fork = 
1,2,...,(m— 1) and d (pj, pm) > m — 1. As an infinite subset of the compact 
set A, by Theorem 3.3.46, {pm :m € J} has a limit point in A. Let gq € A bea 
limit point for {pm :m € J}. Then, for each? € J, there exists pm, € {Pm :m € J} 


1 
such that d ( Pm:> q) < Fa From the triangular inequality, it follows that for any 


Pm, © {Pm:m € J}, 
1 
d (Pm, Pt) < 4 (Pm 4) +4 Q; Pi) < Tay 4G Pd <1 +4 @, pr). 


But 1+d (q, p1) isa fixed real number, while pm, was chosen such that d (Pm, ‘ p1) > 
m; — 1 and m; — | goes to infinity as ¢ goes to infinity. Thus, we have reached a 
contradiction. Therefore, A is bounded. 

The next theorem gives us another characterization for compactness. It can be 
shown to be valid over arbitrary metric spaces, but we will show it only over real 
n-space. 


Theorem 3.3.52 Let A be a subset of Euclidean n-space. Then A is compact if and 
only if every infinite subset of A has a limit point in A. 


Excursion 3.3.53 Fill in what is missing in order to complete the following proof 
of Theorem 3.3.52. 


Proof. If A is a compact subset of Euclidean n-space, then every infinite subset 
of A has a limit point in A by Theorem 3.3.46. 


Suppose that A is a subset of Euclidean n-space for which every infinite 
subset of A has a limit point in A. We will show that this assumption implies that A 
is closed and bounded. Suppose that w is a limit point of A. Then, for eachn e€ J, 
there exists an x, such that 


Xn € Ny (w)— {vw}. 
n 


Let S = {x,:ne€J}. Then S is an of A. Conse- 
(1) 
quently, S has in A. But S has only one limit point; 
(2) 
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namely . Thus, w € A. Since w was arbitrary, we conclude that A contains 
(3) 
all of its limit point; i.e., 
(4) 
Suppose that A is not bounded. Then, for each n e€ J, there exists y, such 
that |y,| > n. Let S = {y, :n € J}. Then S is an of 


(5) 
A that has no finite limit point in A. Therefore, 


A not bounded => (4S) (S CAA Sis infinite ASN A’ = 8) : 


taking the contrapositive and noting that — (P A Q A M) is logically equivalent to 
[(P A Q) => My} for any propositions P, Q and M, we conclude that 


ws |( )=soareo 
(6) 


(7) 


| 
*%* Acceptable completions include: (1) infinite subset, (2) a limit point, (3) w, (4) 
A is closed, (5) infinite subset, (6) § C A A S is infinite, and (7) A is bounded.*** 


As an immediate consequence of Theorems 3.3.50 and 3.3.46, we have the fol- 
lowing result that is somewhat of a generalization of the Least Upper Bound Prop- 
erty to n-space. 


Theorem 3.3.54 (Weierstrass) Every bounded infinite subset of Euclidean n-space 
has a limit point in R". 


3.3.5 Connected Sets 


With this section we take a brief look at one mathematical description for a subset 
of a metric space to be “in one piece.” This is one of those situations where “‘we 
recognize it when we see it,” at least with simply described sets in R and R*. The 
concept is more complicated than it seems since it needs to apply to all metric spaces 
and, of course, the mathematical description needs to be precise. Connectedness is 
defined in terms of the absence of a related property. 
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Definition 3.3.55 Two subsets A and B of a metric space X are separated if and 
only if 


ANB=BAANB=¥M. 


Definition 3.3.56 A subset E of a metric space X is connected if and only if E is 
not the union of two nonempty separated sets. 


Example 3.3.57 To justify that A = {x € R:0 <x <2V2 <x < 3} is not con- 
nected, we just have to note that B, = {x € R:0 <x < 2} and 
By = {x € R: 2 <x < 3} are separated sets in R such that A = B, U Bo. 


Example 3.3.58 In Euclidean 2-space, if C = D, U D2 where 
Dy = {(x1,22) € R*:d (1,0), @i,2) < DI 
and 
Dp = { (1,32) €R?:d(-1,0), Ga.) < Df, 


then C is a connected subset of R?. 


Remark 3.3.59 The following is a symbolic description for a subset E of a metric 
space X to be connected: 


(VA)(VB)[(ACXABCXAE=AUB) 
= (ANBAHVANBABVA=HVB=9)]. 
The statement is suggestive of the approach that is frequently taken when trying 
to prove sets having given properties are connected; namely, the direct approach 
would take an arbitrary set E and let E = AU B. This would be followed by using 
other information that is given to show that one of the sets must be empty. 


The good news is that connected subsets of R! can be characterized very nicely. 
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Theorem 3.3.60 Let E be a subset of R'. Then E is connected in R! if and only if 
(vx) (Wy) O¥2)[ (xy EEAzeER! ax <z< y) =< cE]. 
Excursion 3.3.61 Fill in what is missing in order to complete the following proof 

of the Theorem. 


Proof. Suppose that E is a subset of R! with the property that there exist real 
numbers x and y with x < y such that x, y € E and, for some z € R!, 
ze (x,y) andz€éE. 
Let A, = EM (—o0, z) and B, = EM (z, 0). Since z ¢ E, E = A, UB,. Because 
x € A, and y € B,, both A, and B, are . Finally, Az C (—ov, z) 


(1) 
and B, C (z, oo) yields that 


A, B,=A,NB,= 


(2) 
Hence, £ can be written as the union of two sets; i.e., E is 


3 
. Therefore, if E is eneteh thenx,yEeEAzeE 
4 
RAx <z<= vane that 
(5) 

To prove the converse, suppose that E is a subset of R! that is not con- 
nected. Then there exist two nonempty separated subsets of R!, A and B, such that 
E = AUB. Choose x € A and y € B and assume that the set-up admits that x < y. 
Since AM Ee y| is a nonempty subset of real numbers, by the least upper bound 


property, z ie (AM [x, y]) exists and is real. From Theorem 3.3.26, z € A; 
é 


then ANB = @ yields that z ¢ B. Now we have two possibilities to consider; z ¢ A 
andzé€ A.Ifz ¢ A,thenz ¢ AUB = Eandx <z<y.Ifze¢A,thenANB=9 
implies that z ¢ B and we conclude that there exists w such that z < w < y and 
w ¢ B. From z < w, w ¢ A. Hence, w € AUB = E and x < w < y. Ineither 
case, we have that > (Vx) (Vy) (Vz) [(x,ye EAzER'Ax <z<y)>zeEl. 
By the contrapositive (Vx) (Vy) (Vz) [(x,y€EAzER!Ax <z<y)>zeEEF| 
implies that E is connected. 

*** A cceptable responses are: (1) nonempty, (2) 9, (3) separated, (4) not connected, 
and (5) E is connected.*** 


From the theorem, we know that, for a set of reals to be connected it must be 
either empty, all of IR, an interval, a segment, or a half open interval. 
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3.3.6 Perfect Sets 


Definition 3.3.62 A subset E of a metric space X is perfect if and only if E is 
closed and every point of E is a limit point of E. 


Alternatively, a subset EF’ of a metric space X is perfect if and only if E is closed 
and contains no isolated points. 

From Theorem 3.3.7, we know that any neighborhood of a limit point of a subset 
E of a metric space contains infinitely many points from E. Consequently, any 
nonempty perfect subset of a metric space is necessarily infinite; with the next 
theorem it is shown that, in Euclidean n-space, the nonempty perfect subsets are 
uncountably infinite. 


Theorem 3.3.63 Jf P is a nonempty perfect subset of Euclidean n-space, then P is 
uncountable. 


Proof. Let P be a nonempty perfect subset of R”. Then P contains at least one 
limit point and, by Theorem 3.3.6, P is infinite. Suppose that P is denumerable. It 
follows that P can be arranged as an infinite sequence; let 


HL MONS y ch 


represent the elements of P. First, we will justify the existence (or construction) of 
a sequence of neighborhoods {(Vi}iny that satisfies the following conditions: 


@ WAG €J> Vj C Vj), 
(i) (Wi) (J € J => xj ¢ Vj4i), and 
Gii) WA) (JG eJSVjNP #9). 


Start with an arbitrary neighborhood of x1; 1.e., let V; be any neighborhood of 
x1. Suppose that is has been constructed satisfying conditions (i)—(iii) for 
1 < j <n. Because P is perfect, every x € V,M P is a limit point of P. Thus there 
are an infinite number of points of P that are in V, and we may choose y € V, 1 P 


such that y ~ x,y. Let V,+41 be a neighborhood of y such that x, ¢ Vy»+1 and 


Vne1 © Vy. Show that you can do this. 
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Note that V,41 9 P 4 @ since y € V,41.M P. Thus we have a sequence (VFS 
satisfying (1)-(i1) for 1 < 7 <n+1. By the Principle of Complete Induction we 
can construct the desired sequence. 

Let {K a ee be the sequence defined by K; = Vin P for each j. Since Vj and 
P are closed, K; is closed. Since Vj is bounded, K ; is bounded. Thus K ; is closed 
and bounded and hence compact. Since x; ¢ Kj+1, no point of P lies in N°, K;. 
Since K; C P, this implies nek j = MY. But each K; is nonempty by (iii) and 
Kj; 2 Kj4+1 by (i). This contradicts the Corollary 3.3.27. m 


Corollary 3.3.64 For any two real numbers a and b such that a < b, the segment 
(a, b) is uncountable. 


The Cantor Set 


The Cantor set is a fascinating example of a perfect subset of R! that contains no 
segments. In Chapter 11 the idea of the measure of a set is studied; it generalizes 
the idea of length. If you take MAT127C, you will see the Cantor set offered as an 
example of a set that has measure zero even though it is uncountable. 

The Cantor set is defined to be the intersection of a sequence of closed subsets 
of [0, 1]; the sequence of closed sets is defined recursively. Let Eo = [0,1]. For 
EF partition the interval Eo into three subintervals of equal length and remove the 
middle segment (the interior of the middle section). Then 


1 2 
For E> partition each of the intervals [o, ;| and EB 1 | into three subintervals of 


equal length and remove the middle segment from each of the partitioned intervals; 
then 
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Continuing the process E,, will be the union of 2” intervals. To obtain E41, we 
partition each of the 2” intervals into three subintervals of equal length and remove 
the middle segment, then E,,4; is the union of the 2”*! intervals that remain. 


Excursion 3.3.65 Jn the space provided sketch pictures of Eo, E,, Ex, and E3 and 
find the sum of the lengths of the intervals that form each set. 


By construction {E,}°°_, is a nested sequence of compact subsets of R!. 


Excursion 3.3.66 Find a formula for the sum of the lengths of the intervals that 
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form each set En. 


(oe) 
The Cantor set is defined to be P = () En. 


n=1 
Excursion 3.3.67 Justify each of the following claims. 


(a) The Cantor set is compact. 


(b) The {E,}°° , satisfies the finite intersection property 


Remark 3.3.68 Jt follows from the second assertion that P is nonempty. 
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Finally we want to justify the claims that were made about the Cantor set before 
we described its construction. 


e The Cantor set contains no segment from Eo. 


3.4 


To see this, we observe that each segment in the form of 


3k +1 3k+2 
ee 


) fork,meJ 


is disjoint from P. Given any segment (a, f) for a < f, ifm € J is such that 
= Bp-a 3k+1 3k+2 
a ; 
6 an a 


, then (a, #) contains an interval of the form ( 


from which it follows that (a, /) is not contained in P. 


The Cantor set is perfect. For x € P, let S be any segment that contains x. 
[e.2) 
Since x € () En. x € E, for eachn e€ J. Corresponding to each n e€ J, let 


I, be the aewal in E,, such that x € I,. Now, choose m e€ J large enough 
to get J,, C S and let x,, be an endpoint of J, such that x,, 4 x. From the 
way that P was constructed, x, € P. Since S was arbitrary, we have shown 
that every segment containing x also contains at least one element from P. 
Hence, x is a limit point of P. That x was arbitrary yields that every element 
of P is a limit point of P. 


Problem Set C 


. For x = (x1, %2,..., xn) and y = (91, y2,..., yn) in RY let 


Prove that (R™, d) is a metric space. 
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2. For x = (x1, X2,...,xy) and y = (91, y2,..., yy) in RY let 
N 
D(x,y) = > |xj — yj. 
j=l 


Prove that (R%, D) is a metric space. 
3. For x = (x1, %2,...,Xy) and y = (y1, yo, .... yy) in RN, let 


d — + — yl. 
00 (X, y) ISHeN |x; y;| 


Prove that (IR, doc) is a metric space. 


4. Show that the Euclidean metric d, given in problem #1, is equivalent to the 
metric doo, given in problem #3. 


5. Suppose that (S,d) is a metric space. Prove that (S sal ) is a metric space 
where 

d (x,y) 

ah) == 

(,¥) 1+d (x,y) 


[Hint: You might find it helpful to make use of properties of h (¢) = cae 
for € > 0.] 


6. If a1, a2, ..., dn are positive real numbers, is 
n 
d (x,y) = Doak xe — Yel 
k=1 


where x = (x1, X2, ...5Xn)sY = (1, 25-5 Yn) € R", a metric on R”? Does 
your response change if the hypothesis is modified to require that a1, a2, ..., An 
are nonnegative real numbers? 


7. Is the metric D, given in problem #2, equivalent to the metric doo, given in 
problem #3? Carefully justify your position. 


8. Are the metric spaces (Rd) and (RN ,d' ) where the metrics d and d’ are 
given in problems #1 and #5, respectively, equivalent? Carefully justify the 
position taken. 
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\O 


. For (x1, x2) and (xj, x3) in R?, 


lel+ bi] + [sx] if on Ax 
d3 (x1, x2) ’ (x1 53) = 
na oy ee 


Show that (R?, ds) is a metric space. 


10. For x,y € R!, let d(x, y) = |x —3y|. Is (R,d) a metric space? Briefly 
justify your position. 


11. For R! with d(x, y) = |x — y|, give an example of a set which is neither 
open nor closed. 


12. Show that, in Euclidean n — space, a set that is open in R” has no isolated 
points. 


13. Show that every finite subset of RY is closed. 
14. For R! with the Euclidean metric, let A = {x € Q:0<-x < 1}. Describe A. 


15. Prove each of the following claims that are parts of Theorem 3.3.13. Let S be 
a metric space. 


(a) The union of any family F of open subsets of S is open. 
(b) The intersection of any family F of closed subsets of S is closed. 


(c) If Aj, Ao, ..., Am is a finite family of closed subsets of $, then the union 
Uj A; is closed. 

(d) The space S is both open and closed. 

(e) The null set is both open and closed. 


16. For X = [—8, —4) U {~2, 0} U @ n (1, 2V2]) as a subset of R!, identify 
(describe or show a picture of) each of the following. 


(a) The interior of X, Int (X) 
(b) The exterior of X, Ext (X) 
(c) The closure of X, X 
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(d) The boundary of X, 0X 
(e) The set of isolated points of X 
(f) The set of lower bounds for X and the least upper bound of X, sup (X) 


17. As subsets of Euclidean 2-space, let 


18. 


19. 


20. 


1 
A= { 1.32) eR? : max {[x1 + 1], |x2|} < | 
B = {(x1, x2) € R® : max {|x; + 1], |x|} < 1} and 
Y= { (x1,.22) ée R*: (x1,x2) eB-AV (x — 1) ex, < 1)}. 


(a) Give a nicely labelled sketch of Y on a representation for the Cartesian 
coordinate plane. 


(b) Give a nicely labelled sketch of the exterior of Y, Ext (Y), on a repre- 
sentation for the Cartesian coordinate plane. 


(c) Is ¥Y open? Briefly justify your response. 


(d) Is Y closed? Briefly justify your response. 


(e) Is Y connected? Briefly justify your response. 


Justify each of the following claims that were made in the Remark following 
Definition 3.3.15 


(a) If A is a subset of a metric space (S, d), then Ext (A) = Int (A°). 
(b) If A is a subset of a metric space (S, d), then 


x €0A © (WN, (x)) (Nr @®) NA ZHAN, (x) NAS 9). 
For R? with the Euclidean metric, show that the set 
= {@.y) €R?:0 <2? +y? < 1} 


is open. Describe each of 5°, 8’, 0S, S, and S°. 


Prove that {(x1, x2) € R?: 0 < x1 < LAO < x2 < 1} is not compact. 
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21 


PIM 


Hes 
24. 
25. 


26. 


Bis 
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Prove that Q, the set of rationals in R!, is not a connected subset of R!. 


Let F be any family of connected subsets of a metric space X such that any 


two members of F have acommon point. Prove that |) F is connected. 
FeF 


Prove that if S is a connected subset of a metric space, then 'S is connected. 
Prove that any interval J C R! is a connected subset of R!. 


Prove that if A is a connected set in a metric space and A C BC A, then B 
is connected. 


Let {F,}°°, be a nested sequence of compact sets, each of which is con- 
CO 


nected. Prove that () F,, is connected. 
n=1 
Give an example to show that the compactness of the sets F; given in problem 


#26 is necessary; 1.e., show that a nested sequence of closed connected sets 
would not have been enough to ensure a connected intersection. 


Chapter 4 


Sequences and Series—First View 


Recall that, for any set A, a sequence of elements of A is a function f : J > A. 
Rather than using the notation f (n) for the elements that have been selected from 
A, since the domain is always the natural numbers, we use the notational convention 
an = f (n) and denote sequences in any of the following forms: 


font 13 {Gnhneys or 1,42, 43, a4, .... 


This is the only time that we use the set bracket notation {  } in a different con- 
text. The distinction is made in the way that the indexing is communicated . For 
dn = a, the {an }ro) is the constant sequence that “lists the term a infinitely often,” 
a, 0, 4,0, ...; While {a, :n € J} is the set consisting of one element a. (When you 
read the last sentence, you should have come up with some version of “For ‘a sub 
n’ equal to a, the sequence of ‘a sub n’ for n going from one to infinity is the 
constant sequence that “lists the term a infinitely often,’ a, a, a, ...; while the set 
consisting of ‘a sub n’ for n in the set of positive integers is the set consisting of 
one element a”; i.e., the point is that you should not have skipped over the {an }"~ 
and {a, :n € J}.) Most of your previous experience with sequences has been with 
sequences of real numbers, like 


3 [e,2) 
M6 bid 50s bay 21, SACs aces | 


243n-—5)~ 3] * | a 
Eran : ee een (—1)" , and el Aa (=) 
n+47 j,-) (|wt+l et n 8/7) <1 
In this chapter, most of our sequences will be of elements in Euclidean n-space. In 
MAT 127B, our second view will focus on sequence of functions. 
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As children, our first exposure to sequences was made in an effort to teach us to 
look for patterns or to develop an appreciation for patterns that occur naturally. 


Excursion 4.0.1 For each of the following, find a description for the general term 
as a function of n € J that fits the terms that are given. 


2 4 8 16 32 64 


cree 11 
2. 1,559, , 81, —; 
13 


acs oO Dee 
> 2 


** An equation that works for (1) is (2”) (2n + 3)~! while (2) needs a different for- 
mula for the odd terms and the even terms; one pair that works is (2n — 1) (2n + 1)7! 
for n even and 3”—! when n is odd.*** 


As part of the bigger picture, pattern recognition is important in areas of math- 
ematics or the mathematical sciences that generate and study models of various 
phenomena. Of course, the models are of value when they allow for analysis and/or 
making projections. In this chapter, we seek to build a deeper mathematical under- 
standing of sequences and series; primary attention is on properties associated with 
convergence. After preliminary work with sequences in arbitrary metric spaces, we 
will restrict our attention to sequences of real and complex numbers. 


4.1 Sequences and Subsequences in Metric Spaces 


If you recall the definition of convergence from your frosh calculus course, you 
might notice that the definition of a limit of a sequence of points in a metric space 
merely replaces the role formerly played by absolute value with its generalization, 
distance. 
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Definition 4.1.1 Let {p,}"° , denote a sequence of elements of a metric space (S,d) 


and pg be an element of S. The limit of {p,}°°_, is po as n tends to (goes to or ap- 


proaches) infinity if and only if 
(Ve) [(e e RAe > 0) > GM = M(e)) (M € JA (Vn) (n > M = d(pn, po) < €))] 


We write either py > poor lim pn = Po. 
n—->Co 


Remark 4.1.2 The description M = M (e) indicates that “limit of sequence proofs” 
require justification or specification of a means of prescribing how to find an M that 
“will work” corresponding to each ¢ > 0. A function that gives us a nice way to 
specify M (e)’s is defined by 


[x] =inf{j7 Ee Z:x < J} 


. 1 
and is sometimes referred to as the ceiling function. Note, for example, that >] = 


1, [—2.2] = —2, and [5| =5. Compare this to the greatest integer function, which 
is sometimes referred to as the floor function. 


2 CO 
Example 4.1.3 The sequence } — has the limit 0 in R. We can take M (1) = 2, 
NYn=1 
M : 200, and M : ge 234. Of th l 
~~ } = 200, an — } = | —| = 234. rse, thr m 
100 a 350 3 course, three examples 


2 
does not a proof make. In general, for ¢ > 0, let M (e) = =| Thenn > M (e) 
g 


Bee 
n>|-|>->0 
é é 

2 


1 
which, by Proposition 1.2.9 (#7) and (#5), implies that — < > and — = 
n n 


implies that 


< 6é. 


Using the definition to prove that the limit of a sequence is some point in the 
metric space is an example of where our scratch work towards finding a proof might 
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be quite different from the proof that is presented. This is because we are allowed 
to “work backwards” with our scratch work, but we can not present a proof that 
starts with the bound that we want to prove. We illustrate this with the following 
excursion. 


Excursion 4.1.4 After reading the presented scratch work, fill in what is missing to 
l+in])~ 
complete the proof of the claim that | iq 
n 


converges to i in C. 
n=1 


(a) Scratch work towards a proof. Because i € C, it suffices to show that 


in 
i i. Suppose ¢ > O is given. Then 


noon + 
L+in  |_|[ltin-i@+b]_|i-i]_ v2  v2_ 
n+l Ne n+l Inti} n+l n F 


2 2 
whenever we <n. So taking M (€) = 2] will work. 
g € 


(b) A proof. For ¢ > 0, let M (€) = . Thenn € Jandn > M (e) 
(1) 
— ee Sot sath 
implies that n > —— which is equivalent to < ¢. Because 
a ——— 


(2) 
(4) 


2 
n+1> nand V2 > 0, we also know that We < =. Consequently, if 
n 


G8) 
n> M (e), then 


l+in l+in-—i(n+]) l-i /2 
= SS | = < <E 
n+1 n+1 n+1 n+1 a 
Since ¢ > 0 was arbitrary, we conclude that 
L+i 
(Ve) C > 0) 3 GM(e)) ( € JA (vn) ¢ >M=> | a 44) 2 °))| : 
n 
jak 
i.e, Prac Coin = 
— n>oon +1 
(6) 5 
L+i 
i yields that | ae converges to i in C. 
n+ n=1 
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é 


*** Acceptable responses are (1) =| (2) a (3) n+ 1, (4) /2, (5) es (6) 


Definition 4.1.5 The sequence {pn}°-_, of elements in a metric space S is said to 
converge (or be convergent) in S if there is a point po € S such that lim Pn = Po; 
n—-Co 


it is said to diverge in § if it does not converge in S . 


Remark 4.1.6 Notice that a sequence in a metric space S will be divergent in S if 
CO 


its limit is a point that is not in S. In our previous example, we proved that | =| 

es MN Yn=1 
converges to 0 in R; consequently, {=| is convergent in Euclidean 1-space. 
n 


n=1 
oo 


2 
On the other hand, \— is divergent in (Rt ={xeR:x > 0}, d) where d 


Nyy-] 
denotes the Euclidean metric on R, d (x, y) = |x — yl. 


Our first result concerning convergent sequences is metric spaces assures us of 
the uniqueness of the limits when they exist. 


Lemma 4.1.7 Suppose {py}°°_, is a sequence of elements in a metric space (S, d). 
Then 


(Wp) (a) ([p.4 € S.A lim pu = pA tim p» =q]> 4 =p). 
n> 0o n> 00 


Space for scratch work. 


Excursion 4.1.8 Fill in what is missing in order to complete the proof of the lemma. 


Proof. Let {pn}°°., be a sequence of elements in a metric space (S,d) for 
which there exists p and q in S such that lim p, = p and lim Pn = q. Suppose 
n—->oo n> Co 
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1 
the p #4 q. Thend (p,q) > Oand we let ¢ = 54 (p,q). Because lim Pn = p and 
n CO 
€ > O, there exists a positive integer WM such that 


n> M,=>d (pn, Pp) <6; 


similarly, lim pn, = q yields the existence of a positive integer M2 such that 
n> oo 


(1) 


Now, let M = max{M,, M>}. It follows from the symmetry property and the 
triangular inequality for metrics that n > M implies that 


d (p,q) < d(p, pn) + <ete=a/ )= #00 
(2) (3) 


which contradicts the trichotomy law. Since we have reached a contradiction, we 
conclude that as needed. Therefore, the limit of any convergent sequence 


(4) 
in a metric space is unique. # 


** Acceptable fill-ins are: (1)n > Mz = d(pn,q) < &, (2) d(pn,q) (3) 
1 
54 (P49), 4) p= ag 


Definition 4.1.9 The sequence {p,}°°_, of elements in a metric space (S,d) is 
bounded if and only if 


(AM) (Ax) [M > 0Ax ESA (Vn) (n€J> d(x, pn) < M)]. 


Note that if the sequence {p,}°° , of elements in a metric space S is an not 
bounded, then the sequence is divergent in S. On the other hand, our next result 
shows that convergence yields boundedness. 


Lemma 4.1.10 /f the sequence { pn}P-_, of elements in a metric space (S, d) is con- 
vergent in S, then it is bounded. 
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Space for scratch work. 


Proof. Suppose that {p,}°° , is a sequence of elements in a metric space (S, d) 
that is convergent to po € S. Then, for ¢ = 1, there exists a positive integer 
M = M (1) such that 


n> M=>d(pn, po) <1. 


Because {d (Pj Po) jTelAla 7s M} is a finite set of nonnegative real num- 
bers, it has a largest element. Let 


K = max {1, max {d (pj, po) :jEJAILSJj< M}}. 
Since d (pn, po) < K, for eachn € J, we conclude that {p,}P° , is bounded. m 


Remark 4.1.11 To see that the converse of Lemma 4.1.10 is false, forn € J , let 


1 
7) , if2|n 


Pr = 


, if 2 
a ee 


Then, for d the Euclidean metric on R!, d (0, pn) = |0 — pn| < 1 for alln € J, but 
{Pn}Po, is not convergent in R. 


Excursion 4.1.12 For each n € J, let dn = poy and by = p2n—1 where py is 
defined in Remark 4.1.11. 


(a) Use the definition to prove that lim ay = 0. 
n->oco 
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(b) Use the definition to prove that lim by = 1. 
n->oco 


1 1 1 
**Note that ad, = —— and b, = 1 — —————— = | — ———_; if 
SEE aS Qn—1)+3 May 


used — and | — aoa respectively, your choices for corresponding M (e) will be 
n n 


slightly off. The following are acceptable solutions, which of course are not unique; 
compare what you did for general sense and content. Make especially certain that 
you did not offer a proof that is “working backwards” from what you wanted to 


1 
show. (a) Fore > 0, let M = M(e) = Bal Then n > M implies that 
2/é 
n > (2/2) or + < VE. If follows that : Ss eee = 2 
2n (2 (ny? ~ Qny  2n 2n 
Jé-+/é = € whenevern > M. Since ¢ > 0 was arbitrary, we conclude that 


1 
= 0. (b) Fore > 0, let MW = M(e) = [=| Thenn > M 
é 


(hm dn = — im % ny 
1 
implies that n > (c)7! or — < &. Note that, forn € J,n > 1 > O implies that 


n 
n+2>0+2=2> 0and2n+2=n+(n+2) >0+n =n. Thus, forn € J 
andn > M, we have that 


1 1 1 
1- —l/= = <-— <6. 
2n+2 2n+2 2n+2 4n 
1 
Since ¢ > 0 was arbitrary, we conclude that im nbn = = lm {1- = 
n—-0o Qn+2 


1.*** 


Remark 4.1.13 Hopefully, you spotted that there were some extra steps exhibited 
in our solutions to Excursion 4.1.12. I chose to show some of the extra steps that 
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illustrated where we make explicit use of the ordered field properties that were dis- 
cussed in Chapter 1. In particular, it is unnecessary for you to have explicitly 
demonstrated that 2n + 2 > n from the inequalities that were given in Proposition 


1 1 
1.2.9 or the step on < Jé-/é that was shown in part (a). For the former 
n 


you can just write things like 2n +2 > n; for the latter, you could just have written 


< (Je) =e. 


(2n)? 


What we just proved about the sequence given in Remark 4.1.11 can be trans- 
lated to a statement involving subsequences. 


Definition 4.1.14 Given a sequence {p,}?°_, of elements in a metric space X and 
a sequence {nx}?_, of positive integers such that of ny < ny+1 for eachk € J, the 
sequence ea aed is called a subsequence of {py}?-_,. If rr ae converges in 
X then its limit is called a subsequential limit of {pn }?~_,. 


Remark 4.1.15 Jn our function terminology, a subsequence of f : J — X is the 
restriction of f to any infinite subset of J with the understanding that ordering is 
conveyed by the subscripts; i.e., nj <nj+ for each j ¢€ J. 


From Excursion 4.1.12, we know that the sequence { Pah given in Remark 
4.1.11 has two subsequential limits; namely, 0 and 1. The uniqueness of the limit 
of a convergent sequence leads us to observe that every subsequence of a conver- 
gent sequence must also be convergent to the same limit as the original sequence. 
Consequently, the existence of two distinct subsequential limits for {py}?°., is an 
alternative means of claiming that {p,}°° , is divergent. In fact, it follows from 
the definition of the limit of a sequence that infinitely many terms outside of any 
neighborhood of a point in the metric space from which the sequence is chosen 
will eliminate that point as a possible limit. A slight variation of this observation 
is offered in the following characterization of convergence of a sequence in metric 
space. 


Lemma 4.1.16 Let {py}°°_, be a sequence of elements from a metric space (X, d). 


Then { py}, converges to p € X if and only if every neighborhood of p contains 


n=1 


all but finitely many of the terms of {pn}?~_. 
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Space for scratch work. 


Proof. Let {pn }%° , be a sequence of elements from a metric space (X, d). 
Suppose that {py}, converges to p € X and V is a neighborhood of 
p. Then there exists a positive real number r such that V = N, (p). From the 
definition of a limit, there exists a positive integer M = M (r) such thatn > M 
implies that d (p, pn) < r;i.e., for alln > M, p, € V. Consequently, at most the 
{pe :k €JA1<k < M} is excluded from V. Since V was arbitrary, we conclude 
that every neighborhood of p contains all but finitely many of the terms of {py }?°4. 
Suppose that every neighborhood of p contains all but finitely many of 
the terms of {p,}°°,. For any « > 0, N, (p) contains all but finitely many of the 
terms of {pp}°° ,. Let M = max {k € J: py ¢ N; (p)}. Thenn > M implies that 
Pn € N; (p) from which it follows that d (py, p) < ¢. Since ¢ > 0 was arbitrary, 
we conclude that, for every ¢ > 0 there exists a positive integer M = M (e) such 
that n > M implies that d (pn, p) < €; that is, {pn}°°, converges to p € X. m 
It will come as no surprise that limit point of subsets of metric spaces can be 
related to the concept of a limit of a sequence. The approach used in the proof of 
the next theorem should look familiar. 


Theorem 4.1.17 A point po is a limit point of a subset A of a metric space (X, d) 
if and only if there is a sequence {py}P-_, with py € A and py, # po for every n 
such that Pn > Po asn > ©. 


Proof. (<=) Suppose that there is a sequence {p,}°°., such that py € A, Pn F 
Po for every n, and p, — po. Forr > 0, consider the neighborhood N,(po). Since 
Pn — Po, there exists a positive integer M such that d(pn, po) < r foralln > M. 
In particular, py+1 € AM N;(po) and py+1 # po. Since r > 0 was arbitrary, we 
conclude that po is a limit point of the set A. 


(=) Suppose that po € X is a limit point of A. (Finish this part by first making 


(oe) 


judicious use of the real sequence {=| to generate a useful sequence {py}°~_, 
j=l 
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1 
followed by using the fact that - + 0 as j — 00 to show that {p,}"° , converges 
J 


to po.) 


Remark 4.1.18 Since Theorem 4.1.17 is a characterization for limit points, it gives 
us an alternative definition for such. When called upon to prove things related 
to limit points, it can be advantageous to think about which description of limit 
points would be most fruitful; i.e., you can use the definition or the characterization 
interchangeably. 


We close this section with two results that relate sequences with the metric space 
properties of being closed or being compact. 


Theorem 4.1.19 Jf {p,}°°, is a sequence in X and X is a compact subset of a 
metric space (S,d), then there exists a subsequence of {py}°°_, that is convergent 
in X. 


Space for scratch work. 


Proof. Suppose that {p,}°° , is a sequence in X and X is a compact subset of 


a metric space (S,d). Let P = {p,:ne€ J}. If P is finite, then there is at least 
one k such that py € P and, for infinitely many j € J, we have that pj = px. 
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CO 
Consequently, we can choose a sequence {n ihjet such thatnj < nj+41 and pn, = 


px for each j € J. It follows that { pp, jek is a (constant) subsequence of {pn}, 
that is convergent to py € X. If P is infinite, then P is an infinite subset of a 
compact set. By Theorem 3.3.46, it follows that P has a limit point po in X. From 
Theorem 4.1.17, we conclude that there is a sequence {qx}7° , with gx € P and 
dk # Po for every k such that g, — po ask — ov; that is, {qx}72 | is a subsequence 
of {p,}°°_, that is convergent to po € X. & 


Theorem 4.1.20 [f {pn}°° | is a sequence in a metric space (S,d), then the set of 
all subsequential limits of {pn}V~, is a closed subset of S. 


Space for scratch work. 


Proof. Let E* denote the set of all subsequential limits of the sequence { Pah 
of elements in the metric space (S,d). If E* is finite, then it is closed. Thus, 
we can assume that E%* is infinite. Suppose that w is a limit point of E*. Then, 
corresponding to r = 1, there exists x 4 w such that x € N; (w)M E*. Since 
x € E*, we can find a subsequence of {p,}°°., that converges to x. Hence, we 
can choose n; € J such that pn, # w andd (py,,w) < 1. Let d = d (pn,,w). 
Because 6 > 0, w is a limit point of E*, and E* is infinite, there exists y #4 w 
that is in N54 (w) E*. Again, y € E* leads to the existence of a subsequence 
of {py}°~, that converges to y. This allows us to choose nz € J such that np > 


) 
n, and d (Pn y) < re From the triangular inequality, d (w, Pnz) < d(w,y)+ 


d (y, pis) a 7 We can repeat this process. In general, if we have chosen the 
increasing finite sequence 11,2, ...,n;, then there exists a u such that vu # w and 


u € N,, (w) 1 E* where rj = are Since u € E*, u is the limit of a subsequence 
of {pn}°2,. Thus, we can find nj+41 such that d (Pag u) < rj from which it 


follows that 


O 
d (w, Pnj.1) = d(w, u) +d (u, Pasa) < 2rj = aT 


[e,¢) . 
ensures that it converges to 


The method of selection of the subsequence {pn , ee 
w. Therefore, w € E*. Because w was arbitrary, we conclude that E* contains all 


of its limit points; i.e., E* is closed. m 
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4.2 Cauchy Sequences in Metric Spaces 


The following view of “proximity” of terms in a sequence doesn’t isolate a point to 
serve as a limit. 


Definition 4.2.1 Let {py}?-_, be an infinite sequence in a metric space (S,d). Then 
{Pn}<, is said to be a Cauchy sequence if and only if 


(Ve)[e > 0 GM =M (e)) (M € JA (Vm) (Vn) (n,m > M > d (pn, Pm) < €))].- 


Another useful property of subsets of a metric space is the diameter. In this sec- 
tion, the term leads to a characterization of Cauchy sequences as well as a sufficient 
condition to ensure that the intersection of a sequence of nested compact sets will 
consist of exactly one element. 


Definition 4.2.2 Let E be a subset of a metric space (X,d). Then the diameter of 
E, denoted by diam (E) is 


sup {d (p,q): pe EANqGe E}. 


Example 4.2.3 Let A = {(x1,x2) € R? : xf +.x5 < 1} and 
B= {(x1,¥2) € R?: max {lal bal} <1}. 


Then, in Euclidean 2-space, diam (A) = 2 and diam (B) = 2/2. 
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Note that, for the sets A and B given in Example 4.2.3, diam (A) — ea 
diam (A) and diam (B) = 2,/2 = diam (B). These illustrate the observation that is 
made with the next result. 


Lemma 4.2.4 If E is any subset of a metric space X, then diam (E) = diam (E). 


Excursion 4.2.5 Use the space provided to fill in a proof of the lemma. (If you get 
stuck, a proof can be found on page 53 of our text. 


The property of being a Cauchy sequence can be characterized nicely in terms 
of the diameter of particular subsequence. 


Lemma 4.2.6 If {pn}po, is an infinite sequence in a metric space X and Ey is the 
subsequence PM, PM+1, PM+2,--» then {pn}°~, is a Cauchy sequence if and only 
if lim diam (Ey) = 0. 
M-0o0o 
Proof. Corresponding to the infinite sequence {p,}°° , in a metric space (X, d) 
let Eyy denote the subsequence py, Pu+i1, PM+2>---- 


Suppose that {p,}"2, is a Cauchy sequence. For j € J, there exists a 


1 
positive integer M; = M; (€) such that n,m > M; implies that d (pn, Pm) < -.- 
J 
1 
Let Mj; = M; + 1. Then, for any u,v € Ey,, it follows that d(u,v) < -. 
J 


1 
Hence, sup {d (u,v) :u € Ey, Av € Ey,} < =; ie, diam(Ey,) < >. Now 
J J 
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1 
given any ¢ > 0, there exists M’ such that 7 > M’ implies that — < e. For 
J 
M = max{Mj, M’} and j > M, diam (Ey,) < e. Since ¢ > 0 was arbitrary, we 
conclude that at diam (Ey) = 0. 
Suppose that ie diam (Ey) = 0 and let ¢ > O. Then there exists a 


positive integer K aan that m > K implies that diam (E,,) < 3 1.e., 
sup {d (u,v): uE En Av € Em} < é. 


In particular, forn, 7 > m we can writen = m+x and j = m-+y for some positive 
integers x and y and it follows that 


d (pn, pj) < sup {d (u,v): u € Em Av € En} <e. 


Thus, we have shown that, for any ¢ > 0, there exists a positive integer m such that 
n, j > m implies that d (pn, pj) < €. Therefore, {p,}0°, is a Cauchy sequence. m 

With Corollary 3.3.44, we saw that any nested sequence of nonempty com- 
pact sets has nonempty intersection. The following slight modification results from 
adding the hypothesis that the diameters of the sets shrink to 0. 


Theorem 4.2.7 If {K,}°~, is a nested sequence of nonempty compact subsets of a 
metric space X such that 


lim diam (K,,) = 0, 
n> Co 
then ()k n consists of exactly one point. 
neJ 


Space for scratch work. 


Proof. Suppose that {K,}°°, is a nested sequence of nonempty compact sub- 
sets of a metric space (X,d) such that im. diam (K,) = 0. From Corollary 


3.3.44, {Kn}°°, being a nested sequence of noneIDe? compact subsets implies that 


()Kn #9. 


neJ 
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If ()Kn consists of more that one point, then there exists points x and y 
neJ 
in X such that x € (Kn. ye ()Kn and x ~ y. But this yields that 


neJ neJ 
0 <d(x,y) < sup{d (p,q): p€ Kn Aq € Kn} 
for alln € J;i.e., diam (Ey) < d(x, y) forany M € J. Hence, lim diam (Ey) 4 
noo 


0. Because lim diam (K,,) = 0, it follows immediately that (Kn consists of 
n—- Oo 
neJ 
exactly one point. @ 


Remark 4.2.8 To see that a Cauchy sequence in an arbitrary metric space need 
not converge to a point that is in the space, consider the metric space (S, d) where 
S is the set of rational numbers and d(a, b) = |a — bl. 


On the other hand, a sequence that is convergent in a metric space is Cauchy 
there. 


Theorem 4.2.9 Let {pn}°°, be an infinite sequence in a metric space (S,d). If 
{Pn}P~, converges in S, then {py}-, is Cauchy. 


Proof. Let {p,}°°, be an infinite sequence in a metric space (S,d) that con- 
verges in S to po. Suppose ¢ > 0 is given. Then, there exists an M € J such that 


n> M=>d (pp, Po) < A From the triangular inequality, ifn > M andm > M, 


then 
é  & 
d (Pns Pm) S 4 (Pn; Po) + 4 (Pos Pm) < 5 +5 = 
Since ¢ > 0 was arbitrary, we conclude that {p,}°°., is Cauchy. 

As noted by Remark 4.2.8, the converse of Theorem 4.2.9 is not true. However, 
if we restrict ourselves to sequences of elements from compact subsets of a metric 
space, we obtain the following partial converse. Before showing this, we will make 
some us 


Theorem 4.2.10 Let A be a compact subset of a metric space (S,d) and {py}, 
be a sequence in A. If {pn}p<., is Cauchy, then there exists a point po € A such that 
Pn > Poasn > o. 
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Proof. Let A be a compact subset of a metric space (S$, d) and suppose that 
{Pn}02, of elements in A is Cauchy. Let Ey be the subsequence {py4+ ti}j= 63 


Then {Eyy}"_, is anested sequence of closed subsets of A and {Ey A}~_, isa 
nested sequence of compact subsets of S for which jim diam (Ey A) = 0. By 
7C 


Theorem 4.2.7, there exists a unique p such that p € Ey OA forall M. 
Now justify that p, > pasn — oo. 


4.3 Sequences in Euclidean k-space 


When we restrict ourselves to Euclidean space we get several additional results 
including the equivalence of sequence convergence with being a Cauchy sequence. 
The first result is the general version of the one for Euclidean n-space that we 
discussed in class. 
Lemma 4.3.1 On (R*, d), where d denotes the Euclidean metric, let 

Pn = (Xing X25 X3n5 +++5 Xkn)- 
Then the sequence {pn}°°_, converges to P = (pj, P2, P3,---» Pk) if and only if 
Xjn — pj for each j, 1 < j < k as sequences in R!. 


Proof. The result follows from the fact that, for each m, 1 < m < k, 


k k 
[Xmn — Pml = Gmn — Pm) < | >) (xin <2, |x jn — 
j=l = 


peas 


Suppose that ¢ > 0 is given. If {pn}P°., converges to P = (pi, p2, p3,.--, px), then 
there exists a positive real number M = M (e) such thann > M implies that 


k 


dl pas P) = yt (Xjn — a8: 


j=! 
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Hence, foreach m, 1 < m <k, and foralln > M, 


|xmn — Pal <d(pn, P) < &. 


Since ¢ > O was arbitrary, we conclude that lim Xmn = Pm. Conversely, suppose 
n> Oo 
that xj, — pj; for each j, 1 < j < k as sequences in R!. Then, for each J; 
1 < j <k, there exists a positive integer M; = M; (e) such thatn > M; implies 
g 
that |xmn — Pml < re Let M = max Mj. It follows that, forn > M, 


I<j<k 


k 
E 
d(Pn,P)< 2 bin — p;|< k(=) =e. 
Because ¢ > 0 was arbitrary, we have that lim Pro=P. 
n> Oo 


Once we are restricted to the real field we can relate sequence behavior with 
algebraic operations involving terms of given sequences. The following result is one 
of the ones that allows us to find limits of given sequences from limits of sequences 
that we know or have already proved elsewhere. 


Theorem 4.3.2 Suppose that {zn,}7°, and {Cn}°°, are sequences of complex num- 
bers such that lim z, = S and lim ¢, = T. Then 
n—- Oo n—- Co 


(a) lim Gn +Gn)=S+T; 
noo 

(b) lim (czy) = cS, for any constant c; 
noo 


(c) lim, @ngn) = ST; 


‘ gn S : 
(d) dim (+) =F provided that (Wn) [n eJ>6, 0] AT £0. 
Excursion 4.3.3 For each of the following, fill in either the proof in the box on the 
left of scratch work (notes) that support the proof that is given. If you get stuck, 
proofs can be found on pp 49-50 of our text. 


Proof. Suppose that {z,}"°, and {f,}°°., are sequences of complex numbers 
such that lim z, = Sand lim (, =T. 
n> oo n> oo 
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Space for scratch work. 
Need look at 

(Zn + fn) —(S+T)| 
—Know we can make 


(a) Pe pe = form > M 


& |G —T| <5 forn > My 


—Go for M = max {M,, M>} 
and use Triangular Ineq. 


Space for scratch work. 


Need look at 
I(cZn) — cS| = le| |Zn — S| 
(b) —Know we can make 


c 
for c 4 0, mention c = 0 
—as separate case. 


é 
lZm — S| < epee 


Since z, > S, there exists M, € J such thatn > M, Space 
implies that |z, — S| < 1. Hence, |zn| — |S| < 1 or for 
lZn| < 1+ |S| for all n > M;. Suppose that ¢ > 0 is given. scratch 
If T =0, then ¢, — 0 as n — co implies that there exists work. 


whenever n > M*. For 


M* e€ J such that |¢,| < 
IGnl T+ 15] 
n > max {M,, M*}, it follows that 


g 
n) —- ST|= < (1 +|S|) | ——]= 
ae | = lzngnl < +1 » (5) E 
Go] Ths im enn = 0 
If T #0, then ¢, —- T asn — ow yields that there exists 


€ 
Mp € J such that < ——— whenevern > Mp. 

2 ICnl 2+ 15) 2 
From z, — S, there exists M3 € J such thatn > M3 > 
ZT | = oa Finally, for any n > max {M1, M2, M3}, 
l(Zngn) — ST| 
_ l(Zngn) —2nT + %nT — ST| < (zal ICn se 8 ae ICnl IZn — S| 


é é 
< (1+ |S]|) ————- + |IT|x— =e 
(d+! ) G+ 15D | ar 
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Space for scratch work. 


(d) 


—we can just apply 
the result from (c). 


The following result is a useful tool for proving the limits of given sequences in 
R'. 


Lemma 4.3.4 (The Squeeze Principle) Suppose that {x,}°°_, and {yn}P°, are se- 


quences of real numbers such that jim Xn = S$ and jim yn = §;. Jf {un}, isa 


sequence of real numbers such that, for some positive integer K 
Xn < Un < Yn, foralln > K, 
then lim uy, = S. 
noo 


Excursion 4.3.5 Fill in a proof for The Squeeze Principle. 


Theorem 4.3.6 (Bolzano-Weierstrass Theorem) Jn R*, every bounded sequence 
contains a convergent subsequence. 


Proof. Suppose that {p,}"2, be a bounded sequence in R*. Then P = 
e 


{py 2n € J} is bounded. Since P is a closed and bounded subset of R‘, by the 
Heine-Borel Theorem, P is compact. Because {pn}P° , is a sequence in P acom- 
pact subset of a metric space, by Theorem 4.1.19, there exists a subsequence of 
{pn}Po, that is convergent in P.a 
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Theorem 4.3.7 (R“ Completeness Theorem) Jn R“, a sequence is convergent if 
and only if it is a Cauchy sequence. 


Excursion 4.3.8 Fill in what is missing in order to complete the following proof of 
the IR‘ Completeness Theorem. 


Proof. Since we are in Euclidean k-space, by Theorem , we 
(1) 
know that any sequence that is convergent in R* is a Cauchy sequence. Conse- 
quently, we only need to prove the converse. 
Let {pn}P°, be a Cauchy sequence in R*. Then corresponding to ¢ = 1, 
there exists M = M (1) € J such that m,n > M implies that 
where d denotes the Euclidean metric. In particular, 


(2) 
d (Pn, Pm+i) < 1 foralln > M. Let 
B= 1, d(p;,d : 
a oe (pj we) 


Then, for each j € J, d(pj,du4i) < B and we conclude that {pn}°°, is a 

sequence in R*. From the Theorem, 

(3) (4) 
{Pn :n € J} is a compact subset of IR“. Because {Pn}v2, is a Cauchy sequence 
in a compact metric space, by Theorem 4.2.10, there exists a pp € {pn :n € J} 
such that pp > po asin — oo. Since {p,}°°, was arbitrary, we concluded that 
. a 
(5) 

*** A cceptable responses are: (1) 4.2.9, (2)d (pn, Pm) < 1, (3) bounded, (4) Heine- 
Borel, and (5) every Cauchy sequence in R* is convergent.*** 


From Theorem 4.3.7, we know that for sequences in R*, being Cauchy is equiv- 
alent to being convergent. Since the equivalence can not be claimed over arbitrary 
metric spaces, the presence of that property receives a special designation. 


Definition 4.3.9 A metric space X is said to be complete if and only if for every 
sequence in X, the sequence being Cauchy is equivalent to it being convergent in 
X. 


Remark 4.3.10 As noted earlier, R*« is complete. In view of Theorem 4.2.10, any 
compact metric space is complete. Finally because every closed subset of a metric 
space contains all of its limit points and the limit of a sequence is a limit point, we 
also have that every closed subset of a complete metric space is complete. 


144 CHAPTER 4. SEQUENCES AND SERIES—FIRST VIEW 


It is always nice to find other conditions that ensure convergence of a sequence 
without actually having the find its limit. We know that compactness of the metric 
space allows us to deduce convergence from being Cauchy. On the other hand, we 
know that, in R“, compactness is equivalent to being closed and bounded. From 
the Bolzano-Weierstrass Theorem, boundedness of a sequence gives us a conver- 
gent subsequence. The sequence {i”}"°, of elements in C quickly illustrates that 
boundedness of a sequence is not enough to give us convergence of the whole se- 
quence. The good news is that, in R!, boundedness coupled with being increasing 
or decreasing will do the job. 


Definition 4.3.11 A sequence of real numbers {xp}"°_, is 


(a) monotonically increasing if and only if (Vn) (n € J 5 Xn < Xn41) and 


(b) monotonically decreasing if and only if (Vn) (n € J 3 Xn > Xn+1). 


Definition 4.3.12 The class of monotonic sequences consists of all the sequences 
in R! that are either monotonically increasing or monotonically decreasing. 


. It follows that 


iy" 1)! 
Example 4.3.13 For eachn € J, (° = ) Si NEE 


n ~ (n+i1)n! 


nl @t)! 
n® ~ (n+1)@4+1)" 


! CO 
Consequently, | =| is monotonically decreasing. 
nN Sn=l 

Theorem 4.3.14 Suppose that {x,}°°., is monotonic. Then {X}°°, converges if 


and only if {xn}p2., is bounded. 


Excursion 4.3.15 Fill in what is missing in order to complete the following proof 
for the case when {xn}"~_, is monotonically decreasing. 
Proof. By Lemma 4.1.10, if {xn}"~_, converges, then 

(1) 

Now suppose that {xy}°°_, is monotonically decreasing and bounded. Let 

P = {x,:n € J}. If P is finite, then there is at least one k such that x, € P and, 

for infinitely many j € J, we have that x; = xx. On the other hand we have that 

Xk+m > X(k+m)+1 for allm € J. It follows that {xj}P~, is eventually a constant 

sequence which is convergent to xx. If P is infinite and bounded, then from the 


4.3. SEQUENCES IN EUCLIDEAN K -SPACE 145 


greatest lower bound property of the reals, we can let g = inf (P). Because g is the 


greatest lower bound, 
(Vn) ( eJ> ) 
(2) 


Suppose that ¢ > O is given. Then there exists a positive integer M such that 
g< xm < g +e; otherwise, 


(3) 
Because {xn}°~_, is , the transitivity of less than or equal to yields 


(4) 
that, foralln > M, g <x, <g+e.Hence,n > M => |x, — g| < €. Since e > 0 


was arbitrary, we conclude that | 
(6) 


*** A cceptable responses are: (1) it is bounded, (2) g < Xn, (3) g + would bea 
lower bound that is greater than g, (4) decreasing, and (5) lim pe ee 
n CO 


4.3.1 Upper and Lower Bounds 


Our next definition expands the limit notation to describe sequences that are tending 
to infinity or negative infinity. 


Definition 4.3.16 Let {x,}°°., be a sequence of real numbers. Then 
(a) X,» > wasn > wif and only if 
(VK) (K eR! > GM) (Me JA (vn) (n> MS Xp > k))) 
and 
(b) X,» > —coO asn > ow if and only if 


(VK) (k ER! => GM)(M € Ja (vn) (n> M3 Xm < k))) . 


In the first case, we write lim x, = 00 and in the second case we write 
n> oo 


lim x, = —o0. 
noo 
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Definition 4.3.17 For {xn} 4 be a sequence of real numbers, let E denote the set 
of all subsequential limits in the extended real number system (this means that oo 
and/or —oo are included if needed). Then the limit superior of {x,}°°_, is x* = 
sup (E) and the limit inferior of {x;}°°_, is x. = inf (E). 


We will use lim supx, to denote the limit superior and lim infx, to denote the 
n> 0o 1200 
limit inferior of {x,}°°). 


1 
Example 4.3.18 For eachn ¢€ J, leta, = 1+(-1)"+ an Then the lim supa, = 2 


n—- oo 
and liminfa, = 0. 
noo 


Excursion 4.3.19 Find the limit superior and the limit inferior for each of the fol- 
lowing sequences. 


| n+(-1)" mel 
LA = 


n n=1 
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+ fue -$o[f Heo, 


*k*Ror (1), we have two convergent subsequences to consider; s2, — 3 while 
S2n—1 — —I1 and you should have concluded that lim sups, = 3 and liminfs, = 
n> 0o [exe 0 
—1. In working on (2), you should have gotten 5 subsequential limits: 54, — —1, 
2; 2 
{sax41} and {54,43} give two subsequential limits, | + v2 for k even and 1 — —— for 


k odd; {4.42} also gives two subsequential limits, —2 for k odd and 0 for k even. 


Comparison of the 5 subsequential limits leads to the conclusion that lim sups, = 
n—- Co 


2. 
1 + — and liminfs, = —2. The sequence given in (3) leads to three subsequen- 
noo 
tial limits, namely, 0, 1,, and 2 which leads to the conclusion that lim sups, = 2 


n—->Co 
and lim infs, = 0. Finally, for (4), the subsequences {sax}, {sax41}, {Sax+2}, and 
n (oe) 


1 3 3 3 
{4x43} give limits of 1, -—, ~, and —-, respectively; hence, lim sups, = = and 
4°2 4 A368 2 
lim infs, = ——.*** 
n->0o 4 


Theorem 4.3.20 Let {sn}°° , be a sequence of real numbers and E be the set of 


(finite) subsequential limits of the sequence plus possibly +00 and —oo. Then 


(a) limsup sy € E, and 
n—- Oo 


(b) (Vx) ((« > lim sup ss) > (dM)n>M> sy, < »). 


Moreover, lim sup Sy is the only real number that has these two properties. 
n—- Co 


Excursion 4.3.21 Fill in what is missing in order to complete the following proof 
of the theorem. 
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Proof. For the sequence of real numbers {sy}°-,, let E denote the set of sub- 


n=l? 
sequential limits of the sequence, adjoining +00 and/or —oo if needed, and s* = 
lim sup Sy. 
n—-0Oo 


Proof of part (a): If s* = 0x, then E is unbounded. Thus {8y}°°_, is not bounded 
above and we conclude that there is a subsequence Vspleee of {Sn }°°, such that 
lim sy, = 00. 


k>00 

If s* = —00, then {sy}, has no finite subsequential limits; i.e., —oo is 
the only element of E. It follows that lim sj, = —oo. 

n—-0Oo 

Suppose that s* € R. Then E is bounded above and contains at least one 

element. By CN Theorem 4.1.20, the set E is . It follows from CN 
(1) 

Theorem that s* = sup(E) € E= E. 


(2) 

Proof of part (b): Suppose that there exists x € R such that x > s* and S, > x 
for infinitely many natural numbers n. Then there exists a subsequence of {8y}°~_, 
that converges to some real number y such that . From the trian- 

(3) 
gular inequality, y > s*. But y € E and y > s* contradicts the definition of 
. It follows that, for any x > s* there are at most finitely manyn € J 


(4) 
for which . Hence, for any x > s* there exists a positive integer M 


such that n > Reels that Sy < x. 
Proof of uniqueness. Suppose that p and q are distinct real numbers that satisfy 
property (b). Then 
(Vx) (x > p) => GM) (n> M = Sy, < x)) 
and 
(Vx) ((x > gq) => GK) (n> K 3 sy < x)). 


Without loss of generality we can assume that p < q. Then there exists w € R 
such that p < w <q. Since w > p there exists M € J such thatn > M implies 
that 5, < w. In particular, at most finitely many of the sx satisfy 

(6) 
Therefore, q cannot be the limit of any subsequence of {sn}?°_, from which it follows 
that q ¢ E; i.e., g does not satisfy property (a). @ 
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*** Acceptable responses are: (1) closed, (2) 3.3.26, (3) y > x, (4) sup E, (5) 
Sn > x, and (6)q > sp > w.*** 


Remark 4.3.22 Note that, if {sn}°, is a convergent sequence of real numbers, say 
lim s, = so, then the set of subsequential limits is just {so} and it follows that 


lim sup s, = liminf sp. 
noo noo 


Theorem 4.3.23 [f {s,}0°, and {tn}°°, are sequences of real numbers and there 
exists a positive integer M such that n > M implies that sy < tn, then 


liminf s, < liminft, and limsups, < limsup ft). 
eee IOS n>oo n>oo 


Excursion 4.3.24 Offer a well presented justification for Theorem 4.3.23. 


4.4 Some Special Sequences 


This section offers some limits for sequences with which you should become famil- 
iar. Space is provided so that you can fill in the proofs. If you get stuck, proofs can 
be found on page 58 of our text. 


1 
Lemma 4.4.1 For any fixed positive real number, lim — = 0. 
n>oonP 
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1\1/P 
Proof. For ¢ > 0, let M = M (e) = (:) : 
E 


Lemma 4.4.2 For any fixed complex number x such that |x| < 1, lim ger 
n CO 


Proof. If x = 0, then x” = 0 for eachn e€ J and im. x” = 0. Suppose that x is 
a fixed complex number such that 0 < |x| < 1. For : Bs °0, let 


1 , fore>1 


a toe Pe 


, fore <1 
In |x| 


a 
The following theorem makes use of the Squeeze Principle and the Binomial 
Theorem. The special case of the latter that we will use is that, forn e€ J and 
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ce R-{-I}, 
i “. (n\ 5 n\ n! 
a oie > ()é a (;) ~ © — Ik! 


In particular, if ¢ > 0 we have that (1+ ¢)" > 1+n¢ and(1+¢)" > (ee for 
eachk, 1 <k <n. 


Theorem 4.4.3 (a) If p > 0, then lim 2/p = 1. 
n> Co 


(b) We have that dim s/n = 1. 


a 


(c) Ifp > Oanda ER, then lim =——| = 0. 


Proof of (a). We need prove the statement only for the case of p > 1; the result 
1 
for 0 < p < 1 will follow by substituting — in the proof of the other case. If p > 1, 
Pp 
then set x, = 2/p — 1. Then x, > 0 and from the Binomial Theorem, 


l+nxy, < 1+%)" =p 


and 


O<aas 


= 
Proof of (b). Let x, = %/n — 1. Then x, > 0 and, from the Binomial Theorem, 


n(n —1) 


2 
5 Rn 


n=(1+-xn)" => 
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= 
Proof of (c). Let k be a positive integer such that k > a. Forn > 2k, 
ji OY gee WHI) Hh 1): y nk pk 
SEB) (je ~ i! > ORK! 
and 
n@ 
ee reeeenee a 
(1 + p) 

| 


4.5 Series of Complex Numbers 


For our discussion of series, we will make a slight shift is subscripting; namely, it 
will turn out to be more convenient for us to have our initial subscript be 0 instead 
of 1. Given any sequence of complex numbers {a;}?°.5, we can associate (or derive) 
a related sequence {S,}°°, where S, = >";_9 ay called the sequence of nth partial 
sums. The associated sequence allows us to give precise mathematical meaning to 
the idea of “finding an infinite sum.” 


Definition 4.5.1 Given a sequence of complex numbers {ax}¢~ 9, the symbol pnt ak 
is called an infinite series or simply a series. The symbol is intended to suggest an 
infinite summation 


gay ay Pas eat 


and each ay is called aterm in the series. For eachn € JU {0}, let S, = ae. an = 
ay +a, +-+++ ay. Then {Sy}7°0 is called the sequence of nth partial sums for 


> i—0 ak. 
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On the surface, the idea of adding an infinite number of numbers has no real 
meaning which is why the series has been defined just as a symbol. We use the 
associated sequence of nth partial sums to create an interpretation for the symbol 
that is tied to a mathematical operation that is well defined. 


Definition 4.5.2 An infinite series pa ay is said to be convergent to the complex 
number S if and only if the sequence of nth partial sums {Sy}7°_, is convergent to 
S; when this occurs, we write do ax = S. If {Sn}7-.9 does not converge, we say 
that the series is divergent. 


Remark 4.5.3. The way that convergence of series is defined, makes it clear that we 
really aren’t being given a brand new concept. In fact, given any sequence {Sn}"° ¢ 
there exists a sequence {ag}, such that Sy = Sie & for every k € JU {0}: To 
see this, simply choose ag = So and ag = Sx — Sx-1 fork > 1. We will treat 
sequences and series as separate ideas because it is convenient and useful to do so. 


The remark leads us immediately to the observation that for a series to converge 
it is necessary that the terms go to zero. 


Lemma 4.5.4 (kth term test) If the series a are ag converges, then me at = 0. 
> 0o 


Proof. Suppose that 5 a,x — S. Then lim S; = S and lim S;_; = S. 
k>0o k>0o 
Hence, by Theorem 4.3.2(a), 


lim ag = lim (S, — Sg_-1) = lim S; — lim Sp-1) = S—S =O. 
k>0o k>0o k> 00 k>0o 


Remark 4.5.5 To see that the converse is not true, note that the harmonic series 


pS 


k=1 


|e 


is divergent which is a consequence of the following excursion. 
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Excursion 4.5.6 Use the Principle of Mathematical Induction to prove that, for 
n 
Se p Sor > lt mG 


Excursion 4.5.7 Use the definition of convergence (divergence) to discuss the fol- 
lowing series. 


oo - tk 
(a) dpa sin 77 


(b) Dea REED 


***The first example can be claimed as divergent by inspection, because the nth 
term does not go to zero. The key to proving that the second one converges is 
1 


noticing that ————— = — — ——-; in fact, the given problem is an example of 
er EQ = oe. eed one : 


what is known as a telescoping sum.*** 
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The following set of lemmas are just reformulations of results that we proved 
for sequences. 


Lemma 4.5.8 (Cauchy Criteria for Series Convergence) The series (of complex 
numbers) pa ax is convergent if and only if for every ¢ > O there exists a positive 
integer M = M (e) such that (Vm) (Vn) (m,n > M => |Sm — Sn| < €). 


Proof. The lemma holds because the complex sequence of nth partial sums 
{Sn}f2o is convergent if and only if it is Cauchy. This equivalence follows from the 
combination of Theorem 4.2.9 and Theorem 4.3.6(b). 


Remark 4.5.9 We will frequently make use of the following alternative formulation 
for the sequence of nth partial sums being Cauchy. Namely, {Sp }"29 is Cauchy if 


and only if for every € > 0, there exists a positive integer M such thatn > M 


implies that |Sn+p — Sn| = pare ax| < €, for p= 1,2.,... 


Lemma 4.5.10 For the series (of complex numbers) aaa ag, let Re ag = xx and 
Im ag = yx. Then °?- 9 ax is convergent if and only if \°7-. xx and >-?~ 9 ye are 
convergent (real) sequences. 


Proof. For the complex series 77°. ax, 


n n n n n 
Sn = Dae = Dwetid m= (So. Fn) 
k=0 k=0 k=0 k=0 k=0 


Consequently, the result is simply a statement of Lemma 4.3.1 for the case n = 2. 
= 


Lemma 4.5.11 Suppose that paar ag is a series of nonnegative real numbers. 
Then ae, ax is convergent if and only if its sequence of nth partial sums is 
bounded. 


Proof. Suppose that pyar dx is a series of nonnegative real numbers. Then 
{Sn}729 is a monotonically increasing sequence. Consequently, the result follows 
from Theorem 4.3.14. m 


Lemma 4.5.12 Suppose that >-72.9 ux and >°p-.9 ve are convergent to U and V, 
respectively., and c is a nonzero constant. Then 
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L. YP (uz & vx) = U + V and 
2. A ele = U, 


Most of our preliminary discussion of series will be with series for which the 
terms are positive real numbers. When not all of the terms are positive reals, we 
first check for absolute convergence. 


Definition 4.5.13 The series 0 aj; is said to be absolutely convergent if and 
only if 0 |a;| converges. If 0 a; converges and Dae |a;| diverges, then 
the series pan, aj; is said to be conditionally convergent. 


After the discussion of some tests for absolute convergence, we will see that 
oo (—])” 
absolute convergence implies convergence. Also, we will justify that >° cas 

n=1 


is 


conditionally convergent. 


4.5.1 Some (Absolute) Convergence Tests 


While the definition may be fun to use, we would like other means to determine 
convergence or divergence of a given series. This leads us to a list of tests, only a 
few of which are discussed in this section. 


Theorem 4.5.14 (Comparison Test) Suppose that paar ag is a series (of complex 
numbers). 


(a) If there exists a positive integer M such that (Vk) (k > M => |agx| < cx) for 
real constants cy and par ce converges, then 6 ay converges absolutely. 


(b) If there exists a positive integer M such that (Vk) (k > M = |ag| => dg > 0) 
for real constants dx. and ban dx diverges, then a |ax| diverges. 


Proof of (a). Suppose that Da dx 18 a series (of complex numbers), there 
exists a positive integer M such that (Vk) (k > M => |ag| < cg), and )°?° 9 cg con- 
verges. For fixed ¢ > 0, there exists a positive integer K such thatn > K and 
p € J implies that 


n+p n+p 
> Ck) = > Ck < €. 
k=n+1 k=n+1 
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Forn > M* = max {M, K} and any p ¢€ J, it follows from the triangular inequality 
that 


n+p n+p n+p 
> ag| < > lax| < > Ck <€. 
k=n+1 k=n+1 k=n+1 


Since ¢ > 0 was arbitrary, we conclude that paar dx converges. 

Proof of (b). Suppose that yer, ay is a series (of real numbers), there ex- 
ists a positive integer M such that (Vk) (k > M = |ax| > dy > 0), and S79 dk 
diverges. From Lemma 4.5.11, {reo Gh es is an unbounded sequence. Since 


n n 
DY lal > Do dk 


for each n > M, it follows that ee lax}. is an unbounded. Therefore, 
oo laxl diverges. m 

In order for the Comparison Tests to be useful, we need some series about which 
convergence or divergence behavior is known. The best known (or most famous) 
series is the Geometric Series. 


Definition 4.5.15 For a nonzero constant a, the series >~-. ar* 


metric series. The number r is the common ratio. 


is called a geo- 


Theorem 4.5.16 (Convergence Properties of the Geometric Series) For a + 0, 


the geometric series Bae, ar* converges to the sum whenever 0 < |r| < 1 


—r 
and diverges whenever |r| > 1. 


Proof. The claim will follow upon showing that, for eachn e€ JU {0}, 


a (1 — ro) 


n 
Sark ame aE 
k=0 re 
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a 
The proof of the next result makes use of the “regrouping” process that was 
applied to our study of the harmonic series. 


Theorem 4.5.17 [f {a j jee is amonotonically decreasing sequence of nonnegative 
real numbers, then the series pa, aj; is convergent if and only if eo Qa; 
converges. 


Excursion 4.5.18 Fill in the two blanks in order to complete the following proof of 
Theorem 4.5.17. 


Proof. Suppose that {a ee is a monotonically decreasing sequence of non- 
negative real numbers. For eachn,k € JU {0}, let 


n k 
SS) a and Ty = > 2H ay). 
j=0 j=0 


Note that, because {a gles 


j=0 is a monotonically decreasing sequence, for any j € 
JU {0} andm e€ J, 
(m+ l)aj > aj +aj41 +++++aj4m > (m+ 1)ajim, 


while {a ae a sequence of nonnegative real numbers yields that {S,,} and {7;,} are 


monotonically decreasing sequences. Forn < 2*, 


Sn < ao +41 + (az +43) + (ag + a5 + a6 +07) + +++ + (Gg +++ + aye+1_1) 
— — ——— — 


2! terms 22 terms 2k terms 
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from which it follows that 


(1) 
For n > 25, 


Sn = ao + a1 + a2 + (a3 +44) + (5 + a6 + a7 + dg) +++ + (Agk-14. H+ ++ + ax) 


2! terms 22 terms 2k-1 terms 


from which it follows that 


(2) 


The result now follows because we have that {S,} and {7;,} are simultaneously 
bounded or unbounded. m 
*k*Ror (1), the grouping indicated leads to S, < a; +a9+2a2+4a4+-- $2 aoe = 


a, + Tx, while the second regrouping yields that S, > ao + a1 + a2 + 2a4 + 4ag + 


1 
eee ames" = 540 + ay + ria 


As an immediate application of this theorem, we obtain a family of real series 
for which convergence and divergence can be claimed by inspection. 


1 
Theorem 4.5.19 (Convergence Properties of p-series) The series }.>~, —, con- 
n 


verges whenever p > 1 and diverges whenever p < 1. 
Proof. If p < 0, the p—series diverges by the kth term test. If p > 0, then 
CO 
{«» = =| is a monotonically decreasing sequence of nonnegative real num- 
mY Sn=1 
bers. Note that 


(0,2) 0.0) 1 0.2) 


Sree Soap Berry 


j=0 
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Now use your knowledge of the geometric series to finish the discussion. 


a 
A similar argument yields the following result with is offered without proof. It 
is discussed on page 63 of our text. 


1 
Lemma 4.5.20 The series ie Fdnjy? converges whenever p > | and diverges 
J Un J 
whenever p < 1. 


Excursion 4.5.21 Discuss the convergence (or divergence) of each of the follow- 
ing. 


= n 
(a) Dizi ra 


ioe) 


») > 


n=1 


(c) n—I| 
Cc > 
Sel 
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os 3 
d a an 
@ Dayana 


***Notice that all of the series given in this excursion are over the positive reals; 
thus, checking for absolute convergence is the same as checking for convergence. 
At this point, we only the n!" term test, Comparison, recognition as a p-series, or 


rearrangement in order to identify the given as a geometric series. For (a), noticing 


n n a: 

that, foreach n € J, ——— > —— = allows us to claim divergence 
RO as he ae eee ee cet acee waa 

by comparison with the “shifted” harmonic series. The series given in (b) is con- 


vergent as a p-series for p = 3. Because lim 

2n+1 

in (c) diverges by the n‘” term test. Finally, since 3n — 1 > 0 for eachn e€ J, 
3 


=e # 0 the series given 


so OS 5 which allows us to claim convergence of the series given in 
n?+3n—1 n2 
a) 

(d) by comparison with pa; which is convergent as a constant multiple times the 
p-series with p = 2a 

When trying to make use of the Comparison Test, it is a frequent occurrence 
that we know the nature of the series with which to make to comparison almost by 
inspection though the exact form of a beneficial comparison series requires some 
creative algebraic manipulation. In the last excursion, part (a) was a mild exam- 
ple of this phenomenon. A quick comparison of the degrees of the rational func- 
tions that form the term suggest divergence by association with the harmonic se- 


: n 

ries, but when we see that Se 

n~+1 

a more creatively. I chose to illustrate the “throwing more in 
n 

the denominator” argument; as an alternative, note that for any natural number n, 


% — we have to find some way to manipulate 
n 


the expression 


n 1 ; : 
n>152n?>n*4+135 aTaE a a which would have justified divergence 
n n 
by comparison with a constant multiple of the harmonic series. We have a nice vari- 
ation of the comparison test that can enable us to bypass the need for the algebraic 


manipulations. We state here and leave its proof as exercise. 


Theorem 4.5.22 (Limit Comparison Test) Suppose that {an}"° and {bn}7-9 are 
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such that ay, > 0, by > 0 for eachn € JU {0}, and lim 7 = L > 0. Then either 
n CO n 


(oe) CO 
San and Son both converge or both diverge. 


n=1 n=1 


We have two more important and well known tests to consider at this point. 
Theorem 4.5.23 (Ratio Test) The series >°7o.o ak 


Ak+1 
ak 


(i) converges absolutely if lim sup = 15 


k> 0 


(ii) diverges if there exists a nonnegative integer M such that k > M implies that 


a 
ak 
: 00 : : ak+1 
Proof. Suppose that the series >); ax is such that limsup |——| < 1. It 
k> 00 ak 
follows that we can find a positive real number f/f such that f < | and there exists 


aAk+1 


an M e€ J such that n > M implies that < f. It can be shown by induction 


that, foreach p € Jandn > M, 


An+p| < BP? |a,|. In particular, forn > M+ 1 and 


CO 
peéeJvu {0}, nts < PB? |am+il|. Now, the series >» lav+i| fh? is convergent as 
p=1 
[e,@) [e,2) 
a geometric series with ratio less than one. Hence, >, aj= ya M+p 18 abso- 
j=M+1 p=l 


lutely convergent by comparison from which it follows that >°7°.9 ax is absolutely 
convergent. 


Suppose that the series }°72) ax is such that there exists a nonnegative 


Ak+1 


integer M for which k > M implies that > 1. Briefly justify that this yields 


divergence as a consequence of the n‘” term test. 
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Ak+1 


ak 
cerning the convergence or divergence of a Ak. 


Remark 4.5.24 Note that Ae = | leads to no conclusive information con- 
> 00 


Example 4.5.25 Use the Ratio Test to discuss the convergence of each of the fol- 


lowing: 
ire 
i —_—_—. 
a rd) 
1 | @k-+1 1 1 
For a4 = —w, |—| = |—(@-1)!| = - > Oasn > o~. Hence, 
(n—1)! n! n 
' Aak+1 ener 
lim sup |}——] = lim |——| < 1 and we conclude that the series is (abso- 
k> 00 ak kao] ak 


lutely) convergent from the ratio test. 


(o-@) n2 
2 — 
n=1 2” 
2 2 n 2 
n Ak+1 (n+1)° 2 1 1 1 
i eae. se ae “antl 52 = 35 eS Foe 
1 
n — oo. Thus, lim sup SE pay | EN ee 1 and we conclude 
k3>00 | ak k>00| ag 2 


that the given series is (absolutely) convergent. 


Theorem 4.5.26 (Root Test) For yi a, let a = limsups/lagl, 
k>0o 


(i) if0 <a <1, then San ag converges absolutely; 
(ii) ifa > 1, then °°? 9 ax diverges; and 


(iii) if a = 1, then no information concerning the convergence or divergence of 
Do a can be claimed. 


Proof. For pyran, ag, let a = lim supx/|a;]. If a < 1, there exists a real number 
ko 
f such that a < f < 1. Because a is a supremum of subsequential limits and 


a < Bp < 1, by Theorem 4.3.20, there exists a positive integer M such thatn > M 


[e.e) 
implies that ¥/|a,| < f31.e., |an| < #" foralln > M. Since >» B/ is convergent 
j=M+41 
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m+1 


as a geometric series (that sums to 7 ), we conclude that Dae |ax| converges; 


that is, >"?° 9 az converges absolutely. 
Briefly justify that a > 1 leads to divergence of "7°. ax as a consequence 
of the n“" term test. 


Finally, since a = limsup./|ax| = 1 for the p-series, we see that no 
conclusion can be drawn donceming the convergence of divergence of the given 
series. 

a 
[e.0) 

Example 4.5.27 Use the Root Test, to establish the convergence of 
n= 


—[" 
12” 
From Theorem 4.4.3(a) and (b), lim ./2n = 1. Hence, 

n—- Oo 


k k i) 
lim sup,/|—| = lim f2(—) = lim —— == <1 
£36 Qk k> 00 2k k>00 2 Zz 


from which we claim (absolute) convergence of the given series. 


Thus far our examples of applications of the Ratio and Root test have led us 
‘ ; a a : 
to exam sequences for which lim sup a = lim Pa or lim sup</Jax|_ = 
pasa ak k>oo|] ak k> 00 


anu x/\ax|. This relates back to the form of the tests that you should have seen with 
> 0o 


your first exposure to series tests, probably in frosh (or AP) calculus. Of course, the 
point of offering the more general statements of the tests is to allow us to study the 
absolute convergence of series for which appeal to the limit superior is necessary. 
The next two excursion are in the vein; the parts that are described seek to help you 
to develop more comfort with the objects that are examined in order to make use of 
the Ratio and Root tests. 
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Excursion 4.5.28 Forn € JU {0}, letaj = 


1. Find the first four terms of | arth 


| 
j=0 


aj 


oo 


2. Find the first four terms of | 4 la,|} ge 
j= 


as 
3. Find E, the set of subsequential limits of | ea 


i 
j=0 


aj 


oo 


4. Find E> the set of subsequential limits of {J \a; | 


j=l 


5. Find each of the following: 
CO 
aj+l 
j=0 


(a) lim sup | 
ee 


Jrw 
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| 
j=0 


(c) lim sup (lel, 


Jrw 


aj+l 
ay 


ye A®,2) 


(b) liminf | 


. . 7 oS 
(d) liminf { laj|} 
jrow j=l 


CO 
6. Discuss the convergence of > aj 


j=0 
25 16 125 
***Ror (1), we are looking at {5 Pos) aa while (2) is 
Did DA 2 
{3 ae 5° ae -++ 3 for (3), if cj = a , then the possible subsequential 
j 


limits are given by looking at {c2;} and {c2j-1} and E; = {0, co}; if in (4) we let 


3 


> 


dj = ¥/\a;|, then consideration of {d2;} and {dz;~1} leads to Ey = ea 5 


For (3) and (4), we conclude that the requested values are oo, 0, Se and —, re- 


spectively. For the discussion of (6), note that The Ratio Test yields no information 
because neither (a) nor (b) is satisfied; in the other hand, from (5c), we see that 


00 af 2, ' 
lim sup {J la il = —— < 1, from which we conclude that the given series 
jroo i=! 2 
is absolutely convergent. (As an aside, examination of {$2,} and {S$2,—1} corre- 
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CO 
sponding to Sia j even allows us to conclude that the sum of the given series is 
j=0 

4 rs 10 134 — 1687 
(ede 21 ~ 105 


Excursion 4.5.29 Forn ¢ JU {0}, leta; = 


: aj+l 
1. Find the first four terms of | —— 


| 
47 |) j=0 


2. Find the first four terms of | j \aj | 


Be 
3. Find E, the set of subsequential limits of | it 


| 
j=0 


aj 


oo 


4, Find E4 the set of subsequential limits of | J la;|} j=1 
j= 


5. Find each of the following: 
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. oe) 
(a) lim sup | ail 
jrow aj j=0 
; oe) 
(b) liminf | sa 
Jrow aj 720 


(c) lim sup (Wlel} 


Jrw 

. . . me 
(d) liminf ie laj|} 

Jrw j=l 


CO 
6. Discuss the convergence of > aj 


j=) 


3 (2)? 3 (2° 
***Response this time are: oF (5) 5 G) gone Le 


OF ONE PINAE ld, FINO. GAD 34 
2 (3) 3 > (5) = 5(3) =9y 3" = [55 


2 ’ 
(4) Eo = (5| where this comes from separate consideration of lim { ‘i |az j | 
jroo 
: Sash 3 4 2 2 ; : 
and lim { veh |a2 j-l |, (5) the values are ~, ~, ~ and -, respectively. Finally, 
jroo 29 3 3 
the Ratio Test fails to offer information concerning convergence, however, the Root 


| 


4.5. SERIES OF COMPLEX NUMBERS 169 


[e,2) 
Test yields that yy: j 1s absolutely convergent. (Again, if we choose to go back to 
j=l 
the definition, examination of the nth partial sums allows us to conclude that the 
series converges to 3.)*** 


Remark 4.5.30 Note that, if lim sup et 


k>00 ak 
test yields no information concerning the convergence of the series. 


> 1 for a series S°7°9 ax, the ratio 


4.5.2 Absolute Convergence and Cauchy Products 


When the terms in the generating sequence for a series are not all nonnegative reals, 
we pursue the possibility of different forms of convergence. 

The next result tells us that absolute convergence is a stronger condition than 
convergence 


Lemma 4.5.31 [f (ajh is a sequence of complex numbers and bani |a;| con- 
verges, then 0 aj converges and paar a i < Dr lajl. 

Proof. (if we were to restrict ourselves to real series) The following argument 
that is a very slight variation of the one offered by the author of our text applies only 
to series over the reals; it is followed by a general argument that applies to series of 


complex terms. Suppose {a j ee is a sequence of real numbers such that pa la;| 
converges and define 


Dj = Nee and wj = Hat 
Then vj — w; =a; while 0; + w; = |a;|. Furthermore, 
a; = Oimplies that vj =a; =|a;j| and w; =0 
while 
aj; <Oimplies that vj =Oand wj =—a; =|a/j|. 


Consequently, 0 < vp, < |a,| and 0 < up, < |a,| and, from the Comparison Test, it 


follows that 17°. vj and 5°42.) w; converge. By Lemma 4.5.12, >°7°.9 (vj — wj) 
converges. Finally, since 


— (vj + wj) < (vj — vj) < (Kj + Wj), 
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we see that 


-> oj +03) < > (o;-w,) < >" (0; +); 


j=l j=l j=l 


ie, — D3 lai] s Dia < DR laj|. Hence 0 < [ER aj] < Di lay] 
The following proof of the lemma in general makes use of the Cauchy Criteria 
for Convergence. 
Proof. Suppose that {a Ae is a sequence of complex numbers such that 
et |a;| converges and e > Q is given. Then there exists a positive integer M = 
M (e) such that (Vm) (Vn) (m,n > M => |Sm — Sn| < €) where Sm = D0’ lajl- 


In particular, for any p € J andn > M, pay laj|= pure la) < e. From 


the triangular inequality, it follows that pas 414 i < pan 41 lajl < € for any 
p €Jandn > M. Since ¢ > 0 was arbitrary, we conclude that i aj converges 


by the Cauchy Criteria for Convergence. 


Remark 4.5.32 A re-read of the comparison, root and ratio tests reveals that they 
are actually tests for absolute convergence. 


Absolute convergence offers the advantage of allowing us to treat the absolutely 
convergence series much as we do finite sums. We have already discussed the term 
by term sums and multiplying by a constant. There are two kinds of product that 
come to mind: The first is the one that generalizes what we do with the distributive 
law (multiplying term-by-term and collecting terms), the second just multiplies the 
terms with the matching subscripts. 


Definition 4.5.33 (The Cauchy Product) For >\j-9 aj and )\j~9 bj, set 
k 
Ch= S| ajbe—j for eachk € JU {0}. 
j=0 
Then pany C; is called the Cauchy product of the given series. 


Definition 4.5.34 (The Hadamard Product) For >(°.9 aj and D)7°.9bj, the se- 
ries 0 ajb; is called the Hadamard product of the given series. 
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The convergence of two given series does not automatically lead to the conver- 
gence of the Cauchy product. The example given in our text (pp 73-74) takes 


_ Cn 
APPL 
We will see in the next section that eo aj; converges (conditionally). On the 


1 
other hand, C, = yy a jbk—j = (-1) Dj=0 JVk&-7+DGFD) 


aj =bj 


is such that 


k 


2 2 
Cis YS Aen 
= Ley? ( rae) 


which does not go to zero as k goes to infinity. 
If one of the given series is absolutely convergent and the other is convergent 
we have better news to report. 


Theorem 4.5.35 (Mertens Theorem) For >°j°.9 aj and S\¥- bj, if (i) D204) 
converges absolutely, (ii) 0 aj = A, and 4 b; = B, then the Cauchy 
product of 0 a; and 0 bj; is convergent to AB. 


Proof. For 0 a; and 0 bj, let {Ay} and {By} be the respective se- 
quences of nth partial sums. Then 


n k 
Cr= ¥ (Yes) = aobo + (agby + abo) + +++ + (aobn + at bn—1 +++ + dnbo) 
k=0 \j=0 
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which can be rearranged—using commutativity, associativity and the distributive 
laws—to 


ao (bo + by +--+ + bp) +4) (bo +b) +--+ + bn-1) + +++ + anbo. 
Thus, 
Cn = an Bn + a1 Bn-1 +--+ +Gn-1Bi + an Bo. 
Since 0 b; = B, for Bn re, B — B, we have that im. fn = 0. Substitution in 
the previous equation yields that 
Cn = a0 (B+ Bn) +41 (B+ Bn-1) +++ + an-1 (B + fi) + Gn (B + fo) 
which simplifies to 
Cn = AnB + (aoBn + a1 Bn-1 + +++ + an-1f1 + ano) - 
Let 
Yn = 40Bn + a1 Bn—-1 + +++ + 4n—-1 81 + an Bo 
Because im. An — A, we will be done if we can show that im. yn = 0. In view 


of the absolute convergence of Das aj, we can set > 20 la | =a. . 

Suppose that ¢ > 0 is given. From the convergence of {/,,}, there exists a 
positive integer M such that n > M implies that |f,| < ¢. Forn > M, it follows 
that 


lynl = laoBn + 1 Bn—1 + +++ + 4Qn—m—1Ph M41 + Qn-m Bm + +++ + Gn—-1f1 + an Bol 


From the convergence of {f,} and 3°52.9 |a; 


, we have that 
laoBn + a1 Bn—1 +--+ + 4n—m-1fM +1 < €0 
while M being a fixed number and a, — 0 as k — ow yields that 
la@n-mbm +--+ +4n-1f1 + Qnfol > 0asn > oo. 


Hence, |y,| = 


ladon + a1 Bn—1 + +++ + an—m—1PM41 + Qn-u hu +--+ +4n—-1f1 + anfo| implies 


that lim sup |y,| < ea. Since ¢ > O was arbitrary, it follows that lim |y,| = 0 as 
no W202 
needed. mi 


The last theorem in this section asserts that if the Cauchy product of two given 
convergent series is known to converge and its limit must be the product of the 
limits of the given series. 
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Theorem 4.5.36 [f the series yje0 aj, je0 bj, and paren cj; are known to con- 
verge, 0 aj = A, 0 b; = B, and 0 cj; is the Cauchy product of 
pape a; and 0 bj, then m6 cj = AB. 


4.5.3. Hadamard Products and Series with Positive and Negative 
Terms 


Notice that i iG43y can be realized as several different Hadamard prod- 
JU 


1 
ucts; letting aj = —,b a Bives us 
J 


; = ——,,cj = —— andd; = 
; 7 G43 7 §G4+3) ey (pea) 
pe Gao) as the Hadamard product of >°;°., aj and 57°; b; as well as the 
IASG 
Hadamard product of 5°, c; and >“, d;. Note that only )°~, a; diverges. 
p j=l "J jal jal" 

The following theorem offers a useful tool for studying the nth partial sums for 

Hadamard products. 


Theorem 4.5.37 (Summation-by-Parts) Corresponding to the sequences {a a 
let 


[e.@) 
j=0 


n 
An = >a; forn € JU {0}, and A_; =0. 
j=0 


Then for the sequence {b ihe and nonnegative integers p and q such that 0 < 
PS 


q qa1 
> 4b; = DA; (bj — bj41) + Aghg — Ap-ibp 
J=p J=P 


Excursion 4.5.38 Fill in a proof for the claim. 
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As an immediate application of this formula, we can show that the Hadamard 
product of a series whose nth partial sums form a bounded sequence with a series 
that is generated from a monotonically decreasing sequence of nonnegative terms 
is convergent. 


Theorem 4.5.39 Suppose that the series > 0 aj; and bee bj; are such that 


CO 
(i) {dro a i} is a bounded sequence, 
(ii) {b ee is a monotonically decreasing sequence of nonnegative reals, and 


(iii) lim bj =0. 


ye ae,2) 
love) ‘ 
Then > j=0 4j0j is convergent. 


Proof. For eachn é€ J, let Ay = 220 a;. Then there exists a positive integer 
M such that |A,| < M for all n. Suppose that ¢ > 0 is given. Because {bi} is 
monotonically decreasing to zero, there exists a positive integer K for which bk < 
a Using summation-by-parts, for any integers p and q satisfying K < q < p,it 
follows that 
pias ajb)| = SS Aj (bj ~ bj+1) + Agbg — Ap-1bp| 
, Aj (bj - bix)| + |Agbg| + |Ap-1bp| 
= ae |Aj| (bj — bj+1) + |Ag| bq + |Ap-i| 2p 
< M Oe (bj a bj +1) 4 bg bp) 
= M((bp—bq)+bgt+bp) = 2Mbp 
< 2Mbx <é 
Since ¢ > O was arbitrary, we conclude that {io ajb ie is a Cauchy 


sequence of complex numbers. Therefore, it is convergent. & 

A nice application of this result, gives us an “easy to check” criteria for con- 
vergence of series that are generated by sequences with alternating positive and 
negative terms. 


Theorem 4.5.40 (Alternating Series Test) Suppose that the sequence {u ajay Cc 
R satisfies the following conditions: 
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(i) sgn (uj) = —sgn (uj+1) for each j € JU {0}, where sgn denotes “the sign 


of”: 
(ii) \uj4il < |uj| for every j; and 
(iii) limu; =0. 

ye ae,2) 


Then ba uj; is convergent. Furthermore, if the sum is denoted by S, then 
Sn < S < Sy41 for each n where {Sutras is the sequence of nth partial sums. 


The result is an immediate consequence of Theorem 4.5.39; it follows upon set- 
ting aj = (—1)/ and b j=|e rE As an illustration of how “a regrouping argument” 
can get us to the conclusion, we offer the following proof for your reading pleasure. 

Proof. Without loss in generality, we can take up > 0. Then u2441 < O and 
ux, > O fork =0,1,2,3,... Note that for eachn € JU {0}, 


Son = (Uo + 1) + (U2 +3) +++ + + Uan—2 + U2n-1) + Un 
which can be regrouped as 
San = Uo + (uy +2) + (U3 +4) +--+ + ani + Urn). 


The first arrangement justifies that {52,,}°° ) is monotonically increasing while the 
second yields that $2, < ug for each n. By Theorem 4.3.14, the sequence {Son}Po5 
is convergent. For lim Son = S, we have that So, < S for eachn. 

n> Co 


Since $o,—1 = Son — Urn, Son—1 > Son for eachn € J. On the other hand, 


Son = Sona Gob bon) < Sox =1- 


These inequalities combined with $2, > S2 = uy + U2, yield that the sequence 
{Son—-1}0— 4 is a monotonically decreasing sequence that is bounded below. Again, 
by Theorem 4.3.14, {San-1}70 4 is convergent. From (ii1), we deduce that $2,-1 > 
S also. We have that S2,-; > S because {Son-1} 7° is decreasing. Pulling this 
together, leads to the conclusion that {S,} converges to S where S < S; for k odd 


and S$ > S; when k is even. 


Remark 4.5.41 Combining the Alternating Series Test with Remark 4.5.5 leads to 
the quick observation that the alternating harmonic series >.>, cy is condition- 


ally convergent. 
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4.5.4 Discussing Convergence 


When asked to discuss the convergence of a given series, there is a system that we 
should keep in mind. Given the series °° 9 un: 


1. Check whether or not lim uy, = 0. If not, claim divergence by the kth term 
noo 


test; if yes, proceed to the next step. 


2. Check for absolute convergence by testing 77-4 |un|. Since S79 [unl is a 
series having nonnegative terms, we have several tests of convergence at our 
disposal—Comparison, Limit Comparison, Ratio, and Root-in addition to the 
possibility of recognizing the given series as directly related to a geometric 
or a p-series. Practice with the tests leads to a better ability to discern which 
test to use. If 5° 9 |un| converges, by any of the our tests, then we conclude 
that ee uy converges absolutely and we are done. If pa |un| diverges 
by either the Ratio Test or the Root Test, then we conclude that }°°° 9 un 
diverges and we are done. 


Sut aaa |u,,| diverges by either the Comparison Test or the Limit Comparison 
Test , then test }°° | u, for conditional convergence-using the Alternating 
Series Test if it applies. If the series involves nonreal complex terms, try 
checking the corresponding series of real and imaginary parts. 


Excursion 4.5.42 Discuss the Convergence of each of the following: 


oo 32-1 


1. —— 
2 
in +] 
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ioe) 


cos(na) 
a a 


n=1 


***The ratio test leads to the divergence of the first one. The second one is abso- 
lutely convergent by the root test. The third one diverges due to failure to pass the 
kth term test. The behavior of the fourth one depends on a: it diverges for |a| < 1 
and converges for |a| > 1 from the ratio test. Finally the last one converges by 
comparison.*** 


4.5.5 Rearrangements of Series 


: _< : 1-1 oh eee 
Given any series ea j and a function f : JU{O} — JU {0}, the series ea fi) 


j=o j=o 


[e.2) 
is a rearrangement of the original series. Given a series > aj; and a rearrange- 


j=o 
oe) 


ment Sia f(j)» the corresponding sequence of nth partial sums may be completely 
=0 

different There is no reason to expect that they would have the same limit. The 

commutative law that works so well for finite sums tells us nothing about what may 

happen with infinite series. It turns out that if the original series is absolutely con- 

vergent, then all rearrangements are convergent to the same limit. In the last section 

of Chapter 3 in our text, it is shown that the situation is shockingly different for 
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conditionally convergent real series. We will state the result that is proved on pages 
76-77 or our text. 


oo 


Theorem 4.5.43 Let Sia j be a real series that converges conditionally. Then for 
j=0 
any elements in the extended real number system such that —oO < a < BP < +c, 
CO 
there exists a rearrangement of the given series Sia f(j) Such that 
j=0 
n n 
liminf >» ay(j) =a and lim su ar(j) = B. 
im in 2 fr) Be LO aa 
i= j=0 
CO 
Theorem 4.5.44 Let Sia j be a series of complex numbers that converges abso- 
j=0 
CO 
lutely. Then every rearrangement of Sia j converges and each rearrangement con- 
j=0 


verges to the same limit. 


4.6 Problem Set D 


1. Use the definition to prove each of the following claims. Your arguments 
must be well written and make use of appropriate approaches to proof. 


if = 
ay 35 
ang seni: 
G) tiny SE eo, 
n+3 


n> Ooo 
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2. Find the limits, if they exist, of the following sequences in R*. Show enough 
work to justify your conclusions. 


(a) (ee 
n n =] 
iby (24.7 2n? eee 
(-1)"n?+5 14+3n\)~ 
© (a a 


(HF 
ot nu n=1 


cosnz sin(na + (x/2))\)* 
o (Ce nese) 
n=1 


n 


3. Suppose that {x,}°° , converges to x in Euclidean k-space. Show that A = 
{x, :n € J} U {x} 1s closed. 


n?sin (=) + 3n 
4. For j,n € J, let fj (2) = ——-.—_ 


4j2n2+2jn+1 
sequence in R>, showing enough work to carefully justify your conclusions: 


(fiir), 2M), BM), far), fs). 


5. Find the limit superior and the limit inferior for each of the following se- 
quences. 


. Find the limit of the following 


(a) {n cos Ze 


se 


1+ cos — 
Oey 
n=l 
1 nn 
(c) Es + (- 1)" cos — + sin — 
n=1 


CO 
2” 4 2 
CO 
(d) a(- 1)" (1+ =)+ scum] 
n=1 
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10. 


11. 
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. If {an}72 is a bounded sequence of complex numbers and {by }?-9 is a se- 


quence of complex numbers that converges to 0, prove that lim a,b, = 0. 
n> oo 


. If {an }72o is a sequence of real numbers with the property that |a, — dn4i] < 


BH for each n € JU {0}, prove that {an} 9 converges. 


. If {an}7-9 is a monotonically increasing sequence such that an41 — dn < = 


for each n € JU {0}, must {a,}°° ) converge? Carefully justify your response. 


. Discuss the convergence of each of the following. If the given series is con- 


vergence and it is possible to find the sum, do so. 


aA | 
2 is 


Prove the Limit Comparison Test. 


Suppose that {a,}°° 9 and {bn}?°.9 are such that a, > 0, by > 0 for each 


(oe) (oe) 
n < JU{0}, and lim a, (b,)~| = L > 0. Then either }°a, and }°b, both 


n=1 n=1 
converge or both diverge. 
1 3 
[Hint: For sufficiently large n, justify that 5b < 7 = 54 
n 


Suppose that a, > 0 for eachn € JU {0}. 
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CO [o) CO 
(a) If ya converges and b, = Sian. prove that » (/bn — VPn41) 
k=n 


n=1 n=1 
converges. 
(b) If Sa diverges and S, = an prove that SVS Sn+1 — V Sn) di- 
1 k=1 n=1 
verges. 


12. For each of the following use our tests for convergence to check for absolute 
convergence and, when needed, conditional convergence. 


2 a3" 
(a) =e ya 


: (F — =) 
oo Nsin 35 
yy 


n2+1 
n=1 


(c) x (W/2n ws 1) 
n=1 


4 


CO . n 
@) ev (n +1)! 
[o) 1 —n 
(e) 2 (zn)) (: =F *) 
(ia 
(f) ue 
(—-1)"+1)\ /14+2i\" (S17 1) /2\" 
o (SYS) (S40) 


= 1-3-5---(2n—1)\? 
13. Justify that > (-1)"*! ("Ee ) is absolutely convergent for 
a 2-4-6---(2n) 


p > 2, conditionally convergent for 0 < p < 2, and divergent for p < 0. 


2 


14. Let £2 be the collection of infinite sequences {x,}°° , of reals such that Sx 


n=1 
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CO 
converges and define d (x, y) = po (xn — Yn)* for each x = [ele ie oS 
n=1 


{yn}po, € €2. Show that (2, d) is a metric space. 


15. A sequence {x,}°° , of reals is bounded if and only if there is a number m 
such that |x,| < m for each n e€ J. Let M denote the collection of all 
bounded sequences, and defined d (x, y) = sup |x, — y,|. Show that (M, d) 


neJ 
is a metric space. 


16. Let B be the collection of all absolutely convergent series and define d (x, y) = 
[e.2) 


|Xn — Yn|. Show that (B, d) is a metric space. 


n=1 


Chapter 5 


Functions on Metric Spaces and 
Continuity 


When we studied real-valued functions of a real variable in calculus, the techniques 
and theory built on properties of continuity, differentiability, and integrability. All 
of these concepts are defined using the precise idea of a limit. In this chapter, 
we want to look at functions on metric spaces. In particular, we want to see how 
mapping metric spaces to metric spaces relates to properties of subsets of the metric 
spaces. 


5.1 Limits of Functions 


Recall the definitions of limit and continuity of real-valued functions of a real vari- 
able. 


Definition 5.1.1 Suppose that f is a real-valued function of a real variable, p € R, 
and there is an interval I containing p which, except possibly for p is in the domain 
of f. Then the limit of f as x approaches p is L if and only if 


(Ve) (e > 03 Gd =d(e)) (6 > 0A (Vx) 0 < |x — pl <d S If @)—LI <8))). 


In this case, we write lim f (x) = L which is read as “the limit of f of x as x 
xp 


approaches p is equal to L.” 


Definition 5.1.2 Suppose that f is a real-valued function of a real variable and 
p €dom(f). Then f is continuous at p if and only if lim f(x) =f (Pp). 
xp 
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These are more or less the way limit of a function and continuity of a function 
at a point were defined at the time of your first encounter with them. With our new 
terminology, we can relax some of what goes into the definition of limit. Instead of 
going for an interval (with possibly a point missing), we can specify that the point 
p be a limit point of the domain of f and then insert that we are only looking at the 
real numbers that are both in the domain of the function and in the open interval. 
This leads us to the following variation. 


Definition 5.1.3 Suppose that f is a real-valued function of a real variable, 
dom(f) = A, and p € A’ (i.e., p is a limit point of the domain of f ). Then the 
limit of f as x approaches p is L if and only if 
(Ve) (e > 0 => Gd = de) > 0) 
[ (vx) x EAAN <|x—-—p| <d>/(f(x%)-LI <e)]) 


Example 5.1.4 Use the definition to prove that es (2x? + 4x + 1) =/31. 
x7 


Before we offer a proof, we'll illustrate some “expanded "scratch work that 
leads to the information needed in order to offer a proof. We want to show that, 
corresponding to each ¢ > 0 we can find a 6 > 0 such that 0 < |x —3| <6 > 
axe + 4x + 1) — 31| < é. The easiest way to do this is to come up with a 6 that 
is a function of €. Note that 


(2x? +4x +1) — 31 = [2x7 + 4x — 30 99-23) 4-5), 


The |x — 3| is good news because it is ours to make as small as we choose. But if 
we restrict |x — 3| there is a corresponding restriction on |x + 5]; to take care of 
this part we will put a cap on 6 which will lead to simpler expressions. Suppose that 
we place a |" restriction on 6 of requiring that 6 < 1. If 6 < 1, thenO < |x — 3] < 
6< 15 |x+5| =| —3)4+ 8] < |x —3] +8 < 9. Now 


(2x7 +4x +1) - 31] = 21x —3l lx +5 29-620 4 


whenever 0 < a To get both bounds to be in effect we will take 6 = max {1, =I. 


This concludes that “expanded ” scratch work. 
Proof. For ¢ > 0, let 6 = max {1, at Then 


0<|x-3) <d<15 |x+5| =|I@ —3)4+8| < |x —3]/+8 <9 
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and 
(2x? +4x +1) — 31] = 2-3) [x +5] < 2-0-9 < 18S =e, 


Since ¢ > 0 was arbitrary, we conclude that, for every € > 0, there exists a 6 = 
min {1, =} > 0, such that 0 < |x —3| < 6 = |(2x?+4x +1) —31| < @ ie, 
lim (2x7-+4x+1)=31. m 

x3 


Excursion 5.1.5 Use the definition to prove that _ (a7 + 5x) =, 
x7 


Space for scratch work. 


A Proof. 


***For this one, the 6 that you define will depend on the nature of the first restriction 
that you placed on 6 in order to obtain a nice upper bound on |x + 6]; if you chose 


6 < 1 as your first restriction, then 6 = min {1, Al would have been what worked 
in the proof that was offered.*** 


You want to be careful not to blindly take 6 < 1 as the first restriction. For 


; ; 1 
example, if you are looking at the greatest integer function as x > 5 you would 
Is 
need to make sure that 6 never exceeded 5 in order to stay away from the nearest 
“Jumps”; if you have a rational function for which 5 is a zero of the denominator 


1 1 
and you are looking at the limit as x > 7 then you couldn’t let 6 be as great at i 
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1 ee 
so you might try taking 6 < A as a first restriction. Our next example takes such a 
consideration into account. 


2 
a) 
Example 5.1.6 Use the definition to prove that lim sani =— 
x>-12x4+1 
Space for scratch work. 
. fl 2e 1 
Proof. For ¢ > 0, let 6 = min 4351 From) < |x +1] <d< 7 we have 
that 
ik 25 
Ix +7|=|a+1)+6| <|x+1/4+6 St ae 
and 
peo eee Ae | eee eee 2(! : 
— _ = —_ — — > a =-, 
" rio ‘i 7 aa 9 4) ~ 2 
Furthermore, 


25 
wa Ix + 1]|x+7| 2 (3) * 


x7 43 
(G7) - 4] ~ 


2x +1 |2x + 1| uN 
2 
25 25 2¢é 
ee eens 
2, = 2 “25 


1 2e 
Since € > O was arbitrary, for every € > O there exists ad = min F =| > 


4°25 
2 
3 
(such nO el eames Hae a 
2x +1 


< ¢€; that is, 


x43 = 


lim —-—4. 8 
x>-12x4+1 
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In Euclidean R space, the metric is realized as the absolute value of the differ- 
ence. Letting d denote this metric allows us to restate the definition of lim f (x) = 
xp 


Las 


(Ve) (¢ > 0 => G6 = 6(e) > 0) 
[(vx) (x € AAO <d (x, p) £05 d (Ff (x)sE) < e)]). 


Of course, at this point we haven’t gained much; this form doesn’t look particu- 
larly better than the one with which we started. On the other hand, it gets us nearer 
to where we want to go which is to the limit of a function that is from one metric 
space to another-neither of which is R!. As a first step, let’s look at the definition 
when the function is from an arbitrary metric space into R!. Again we let d denote 
the Euclidean 1—metric. 


Definition 5.1.7 Suppose that A is a subset of a metric space (S,ds) and that f is 
a function with domain A and range contained in R'; i.e, f : A > R'. then “f 
tends to L as x tends to p through points of A” if and only if 


(i) p is alimit point of A, and 


(ii) (Ve > 0) (Ad = 6 (2) > 0) (Vx) (x EC AAO < ds (x, p) < 0 
= d(f (x),L) <é«)). 


In this case, we write f(x) ~ Lasx > p forx € A, or f(x) ~ Las 
x p, or 


lim f(x) = L. 
xp 


xEA 


Example 5.1.8 Let f :C > R be given by f (z) = Re (z). Prove that 


lim f(z) =3. 
eeaat 


Space for scratch work. 
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For this one, we will make use of the fact that for any complex number ¢, 


Re (©)| < Ic. 


Proof. For ¢ > 0, let6 = ¢. Then0 < |z — (3 +1)| < 6 =€ implies that 
lf (z) — 3| = [Re (z) — 3] = [Rez —-G +i) < lz -GtdI <e. 


Since ¢ > 0 was arbitrary, we conclude that tim Sf@)=3. = 
Z341 


zeC 


Remark 5.1.9 Notice that, in the definition of lim f(x) = L, there is neither a 
Xp 


xeEA 
requirement that f be defined at p nor an expectation that p be an element of A. 


Also, while it isn’t indicated, the 6 > 0 that is sought may be dependent on p. 


Finally we want to make the transition to functions from one arbitrary metric 
space to another. 


Definition 5.1.10 Suppose that A is a subset of a metric space (S,ds) and that f 
is a function with domain A and range contained in a metric space (X, dx), i.e., 
f:A—- X. Then “f tends to L as x tends to p through points of A” if and only 


if 
(i) p is alimit point of A, and 


(ii) (Ve > 0) (6 = 6 (e) > 0) (Vx) (x E AAO < ds (x, p) < 0 
= dx (f (x), L) <«)). 


In this case, we write f(x) > Lasx > p forx € A, or f(x) ~ Las 
x p, or 


lim f(x) = L. 
xp 


xEA 
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Example 5.1.11 For p € R', let f(p) = (2p + 1, p?). Then f : R' —> R’. Use 

the definition of limit to from that Hoy f(p) = GB, 1) with respect to the Euclidean 
p> 


metrics on each space. 
Space for scratch work. 


é 
Proof. For ¢ > 0, let 6 = min ;1, —=f. Then0 < dp(p,1) =|p-—1l < 
‘ | 7 


oO < 1 implies that 


Ip+1l=l(p-—1)4+2] < |p—-—114+2 <3 


V4+ (pt? < V449 = VIB. 


Hence, for0 < dp (p,1)=|p—1| <6, 


and 


dpe (f (p), B,1)) = ¥ (2p + 1) — 3)? + (p? - i); 


=|p—1|V¥4+ (p41) <6-V13 <«. 


Since ¢ > 0 was arbitrary, we conclude that _ (2p +1, p?)=@G,1). = 
p> 


Remark 5.1.12 With few exceptions our limit theorems for functions of real-valued 
functions of a real variable that involved basic combinations of functions have di- 
rect, straightforward analogs to functions on an arbitrary metric spaces. Things 
can get more difficult when we try for generalizations of results that involved com- 
paring function values. For the next couple of excursions, you are just being asked 
to practice translating results from one setting to our new one. 


Excursion 5.1.13 Let A be a subset of a metric space S and suppose that f : A > 
R! is given. If 


f 7 Las p- poinAand f > Masp- poindA 
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prove that L = M. After reading the following proof for the case of real-valued 
functions of a real variable, use the space provided to write a proof for the new 
setting. 


Proof. We want to prove that, if f > Lasx — aand f ~ M asx — a, then 
L=M. ForL 4 M, lete = 5 -|L — M|. By the definition of limit, there exists 
positive numbers 6; and 62 such that 0 < |x —a| < 6; implies | f(x) — L| < € 
and 0 < |x —a| < 6» implies |f(x) — M| < €. Choose xo € R such that 
0 < |xo — al < min{0o), 62}. Then |L — M| < |L — f(xo)| +|M — f (xo) < 2e 
which contradicts the trichotomy law. ™ 


Excursion 5.1.14 Let f and g be real-valued functions with domain A, a subset of 
a metric space (S,d). If lim f(p) = Land lim g(p) = M, then 
P~ Po P~ Po 


peA peA 
lim (f +g)(p) =L+M. 
Pp? PO 
pe 


After reading the following proof for the case of real-valued functions of a real 
variable, use the space provided to write a proof for the new Setting. 


Proof. We want to show that, if lim f(x) = L and lim g(x) = M, then 
x a x a 
lim (f+g)(x) = L+M. Let € > 0 be given. Then there exists positive numbers 6; 
xa 


and 62 such that 0 < |x — a] < 6; implies | f(x) — L| < €/2 andO < |x —al| < &) 
implies |g(x) — M| < €/2. For 6 = min{0;, 62}, 0 < |x —a| < 6 implies that 
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(f+8)@)-(+M)| <If@)-Ll+|lg@)-M]<e. @ 


Theorem 4.1.17 gave us a characterization of limit points in terms of limits of 
sequences. This leads nicely to a characterization of limits of functions in terms of 
behavior on convergent sequences. 


Theorem 5.1.15 (Sequences Characterization for Limits of Functions) Suppose 
that (X, dx) and (Y, dy) are metric spaces, E C X, f : E — Y and pis a limit 
point of E. Then lim f(x) = q if and only if 

xp 


xeE 


(¥ (Pn) [({Pn} CEA (Wn) (Pn # PA lim pn = p) => lim f (Pn) =a]. 


Excursion 5.1.16 Fill in what is missing in order to complete the following proof 
of the theorem. 


Proof. Let X, Y, E, f, and p be as described in the introduction to Theorem 
5.1.15. Suppose that lim f(x) = q. Since p is a limit point of E, by Theorem 
xp 
xeEE 
, there exists a sequence {p,} of elements in E such that p, 4 p for all 
(1) 
neé J, and . For ¢ > 0, because lim f (x) = q, there 
ee ee x Pp 
(2) xeE 
exists 6 > O such that 0 < dy (x, p) < 6 and x € E implies that 
(3) 
From lim py, = p and py, ¥ p, we also know that there exists a positive integer M 
n> oco 
such that n > M implies that . Thus, it follows that 
(4) 
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dy (f (Pn), g) < € for alln > M. Since ¢ > O was arbitrary, we conclude that 
lim tf (Pn) = G. Finally, because {p,,} C E was arbitrary, we have that 
n—- Co 


(V {Pn}) ( ) = lim fn) = | , 
(5) ‘ 


We will give a proof by contrapositive of the converse. Suppose that lim f(x) 4 q. 
xp 


xek 


Then there exists a positive real number ¢ such that corresponding to each posi- 
tive real number o there is a point x3 € E for which 0 < dy (x5, p) < 6 and 


dy (f (%s),q) > €. In particular, for eachn e€ J, corresponding to — there is a point 


n 
Pn € E such that and dy (f (Pn), 9) = €. Hence, lim F (pa) 4 E: 
a n> Co 
(6) 
Thus, there exists a sequence {p,} C E such that lim Pn = p and ; 
n> Co —— wae = 


(7) 
1.€., 


tpn) | (tpn) CEA (Wn) (Pn # p) A lim pn =p) A lim f (Pn) #4] 


which is equivalent to 
= (7 {pn}) | ({on} CEA (Wn) (Pn # p) A lim pn =p) > lim f(pn) =a]. 


Therefore, we have shown that lim f(x) 4 q implies that 
x7 p 


xeEk 


= {pn}) | ({Pn} C EA (Wn) (Pn # p) A lim pn =p) => lim f(pn) =a]. 


Since the is logically equivalent to 
(8) 
the converse, this concludes the proof. 
*** Acceptable responses are: (1) 4.1.17,(2) lim Pn = p, (3) dy (f (*),q) <é, 
n 


(4) 0 < dx (Pn, Pp) < 9, (5) {Pn} C EA Wn) (Pn # p) A lim Pn = p, (6) 
1 

0 < dy (Pn, p) < —. (7) lim f (Pn) # q, (8) contrapositive.*** 
n n 


The following result is an immediate consequence of the theorem and Lemma 
4.1.7. 
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Corollary 5.1.17 Limits of functions on metric spaces are unique. 


Remark 5.1.18 Jn view of Theorem 5.1.15, functions from metric spaces into sub- 
sets of the complex numbers will satisfy the “limits of combinations” properties of 
sequences of complex numbers that were given in Theorem 4.3.2. For completeness, 
we State it as a separate theorem. 


Theorem 5.1.19 Suppose that (X, dx) is a metric space, E C X, p is a limit point 
of E, ff: Ea Gg:E—-C Iliim f(x) =A, and lim g(x) = B. Then 
xp xp 
xeE xeE 
(a) lim (f+g)(*)=A+B 
xp 
xeE 
(b) lim (fg) (x) = AB 
xp 


xeE 


er A 
(c) lim —(x) = — whenever B £ 0. 
eee oe 
While these statements are an immediate consequence of Theorem 4.3.2 and 
Theorem 5.1.15 completing the following excursions can help you to learn the ap- 


proaches to proof. Each proof offered is independent of Theorems 4.3.2 and Theo- 
rem 5.1.15. 


Excursion 5.1.20 Fill in what is missing to complete a proof of Theorem 5.1.19(a). 


Proof. Suppose ¢ > 0 is given. Because lim f(x) = A, there exists a positive 
xp 


xeE 


real 6, such that x € E and 0 < dy (x, p) < 6; implies that | f (x) — A| < - 


Since , there exists a positive real number 6 such that x € FE and 
(1) 
0 < dy (x, p) < & implies that |g (x) — B| < _ Let 6 = it 
(2) 
follows from the triangular inequality that, if x €¢ E and 0 < dy (x, p) < 0, then 


(f (%) — A) + ( _) 
(3) 
< 


(4) cou 


I(f + 8) (x) — (A + B)| 


lA 
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Since ¢ > 0 was arbitrary, we conclude that lim (f +g) (x) =A+ B as claimed. 
xp 


xeE 


= 
*** Acceptable responses are: (1) lim g(x) = B, (2) min {61, dy}, (3) (g (x) — B), 
xp 


(4) Lf @) — Al + lg (x) — BI, G) e*** 


Excursion 5.1.21 Fill in what is missing to complete a proof of Theorem 5.1.19(b). 


Proof. Because lim f(x) = A, there exist a positive real number 6; such that 
xp 


xeE 
x € Eand0 < dx (x, p) < 6; implies that | f (x) — A| < 1; 1e., | f (x)|—|A| < 1. 
Hence, | f (x)| < 1+ |A| for all x € E such that 0 < dy (x, p) < oj. 


Suppose that ¢ > 0 is given. If B = 0, then lim g(x) = 0 yields the 
x>p 


xeE 
existence of a positive real number 67 such that x € E and 0 < dx (x, p) < 
implies that 


é 
1+ ]Al 


Ig @)I < 


Then for 6* = , we have that 
(1) 


(fs) OL=IF Dlg @O1 < A+ IA): 
(2) 


Hence, lim (fg) (x) = AB = 0. Next we suppose that B 4 0. Then there exists a 
xX p 


xeE 


positive real numbers 63 and 64 for which | f (x) — Al] < 5 a and |g (x) — B| < 
€ 

———— wh 0 < dy (x, 63 and 0 < dy (x, p) < 04, tively, f 

20 +IAN whenever 0 < dx (x, p) < 63 an x (x, p) 4, respectively, for 


x € E. Now let 6 = min {61, 63, 64}. It follows that if x € E and 0 < dx (x, p) < 
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o, then 


(fg) (x) — AB| = |f &)g@)—- + —AB 
(3) (4) 


< If @l lg @)— Bl+ 


< (1 +IAD Ig @&) — BI + |B] 


= = : 
(7) (8) 


Again, since ¢ > 0 was arbitrary, we conclude that lim (fg) (x) = AB as 
xp 


xeE 


needed. m 
** Acceptable responses include: (1) min {01,62}, (2) e (1+ |Al)7!, (G) f (x) B, 


(4) f (x) B, (5) [BI Lf (@&) — Al, © Lf (x) — Al. (7) (1 + JAD) ES VL aT 
(8) 628 


Excursion 5.1.22 Fill in what is missing to complete a proof of Theorem 5.1.19(c). 


Proof. In view of Theorem 5.1.19(b), it will suffice to prove that, under the 


1 
given hypotheses, lim = —. First, we will show that, for B 4 0, the modulus 
x>pg(x) B 


xeE 


of g is bounded away from zero. Since |B| > 0 and lim g(x) = B, there exists 
xp 


xek 


a positive real number 6; > 0 such that x € E and implies that 
2 (1) 
lg (x) -— BI < = It follows from the (other) that, 


(2) 
ifx € E andO < dx (x, p) < oj, then 


lg (x)| = I(g (x) — B) + Bl = |lg (x) — Bl 
[BI 
a 
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2 
|B| 


Suppose that ¢ > 0 is given. Then : > 0 and lim g(x) = B yields the 
x>p 


xeE 
2 
existence of a positive real number 62 such that |g (x) — B| < [BI whenever 
x € EandO < dx(x,p) < o. Let 6d = min {6d,, 02}. Then for x € E and 
0 < dx (x, p) < dwe have that 


| 1 >| ee 
g(x) B IBIlg@)| —~3s (4) 


Since ¢ > 0 was arbitrary, we conclude that 
(5) 


1 
Finally, letting h (x) = ——., by Theorem ; 


8 (x) © 
se 2 oe _ 
lim ~~ (x) = lim f (x) = 
ee “eR (7) (8) 


| 
**%* A cceptable responses are: (1) 0 < dx (x, p) < 61, (2) triangular inequality (3) 


D 
GAN x (4) e (5) lim =e = a (6) 5.1.19(b), (7) h (x), (8) A - | ses 
2 1B (3) ae os (x) B B 

2 


From Lemma 4.3.1, it follows that the limit of the sum and the limit of the prod- 
uct parts of Theorem 5.1.19 carry over to the sum and inner product of functions 
from metric spaces to Euclidean k — space. 


Theorem 5.1.23 Suppose that X is a metric space, E C X, p isa limit point of E, 
f: E — Rg: E — R* lim f(x) =A, and lim g(x) = B. Then 

xp xp 

xeE xeE 


(a) HA Ee Aer and 


xeE 


(b) lim fog) (x) =AeB 


xeE 


In the set-up of Theorem 5.1.23, note thatf+g :E —> R* whilefeg: E —> R. 
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5.2 Continuous Functions on Metric Spaces 


Recall that in the case of real-valued functions of a real variable getting from the 
general idea of a functions having limits to being continuous simply added the prop- 
erty that the values approached are actually the values that are achieved. There is 
nothing about that transition that was tied to the properties of the reals. Conse- 
quently, the definition of continuous functions on arbitrary metric spaces should 
come as no surprise. On the other hand, an extra adjustment is needed to allow 
for the fact that we can consider functions defined at isolated points of subsets of 
metric spaces. 


Definition 5.2.1 Suppose that (X, dx) and (Y, dy) are metric spaces, E C X, f : 
E — Y and pé€ E. Then f is continuous at p if and only if 


(Ve > 0) Gd = 6 (e) > 0) [(vx) & € E Adx (x, p) < 0) => dy (f (x), f (p)) <e]. 


Theorem 5.2.2 Suppose that (X,dx) and (Y, dy) are metric spaces, E Cc X, f : 
E — Y and p € E and p is a limit point of E. Then f is continuous at p if and 
only y Eg) = f (P) 


xeE 


Definition 5.2.3. Suppose that (X, dx) and (Y, dy) are metric spaces, E C X and 
f :E — Y. Then f is continuous on E if and only if f is continuous at each 
pee. 


Remark 5.2.4 The property that was added in order to get the characterization 
that is given in Theorem 5.2.2 was the need for the point to be a limit point. The 
definition of continuity at a point is satisfied for isolated points of E because each 
isolated point p has the property that there is a neighborhood of p, N5« (p), for 
which EN 5 (p) = {p}; since p € dom (f) and dx (p, p) = dy (f (p), f (pP)) = 
0, we automatically have that (Vx) (x € E Adx (x, p) < 6= dy (f (x), f (p)) < 
é for any € > O and any positive real number 6 such that 6 < 0”. 


Remark 5.2.5 /t follows immediately from our limit theorems concerning the al- 
gebraic manipulations of functions for which the limits exist, the all real-valued 
polynomials in k real variables are continuous in R*. 


Remark 5.2.6 Because f (1) = (3,1) for the f (p) = ((2p +1, p’)) DR! => 
IR? that was given in Example 5.1.11, our work for the example allows us to claim 
that f is continuous at p = 1. 
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Theorem 5.1.15 is not practical for use to show that a specific function is contin- 
uous; it is a useful tool for proving some general results about continuous functions 
on metric spaces and can be a nice way to show that a given function is not contin- 
uous. 


Example 5.2.7 Prove that the function f : R x R — R given by f ((x, y)) = 


xy 
ace © for (x, y) € (0, 0) 
y is not continuous at (0, 0). 
0 » JOre=yao 


| ae | 
Let Pn = (- “) Then {pn}r~_, converges to (0,0), but 


jim, f (Pn) = lim Sy = lim. 5 = +00 #0. 
(7) *(7) 
n n 
Hence, by the Sequences Characterization for Limits of Functions, we conclude 


that the given f is not continuous at (0, 0). 


Example 5.2.8 Use the definition to prove that f : R x R — R given by 


2 
>, . for(x.y) # 0,0) 
f(@y)y=t TY is continuous at (0, 0). 


0 ,. forx=y=0 
We need to show that lim _ ff ((x, y)) = 0. Because the function is defined 
(x,y) 0,0) 


in two parts, it is necessary to appeal to the definition. For ¢ > 0, let 6 = ¢. Then 


0 < drxr (x, y), (0,0)) = (x? +y? <d=e 


implies that 


xy 


I) -U=| a5 


ga) +y*) ly 5 
a | 2 
age = = |y| x?+y? <e, 


saris € > 0 was arbitrary, we conclude that 


f (x, y)) =0 = f ((0,0)). Hence, f is continuous at (0, 0). 
(x, oe *(0, 0) 
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It follows from the definition and Theorem 5.1.19 that continuity is transmitted 
to sums, products, and quotients when the ranges of our functions are subsets of 
the complex field. For completeness, the general result is stated in the following 
theorem. 


Theorem 5.2.9 If f and g are complex valued functions that are continuous on 
a metric space X, then f + g and fg are continuous on X. Furthermore, f is 

&§ 
continuous on X —{p € X:g(p) =O}. 


From Lemma 4.3.1, it follows immediately that functions from arbitrary metric 
spaces to Euclidean k-space are continuous if and only if they are continuous by 
coordinate. Furthermore, Theorem 5.1.23 tells us that continuity is transmitted to 
sums and inner products. 


Theorem 5.2.10 (a) Let fi, fo, ..., fy be real valued functions on a metric space 
X, and F : X —> R* be defined by F (x) = (fi (x), fo (X), 5 fe (X)). 
Then ¥ is continuous if and only if f; is continuous for each j,1 < j < k. 


(b) If £ and g are continuous functions from a metric space X into R*, then f+ g 
and f e g are continuous on X. 


The other combination of functions that we wish to examine on arbitrary metric 
spaces is that of composition. If X, Y, and Z are metric spaces, E C X, f: E — 
Y, and g : f (FE) — Z, then the composition of f and g, denoted by g o f, is 
defined by g (f (x)) for each x € E. The following theorem tells us that continuity 
is transmitted through composition. 


Theorem 5.2.11 Suppose that X, Y, and Z are metric spaces, E C X, f : E — 
Y, and g: f (E) — Z. If f is continuous at p € E and g is continuous at f (p), 
then the composition g o f is continuous at p € E. 


Space for scratch work. 


Proof. Suppose that (X, dx), (Y, dy), and (Z, dz) are metric spaces, E C X, 
f:E— Y,¢: f(E) — Z, f is continuous at p € E, and g is contin- 
uous at f (p). Let ¢ > 0 be given. Since g is continuous at f (p), there exists 
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a positive real number 6; such that dz (g (vy), g (f (p))) < « for any y € f (E£) 
such that dy (y, f (p)) < 6,. From f being continuous at p € E and 0, be- 
ing a positive real number, we deduce the existence of another positive real num- 
ber 6 such that x € E and dy (x, p) < 6 implies that dy (f (x), f (p)) < 61. 
Substituting f (x) for y, we have that x € E and dy (x, p) < 6 implies that 
dy (f (x), f (p)) < 6, which further implies that dz (g (f (x)), g Vf (~))) < «. 
That is, dz ((g 0 f) (x), (g 0 f) (p)) < ¢ for any x € E for which dy (x, p) < 0. 
Therefore, g o f is continuous at p. @ 


Remark 5.2.12 The “with respect to a set” distinction can be an important one to 
1, for x rational 

note. For example, the function f(x) = is continuous 
QO , for x irrational 

with respect to the rationals and it is continuous with respect to the irrationals. 

However, it is not continuous on R'. 


5.2.1 A Characterization of Continuity 


Because continuity is defined in terms of proximity, it can be helpful to rewrite the 
definition in terms of neighborhoods. Recall that, for (X, dx), p € X, and 6 > 0, 


No (p) = {x € X i dx (x, p) < dO}. 
For a metric space (Y, dy), f : X —> Y ande > 0, 


Nz (f (p)) = ty € ¥ : dy (y, f (p)) < é}. 
Hence, for metric spaces (X, dx) and (Y,dy), EC X, f: E— Yandpe bE, f 
is continuous at p if and only if 


(Ve > 0) G6 = 6(¢) > 0)[f (No (P) NE) C Ne (Ff (v))]. 


Because neighborhoods are used to define open sets, the neighborhood formu- 
lation for the definition of continuity of a function points us in the direction of the 
following theorem. 
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Theorem 5.2.13 (Open Set Characterization of Continuous Functions) Let f be 
a mapping on a metric space (X, dx) into a metric space (Y, dy). Then f is con- 
tinuous on X if and only if for every open set V in Y, the set f~'(V) is open in 
X. 


Space for scratch work. 


Excursion 5.2.14 Fill in what is missing in order to complete the following proof 
of the theorem. 


Proof. Let f be a mapping from a metric space (X, dx) into a metric space 
(Y, dy). 
Suppose that f is continuous on X, V is an open set in Y, and po € 
f7'(V). Since V is open and f (po) € V, we can choose ¢ > 0 such that 
N.-(f (po)) C V from which it follows that 


ex 7). 
(1) 


Because f is continuous at po € X, corresponding to ¢ > 0, there exists ad > 0, 
such that f (Ns (po)) C Ne (f (po)) which implies that 


N65 (Po) & 
(2) 


From the transitivity of subset, we concluded that Ns (po) C f~!(V). Hence, 
po is an interior point of f—!(V). Since po was arbitrary, we conclude that each 
p € f~'(V) is an interior point. Therefore, f~! (V) is open. 


To prove the converse, suppose that the inverse image of every open set 
in Y is open in X. Let p be an element in X and ¢ > O be given. Now the 
neighborhood WN; (f (p)) is open in Y. Consequently, is Open in X. 

(3) 


202 CHAPTER 5. FUNCTIONS ON METRIC SPACES AND CONTINUITY 


Since p is an element of , there exists a positive real number 6 such 
(3) 

that Ns (p) C f7! (Ne Cf (p))); ie., CN, (f (p)). Since e > 0 

(4) 

was arbitrary, we conclude that lim fix) = . Finally, because p was an 

xp 
(5) 
arbitrary point in X, it follows that f as needed. @ 


(6) 
*** Acceptable responses are: (1) f~'(Ne(f(po)), (2) 7! (Ne (Ff (Po))), 
(3) f—! (Ne (f (p))), (4) f (No (p)), (5) Ff (p), (6) is continuous on X.*** 


Excursion 5.2.15 Suppose that f is a mapping on a metric space (X, dx) into a 
metric space (Y, dy) and E C X. Prove that f7! [E‘] = Cra [E])°. 


The following corollary follows immediately from the Open Set Characteriza- 
tion for Continuity, Excursion 5.2.15, and the fact that a set is closed if and only 
if its complement is open. Use the space provided after the statement to convince 
yourself of the truth of the given statement. 


Corollary 5.2.16 A mapping f of a metric space X into a metric space Y is con- 
tinuous if and only if f~' (C) is closed in X for every closed set C in Y. 


Remark 5.2.17 We have stated results in terms of open sets in the full metric space. 
We could also discuss functions restricted to subsets of metric spaces and then the 
characterization would be in terms of relative openness. Recall that given two sets 
X and Y and f : X — Y, the corresponding set induced functions satisfy the 
following properties for C; C X and Dj CY, j = 1,2: 
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e f-' [Di N D2) = f7' [Di f7! (Dol, 
e f7![D, U Dy] = f! [Di] U fo! (Dol, 
e f(Ci1N C2] c f (C119 f [C2], and 


e f[C, UC.) = fF [Ci] U f [C2] 


Because subsets being open to subsets of metric spaces in characterized by their 
realization as intersections with open subsets of the parent metric spaces, our neigh- 
borhoods characterization tells us that we loose nothing by looking at restrictions 
of given functions to the subsets that we wish to consider rather that stating things 
in terms of relative openness. 


5.2.2 Continuity and Compactness 


Theorem 5.2.18 Jf f is a continuous function from a compact metric space X to a 
metric space Y, then f (X) is compact. 


Excursion 5.2.19 Fill in what is missing to complete the following proof of Theo- 
rem 5.2.18. 


Space for scratch work. 
Proof. Suppose that f is a continuous function from a compact metric space X 
to a metric space Y and G = {G,,: a € A} is an open cover for f (X). Then 
Gy is open in Y for each a € A and 
(1) 
From the Open Set Characterization of 
(2) 
Functions, f~! (G,) is foreacha € A. 
(3) 

Since f : X — f (X) and f (X) Cc U Ga, we have 

aed 


that 


merge r(Y G.) = 
(4) 


aeA 
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Hence, F = i (Ga): a€ A} is an 
for X. Since X is 


(5) 
, there is a finite subcollection of F, 


(6) 
edi (Ga;) ip = 4,2. aig); that covers X; i.e., 


n 
XE IS (Gay); 
j=l 
It follows that 


f(Xc (CU ae (Gu) =) 

j=l a ee 
Therefore, {Ga, y= 1,2, esi is a finite a 
subcollection of G that covers f (X). Since G was 
arbitrary, every 


5 1e., 
(8) 
f (X) is : 
(9) 


Remark 5.2.20 Just to stress the point, in view of our definition of relative com- 
pactness the result just stated is also telling us that the continuous image of any 
compact subset of a metric space is a compact subset in the image. 


Definition 5.2.21 For a set E, a function f : E —> R* is said to be bounded if 
and only if 


(AM) (M € RA (Vx) (x € E = |f(x)| < M)). 


When we add compactness to domain in the metric space, we get some nice 
analogs. 


Theorem 5.2.22 (Boundedness Theorem) Let A be a compact subset of a metric 
space (S,d) and suppose that f : A —> R* is continuous. Then f (A) is closed 
and bounded. In particular, f is bounded. 
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Excursion 5.2.23 Fill in the blanks to complete the following proof of the Bound- 
edness Theorem. 

Proof. By the , we know that compactness in R* 

(1) 
for any k € J is equivalent to being closed and bounded. Hence, from Theorem 
5.2.18, if f : A —> R* where A is a compact metric space, then f (A) is compact. 
But f (A) Cc and compact yields that f (A) is 
(2) (3) 

In particular, f (A) is bounded as claimed in the Boundedness Theorem. 


***F xpected responses are: (1) Heine-Borel Theorem, (2) R*, and (3) closed and 
bounded.*** 


Theorem 5.2.24 (Extreme Value Theorem) Suppose that f is a continuous func- 
tion from a compact subset A of a metric space S into R', 


M = supf (p) and m = inf f (p). 
peA pea 


Then there exist points u and v in A such that f (u) = M and f (v) =m. 


Proof. From Theorem 5.2.18 and the Heine-Borel Theorem, f (A) C Rand f 
continuous implies that f (A) is closed and bounded. The Least Upper and Greatest 
Lower Bound Properties for the reals noe the existence of finite real numbers M 
and m such that M = = f (p) and m = au ea (p). Since f (A) is closed, by 


Theorem 3.3.26, M € f fee andm é€ f (A). ae there exists u and v in A such 


that f (u) = M and f (v) = m;ie., f (uv) = sup f (p) and f (v) = inf f (p). a 
peA pe 


Theorem 5.2.25 Suppose that f is a continuous one-to-one mapping of a compact 
metric space X onto a metric space Y. Then the inverse mapping f~' which is 
defined by f—' (f (x)) = x for all x € X is a continuous mapping that is a one-to- 
one correspondence from Y to X. 

Proof. Suppose that f is a continuous one-to-one mapping of a compact metric 
space X onto a metric space Y. Because f is one-to-one, the inverse f~' is a 
function from rng (f) = Y in X. From the Open Set Characterization of Continuous 
Functions, we know that f~' is continuous in Y if f (U) is open in Y for every U 
that is open in X. Suppose that U Cc X is open. Then, by Theorem 3.3.37, US is 
compact as a closed subset of the compact metric space X. In view of Theorem 
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5.2.18, f (U‘) is compact. Since every compact subset of a metric space is closed 
(Theorem 3.3.35), we conclude that f (U‘) is closed. Because f is one-to-one, 
f US) = f (X) — f UU); then f onto yields that f (US) = Y — f (U) = f UU). 
Therefore, f (U)° is closed which is equivalent to f (U) being open. Since U was 
arbitrary, for every U open in X, we have that f (U) is open in Y. Hence, f~' is 
continuous in Y. 


5.2.3 Continuity and Connectedness 


Theorem 5.2.26 Suppose that f is a continuous mapping for a metric space X 
into a metric space Y and E Cc X. If E is a connected subset of X, then f (E) is 
connected in Y. 


Excursion 5.2.27 Fill in what is missing in order to complete the following proof 
of Theorem 5.2.26. 


Space for scratch work. 

Proof. Suppose that f is a continuous mapping from a metric space X into a 
metric space Y and E C X is such that f (E£) is not connected. Then 
we can let f (E) = AUB where A and B are nonempty 
subsets of Y;i.e.,A #0, B ~ O and 
(1) 
AN B=ANB =@. Consider G = E 1 f7! (A) and 
é 


H = E f7! (B). Then neither G nor H is empty and 
é 


GUH 


(EN f7!(A)) U 
(2) 


“n(_,_) 


En f7!(AUB)= 


(4) 
Because A Cc A, f~!(A) c f7! (A). Since 
Gc f—! (A), the transitivity of containment yields that 
. From the Corollary to the Open Set 
(5) 
Characterization for Continuous Functions, f~! (A) 1S 


(6) 
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It follows that G C f~! (A). From G c f7! (A) and 
H c f7!(B), we have that 


Ene Most @=s"( )-r'(Q)-— 
(7) (8) (9) 


The same argument yields that GM H = 0. 
From FE =GUH,G+9%, H #@ and | 
GNH=GNH =@, we conclude that E is 
. Hence, for f a continuous mapping 
10 
from : aaee space X into a metric space Y and E C X, 
if f (E) is not connected, then E is not connected. 
According to the contrapositive, we conclude that, if 
, then , as needed. 
(11) (12) 


*#* Acceptable responses are: (1) separated (2) EN f~' (B), (3) f7! (A)Uf 7! (B), 
(4) E, (5) G Cc f7! (A), (6) closed, (7) AN B, (8) 9, (9) 9, (10) not connected, 
(11) E is connected, and (12) f (E) is connected.*** 


Theorem 5.2.28 Suppose that f is a real-valued function on a metric space (X, d). 
If f is continuous on S, a nonempty connected subset of X, then the range of f \s, 
denoted by R (f |g), is either an interval or a point. 


Theorem 5.2.29 (The Intermediate Value Theorem) Let f be a continuous real- 
valued function on an interval [a,b]. If f (a) < f (b) and ifc € (f (a), f (b)), 
then there exist a point x € (a,b) such that f (x) =c. 


Proof. Let E = f([a, b]). Because [a, b] is an interval, from Theorem 3.3.60, 
we know that [a, b] is connected. By Theorem 5.2.26, E is also connected as the 
continuous image of a connected set. Since f(a) and f(b) are in E, from Theorem 
3.3.60, it follows that if c is a real number satisfying f(a) <c < f(b), thenc is in 
E. Hence, there exists x in [a, b] such that f(x) = c. Since f(a) is not equal to c 
and f(b) is not equal to c, we conclude that x is in (a, b). Therefore, there exists x 
in (a,b) such that f(x) =c, as claimed. m 
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5.3. Uniform Continuity 


Our definition of continuity works from continuity at a point. Consequently, point 
dependency is tied to our 6 — ¢ proofs of limits. For example, if we carried out a 


2, 1 
0 — € proof that f (x) = = is continuous at x = 2, corresponding to ¢ > 0, 
X — 


1 2 1 
taking 6 = min {> 4 will work nicely to show that lim Am 


x72 xX — 


=5=f(); 


however, it would not work for showing continuity at x = 5 On the other hand, 


1 
corresponding to ¢ > 0, taking 6 = min {7 = will work nicely to show that 
— 2@Axt+1 3 : ls er 
aay c= S=f 5): The point dependence of the work is just buried in the 
X — 
Xs 


focus on the local behavior. The next concept demands a “niceness”’ that is global. 


Definition 5.3.1 Given metric spaces (X, dx) and (Y, dy), a function f : X — Y 
is uniformly continuous on X if and only if 


(Ve > 0) 6 > 0) [(Vp) (Va) (pg € X Adx (p,q) < 6= dy (f (p), f @)) <e)]. 


Example 5.3.2 The function f (x) = x* : R—> R is uniformly continuous on 
[1, 3]. P 

Fore > Oleté = 6 For x,, x2 € [1,3], the triangular inequality yields 
that 


ea eo laa ais |: 
Hence, x1, x2 € [1,3] and |x, — x2| < 6 implies that 
Lf (1) =f @a)l = fx? = 93] = ber — wal ft tal < 0-6 =e, 


Since € > O and x1, x2 € [1,3] were arbitrary, we conclude that f is uniformly 
continuous on [1, 3]. 


Example 5.3.3 The function f (x) = x? :R —> Ris not uniformly continuous on 
R. 
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We want to show that there exists a positive real number € such that corre- 
sponding to every positive real number 6 we have (at least two points) x; = x, (0) 
and x2 = x2 (0) for which |x (6) — x2 (6)| < 6 and |f (x1) — f (x2)| = ¢. This 
statement is an exact translation of the negation of the definition. For the given 
function, we want to exploit the fact the as x increases x* increase at a rapid (not 
really uniform) rate. 


6 1 
Take ¢ = 1. For any positive real number 6, let x1 = x, (6) = 5 + 5 and 


1 
x2 = X72 (0) = > Then x, and x» are real numbers such that 
| | O ii 1 1 0 5 
— = =_ —}J-—T- — ae 
peta a. 6 aJ| 2 


If an) —-f @)l= 7 = x3] = |x} — x2| [x1 +22] = 


Oy (aie an eee 
PND Sh ee 


Hence, f is not uniformly continuous on R. 


while 


Example 5.3.4 For p € R', let f(p) = (2p +1, p’). Then f : R' — R’ is 
uniformly continuous on the closed interval [0, 2]. 
€ 
For ¢ > 0, let 6 = ——. If p; € [0,2] and po € [0, 2], then 


2/5, 
4+ (pi + pry =44|[pit pol? < 44 (pil +lp2l)? < 44+ (2+2) = 20 


and 


dye (f (p1), f (Pd) = ¥ (271 +1) — Cpr + DY? + (p? = p?)? 


é 
= |p. — pal/4+ (pi + pr)? <d-V2 = 55 VU =e 


Since € > Oand pj, p2 € [1,2] were arbitrary, we conclude that f is uniformly 
continuous on [0, 2]. 


Theorem 5.3.5 (Uniform Continuity Theorem) /f f is a continuous mapping from 
a compact metric space X to a metric space Y, then f is uniformly continuous on 
x. 
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Excursion 5.3.6 Fill in what is missing in order to complete the proof of the Uni- 
form Continuity Theorem. 


Proof. Suppose f is acontinuous mapping from a compact metric space (X, dx) 
to a metric space (Y, dy) and that ¢ > 0 is given. Since f is continuous, for each 
p € X, there exists a positive real number 6, such that g € X A dx (q, p) < 6p > 


dy (f (p), f (g)) < 5 LettG=4N, (p): p€XF. Since neighborhoods are 
-—o6 
2 Dp 
open sets, we conclude that G is an . Since X is com- 
(1) 
pact there exists a finite number of elements of G that covers X, say P1, P2, -.-s Pn- 


Hence, 


n 
XCUM (pi): 
j=l 5°) 
Leto = E min {6,,}. Then, 6 > 0 and the minimum of a finite number of 
def 21<j<n* “/ 
positive real numbers. 
Suppose that p,q € X are such that d(p,q) < 6. Because p € X and 


n 
xX cU Ny (pj); there exists a positive integer k, 1 < k < _ n, such that 


i=l 8p; 


J 


1 
. Hence, d (p, px) < 5 oP: From the triangular in- 

(2) 
equality 

dx (q, Px) < dx (q, p) + dx (DP, Pk) < 9+ __ SI. 

(3) 

Another application of the triangular inequality and the choices that were made for 
Op yield that 


dy (f (p), f@)) s < =e 
(4) (5) 
= 1 
** Acceptable fill ins are: (1) open cover for X (2) p € Ny (px), (3) 5 OPK (4) 


—Oox 


2 
dy (f (P)..f (PO) + dy (F (POs f M5 +5. 
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5.4 Discontinuities and Monotonic Functions 


Given two metric spaces (X, dx) and (Y, dy) and a function f from a subset A of 

X into Y. If p € X and f is not continuous at p, then we can conclude that f is 

not defined at p (p € A = dom(f)), lim f (x) does not exist, and/or p € A and 
xp 


xEA 


lim f (x) exists but f (p) # lim f (x); a point for which any of the three condi- 
xp xp 


xeA xEA 


tions occurs is called a point of discontinuity. In a general discussion of continuity 
of given functions, there is no need to discuss behavior at points that are not in the 
domain of the function; consequently, our consideration of points of discontinuity 
is restricted to behavior at points that are in a specified or implied domain. Fur- 
thermore, our discussion will be restricted to points of discontinuity for real-valued 
functions of a real-variable. This allows us to talk about one-sided limits, behavior 
on both sides of discontinuities and growth behavior. 


Definition 5.4.1 A function f is discontinuous at a point c € dom(f) or has a 
discontinuity at c if and only if either lim f (x) doesn’t exist or lim f (x) exists 
x (Ss Xx Cc 
and is different from f (c). 
Example 5.4.2 The domain of f (x) = bl is IR — {0}. Consequently, f has no 
x 
points of discontinuity on its domain. 


Uadl , forx €R-— {0} 


Example 5.4.3 For the function f (x) = a : 


[ , forx =0 
dom (f) = R and x = 0 is a point of discontinuity of f. To see that lim f (x) 
x 


does not exist, note that, for every positive real number 6, 


#(-3)=-1 and ly (-3)-£]=2 


1 
Hence, if ¢ = =, then, for every positive real number 0, there exists x € dom (f) 


such that 0 < |x| < 6 and |f (x) — f (0)| => «. Therefore, f is not continuous at 
x= 0; 
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1 
x sin (<) , forx €R-— {0} 
Example 5.4.4 /f g(x) = ? 


0 , forx =0 


, then g has no dis- 


continuities in R. 
Excursion 5.4.5 Graph the following function f and find 
A = {x € dom(f) : fis continuous at x} 


and B = {x € dom (f) : fis discontinuous at x}. 


4x+1 1 
n ROSAS 
1+x 2 
1 
2 » o—<x<i 
2 
POS eth Weegee 
|x| +2 », 3<x <6 
14 (x — 10) 


, (<x < 14)v (14 <x) 
x—14 
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*k*Hopefully, your graph revealed that A = R — {—1,3,4,5,6, 14} and B = 
(35449, 6}. ** 


Definition 5.4.6 Let f be a function that is defined on the segment (a,b). Then, 
for any point x € [a, b), the right-hand limit is denoted by f (x+) and 


f (e+) =4 © (Vftnjn1) IG C (x, 6) A lim th = x) => lim f (tn) = q| 


and, for any x € (a, b], the left-hand limit is denoted by f (x—) and 


f@a-)=4qe (v {tn}re1) IG C (a,x) A lim tn _ x) => im f (1) = q| . 


Remark 5.4.7 From the treatment of one-sided limits in frosh calculus courses, 
recall that lim, Ff (tt) = 4 if and only if 
tox 


(Ve > 0) 6 = d(e) > 0)[(Vt) (t edom(f) Ax <t<x+d>|fO-al <a] 


and lim f (t) = q if and only if 
tox 


(Ve > 0) Gd = 6 (e) > 0)[(Vt) (t edom(f) Ax -6 <t <x > |f-al <a). 


The Sequences Characterization for Limits of Functions justifies that these defini- 
tions are equivalent to the definitions of f (x+) and f (x—), respectively. 


Excursion 5.4.8 Find f (x+) and f (x—) for every x € B where B is defined in 
Excursion 5.4.5. 


***For this function, we have f (3—) = —2, f 8+) =5; f 4—-) =5, f 44) = 
6:7 O=) = 6; 7+) = 7 and. f (6=) = 7,7: (6b) = 7"? 


Remark 5.4.9 For each point x where a function f is continuous, we must have 


f +) = f (*—-) = f (&). 


214 CHAPTER 5. FUNCTIONS ON METRIC SPACES AND CONTINUITY 


Definition 5.4.10 Suppose the function f is defined on the segment (a, b) and dis- 
continuous at x € (a,b). Then f has a discontinuity of the first kind at x or a 
simple discontinuity at x if and only if both f (x+) and f (x—) exist. Otherwise, 
the discontinuity is said to be a discontinuity of the second kind. 


Excursion 5.4.11 Classify the discontinuities of the function f in Excursion 5.4.5. 


f(x) ,for x €R-—{-1, 14} 


Remark 5.4.12 The function F (x) = where 
0 ,for x=—-lvx=14 

f is given in Excursion 5.4.5 has discontinuities of the second kind at x = —1 and 

x= 14. 


Excursion 5.4.13 Discuss the continuity of each of the following. 


x27 -—x—-—6 

a a ; x<-—2 
eee) es 

2x — 1 , x >—2 

2 , x rational 


2. g(x) = 
1, x irrational 
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***Your discussion of (1) combines considers some cases. For —co < x < —2, 
x*—x-6 
_ x +2. ’ betes es 
is not going to zero, while continuity of 2x — 1 for x > —2 follows from the limit 


of the sum theorem or because 2x — | is a polynomial; consequently, the only point 


in the domain of f that needs to be checked is x = —2. Since f ((—2)—) = 
*_x—6 
fim: ————— +" im @=— 3) 5; f (22) 4) — im Or 1) <5: 
x3-2- x+2 x27 x3 —2- 
and f (—2) = —5, it follows that f is also continuous at x = —2. That the function 
given in (2) is not continuous anywhere follows from the density of the rationals 
and the irrationals; each point of discontinuity is a “discontinuity of the second 


kind.?*** 


is continuous as the quotient of polynomials for which the denominator 


Definition 5.4.14 Let f be a real-valued function on a segment (a,b). Then f is 
said to be monotonically increasing on (a, b) if and only if 


(Vx1) (Vx) [x1, x2 € (a,b) Ax) < x2 => f (1) < f @)] 
and f is said to be monotonically decreasing on (a, b) if and only if 
(Vx1) (Wx2) [1, x2 € (a,b) Ax) > x2 => f (x1) < f @)] 


The class of monotonic functions is the set consisting of both the functions that are 
increasing and the functions that are decreasing. 


Excursion 5.4.15 Classify the monotonicity of the function f that was defined in 
Excursion 5.4.5 


***Based on the graph, we have that f is monotonically increasing in each of 
(—oo, —1), (—1, 1), and (3, 6); the function is monotonically decreasing in each of 


i 1 
(; 3), (6, 14), and (14, co). The section (5 1) is included in both statements 
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because the function is constant there. As an alternative, we could have claimed 
that f is both monotonically increasing and monotonically decreasing in each of 


1 
5 1 }, (3, 4), (4,5), and (5, 6) and distinguished the other segments according to 


the property of being strictly monotonically increasing and strictly monotonically 
decreasing.*** 


Now we will show that monotonic functions do not have discontinuities of the 
second kind. 


Theorem 5.4.16 Suppose that the real-valued function f is monotonically increas- 
ing on a segment (a, b). Then, for every x € (a,b) both f (x—) and f (x+) exist, 


sup f(Q=fO-)s FO) s fH = ink FO 


a<t<x 


and 
(Vx) (Vy) (a<x<y<bo> f(«+t)<fG-)). 


Excursion 5.4.17 Fill in what is missing in order to complete the following proof 
of the theorem. 
Space for scratch work. 


Proof. Suppose that f is monotonically increasing on the 
segment (a, b) and x € (a,b). Then, for every 
t € (a,b) suchthata <t <x, . Hence, 


(1) 
B -. {f (t): a <t <x} is bounded above by f (x). 
e 


By the , the set B has a 
(2) 

least upper bound; let u = sup (B). Now we want to 

show that u = f (x-). 


Let ¢ > 0 be given. Then wu = sup (B) and 
u —é <u yields the existence of a w € B such that 
. From the definition of B, 
(3) 
w is the image of a point in .Letd > 0 
(4) 
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be such that x — 6 € (a,x) and f (x — 6) = w. If 
t € (x — 0, x), then 


f@-oé<s f(t) and 

(5) 
Since u — ¢ < wand f (x) < u, the transitivity of less 
than or equal to yields that 


<f@ and ff (t)< 
(6) (7) 
Because f was arbitrary, we conclude that 


(Vt)hx-d<t<x>u-e<f(t)<u). 


Finally, it follows from ¢ > 0 being arbitrary that 


(Ve > 0( ) 1.€., 
(8) 


f «—-) = lim f (tf) =u. 
tox” 
For every t € (a,b) such that x < t < b, we also 
have that f (x) < f (¢) from which it follows that 
C a {f (t): x <t <b} is bounded by 
e 


9 
f (x). From the greatest lower bound Pee of the 
reals, C has a greatest lower bound that we will denote 
by v. 
Use the space provided to prove that 


v= f (x4). 


(10) 


27 
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Next suppose that x, y € (a, b) are such that x < y. 

Because f (x+) = lim f (t) =inf{f (t): x <t < Dd}, 
trax 

(x, y) C (x, b) and f is monotonically increasing, it 

follows that 


=inf{f(t):x« <t <y}. 


(11) 
From our earlier discussion, | 


fO-)= ee (t)= 


Now, (x, y) C (a, y) yields that 


(12) 


f (O—-) =sup{f (ft): x <t < y}. 


Therefore, as claimed. 
(13) 
***The expected responses are: (1) f (t) < f (x), (2) least upper bound prop- 
erty, 3)u-—e < w < u, (4) G,x), (5) f(t) < f(@), (6) u—e, (7) u, (8) 
(dd > 0) [(t) @ -6 <t<x>u-é< f(t) <u), (9) below, (10) Let e > 0 
be given. Then v = inf C implies that there exists w € C such thatv < w <ov+ée. 
Since w € C, w is the image of some point in (x, b). Let 6 > 0 be such that x +6 € 
(x, b) and f (x +06) = w. Now suppose t € (x, x + 0). Then f (x) < f (t) and 
f(t) < f @ +6) = w. Since v < f (x) andw < v +6, it follows that v < f (t) 
and f (t) < vo +e. Thus, (dd > 0) [(vt) @ <t<x+td>0<f(t)< v+e)]. 
Because ¢ > O was arbitrary, we conclude that v = ee f(@) = f @&t+)., 1) 


f &+), 12) sup {f (1): a <t < y} and (13) f (x+) < f (y—).*** 
Corollary 5.4.18 Monotonic functions have no discontinuities of the second kind. 
The nature of discontinuities of functions that are monotonic on segments al- 


lows us to identify points of discontinuity with rationals in such a way to give us a 
limit on the number of them. 


Theorem 5.4.19 Jf f is monotonic on the segment (a, b), then 
{x € (a,b): f is discontinuous at x} 


is at most countable. 
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Excursion 5.4.20 Fill in what is missing in order to complete the following proof 
of Theorem 5.4.19. 


Proof. Without loss of generality, we assume that f is a function that is mono- 
tonically increasing in the segment (a, b) iz I. If f is continuous in I, then f has 
ée 


no points of discontinuity there and we are done. Suppose that f is not continuous 
on I and let D= {w € I: f is not continuous at w}. 


From our assumption D #¢ ® and we can suppose that ¢ € D. Then 


¢ € dom (f), 


(Vx) EelAx<C> f(x*)<fO)) 


n(serac crs ) 
(1) 


From Theorem 5.4.16, f (¢—) and f (€+) exist; furthermore, 


and 


fC) = suptf @) ix < oh, fC = 
(2) 


and f (¢-) < f (€+). Since ¢ is a discontinuity for f, f(€¢-) ___ f (C4). 
3 
From the Density of the Rationals, it follows that there exists a jodie re such 
that f (€-) < re < f C+). Leth, = (f €-), f C+). If D — {o} = G then 
|D| = 1 and we are done. If D — {¢} 4 @ then we can choose another € € D 
such that € 4 ¢. Without loss of generality suppose that € € D is such that € < €. 
Since ¢ was an arbitrary point in the discussion just completed, we know that there 
exists a rational rz, re # rc, such that and we can 


4 
let I. = (f €—-), f (€+)). Since € < ¢, it ee Theorem 5.4.16 that 
< f (€—). Thus, I, Tre = 
(5) (6) 
Now, letG = {I,, :y e D} and H : D > G be defined by H (w) = 
Now we claim that H is a one-to-one correspondence. To see that H is 
, suppose that w,,w2 € D and H (w\) = H (w2). 


i 


w? 
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Then 


(7) 


To see that H is onto, note that by definition H (D) C G and suppose that A € G. 
Then 


(8) 


14 
Finally, H : D —» G yields that D ~ G. Since ry € Q for each I, € G, we have 
that |G| < |Q| = No. Therefore, |D| < No, i.e., D is ; 


(9) 
a 


*** Acceptable responses are: (1) f (©) < f (x), (2) inf {f (x): © < x}, 3) <, (4) 
fC-) < re < f C4), GO) f C+), (©) 8, I, = Ir,,- From the Trichotomy 
Law, we know that one and only one of w; < w2, wi = w2, or wW2 < wy, holds. 
Since either wy < w2 or W2 < wy, implies that Dry, al Dry = @, we conclude that 
W, = W2. Since w, and w2 were arbitrary, 

(Vw) (Vw2) [A (w1) = A (w2) > w 1 = wz]; i.e., H is one-to-one., (8) there ex- 
ists r € Q such that A = J, andr € (f (A—), f A+)) for some 4 € D. It follows 
that H (A) = Aor A € H (D). Since A was an arbitrary element of G, we have that 
(VA)[AEGaAcH(D);ie.,G C H (D). From H (D) Cc GandG Cc H (D), 
we conclude that G = H (D). Hence, H is onto., and (9) at most countable.*** 


Remark 5.4.21 The level of detail given in Excursion 5.4.20 was more that was 
needed in order to offer a well presented argument. Upon establishing the ability to 
associate an interval I,. with each ¢ € D that is labelled with a rational and jus- 
tifying that the set of such intervals is pairwise disjoint, you can simply assert that 
you have established a one-to-one correspondence with a subset of the rationals 
and the set of discontinuities from which it follows that the set of discontinuities is 
at most countable. I chose the higher level of detail-which is also acceptable—in 
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order to make it clearer where material prerequisite for this course is a part of the 
foundation on which we are building. For a really concise presentation of a proof 
of Theorem 5.4.19, see pages 96-97 of our text. 


Remark 5.4.22 On page 97 of our text, it is noted by the author that the disconti- 
nuities of a monotonic function need not be isolated. In fact, given any countable 
subset E of a segment (a, b), he constructs a function f that is monotonic on (a, b) 
with E as set of all discontinuities of f in (a, b). More consideration of the example 
is requested in our exercises. 


5.4.1 Limits of Functions in the Extended Real Number System 


Recall the various forms of definitions for limits of real valued functions in rela- 
tionship to infinity: 

Suppose that f is areal valued function on R, c is areal number, and L real number, 
then 


tim f &) = L & (ve >O)GK>0a>K>(f &)-L| <e) 
© (Ve > 0) GK > 0) > K = f (x) EN; (L)) 
elim f(x) =L & (Ve > 0) GK > O)@ <-K = If (X) LI <2) 
© (Ve > 0) GK > 0)(« < -—K = f (x) EN, (L)) 
e lim f (x) = +00 @ (VM € R) Gd > 0) (0 < ly — cl <d = f(x) > M) 
<= (VM € R) d > 0) (x € NE (c) > f (x) > M) 
where N¢ (c) denotes the deleted neighborhood of c, Ns (c) — {c}. 
e lim f (x) = —00 & (VM € R) Gd > 0) (0 < x — cl <d = f (x) <M) 
< (VM € R) 6 > 0) (x € NE (c) = f (x) < M) 
Based of the four that are given, complete each of the following. 


e lim f@)=t0~e 
X00. 
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e lm f@w=-we 
> +00 


e lim f@)=toe 
x——0O 


e lim f@~)=-we 
xX —-CO 


Hopefully, the neighborhood formulation and the pattern of the various state- 
ments suggests that we could pull things together if we had comparable descriptions 
for neighborhoods of +00 and —oo. 


Definition 5.4.23 For any positive real number K, 
Nx (c&) = {x € RU{+00, —oo} : x > K} 


and Nx (—co) = {x € RU {+00, —oo} : x < K} are neighborhoods of +c0 and 
—, respectively. 


With this notation we can consolidate the above definitions. 


Definition 5.4.24 Let f be a real valued function defined on R. Then for A and c 
in the extended real number system, lim f (x) = A if and only if for every neigh- 
x Cc 


borhood of A, N (A) there exists a deleted neighborhood of c, N*4 (c), such that 
x € N*4(c) implies that f (x) € N (A). When specification is needed this will be 
referred to a the limit of a function in the extended real number system. 


Hopefully, the motivation that led us to this definition is enough to justify the 
claim that this definition agrees with the definition of lim f (x) =A whenc and A 
x >C 


are real. Because the definition is the natural generalization and our proofs for the 
properties of limits of function built on information concerning neighborhoods, we 
note that we can establish some of the results with only minor modification in the 
proofs that have gone before. We will simply state analogs. 
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Theorem 5.4.25 Let f be a real-valued function that is defined on a set E C R 

and suppose that lim f (t) = Aand lim f (t) = C forc, A, and C in the extended 
Cc Cc 

real number system. Then A = C. 


Theorem 5.4.26 Let f and g be real-valued functions that are defined on a set 
E C Rand suppose that lim f (t) = A and limg (t) = B for, A, and B in the 
Cc Cc 


extended real number system. Then 
1. im(f+g)(t) =A+B, 
toc 


2. lim (fg) (t) = AB, and 
toc 


a n(s)o=5 


whenever the right hand side of the equation is defined. 


Remark 5.4.27 Theorem 5.4.26 is not applicable when the algebraic manipula- 


;, ' ; coo 6 CUA 
tions lead to the need to consider any of the expressions 0© — ©, 0 - 00, —, or 0 
oe 
because none of these symbols are defined. 


The theorems in this section have no impact on the process that you use in 
order to find limits of real functions as x goes to infinity. At this point in the 
coverage of material, given a specific function, we find the limit as x goes to infinity 
by using simple algebraic manipulations that allow us to apply our theorems for 
algebraic combinations of functions having finite limits. We close this chapter with 
two examples that are intended as memory refreshers. 


(x? — 3x3 +5) +i (x7 + xsinx) 
. . . . 4x3 - a . . . 

Since the given function is the quotient of two functions that go to infinity as 

x goes to infinity, we factor in order to transform the given in to the quotient of 

functions that will have finite limits. In particular, we want to make use of the fact 


Example 5.4.28 Find lim 
x CO 


that, for any p € J, lim — = 0. From 
x00 xP 


1 3 5 ae sin x 
_ (x* — 3x3 +5) +i (x? +x sinx) x gee Tees, x2 
Yo Ato SF YA tit, 
x00 4x3 —7 X00 ( *) 
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The limit of the quotient and limit of the sum theorem yields that 


i (x7 —3x° +5) +i? +xsinx) ©-34+0)+i(1+0)  -34+i 
x00 4x3 —7 ~ 4—0 a ae 


Example 5.4.29 Find lim (v2? Ty hee 1). 
x——00 


In its current form, it looks like the function is tending to 0 — oo which is 
undefined. In this case, we will try “unrationalizing” the expression in order to get 
a quotient at will allow some elementary algebraic manipulations. Note that 


(2x? +x +2 - V2x? =x 1) 
(2x? +x +2 - V2x7 =x —1) (V2x? +x +2 + V2? —x—1) 
(2x? +x +2 + V2x?=x—1) 
(2x? +x +2) — (2x7 -—x -1) 


(/2x? +x +2 + V2x? =x —1) 


2x +3 


(V2? +x +2 + V2x? = — 1) 
Furthermore, for x < 0, Vx- = |x| = —x. Hence, 


lim (v2? a ak ye ye 1) 


xX —0O 
' 2x +3 
— im —_— 
790 (2x? 4x +2 + V2x? =x = 1) 
. 2x +3 
lim 
Bag 20 1 2 1 1 
fa( pris 2--- :) 
x Xx x Xx 
3 
2+- 
= lim (-1) 
Hag OO. 1 2 1 1 
2 i gress Gree a aS a 
x Xx x Xx 
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5.5 Problem Set E 


1. For each of the following real-valued functions of a real variable give a well- 
written 6 — ¢ proof of the claim. 


; i yaeel = 
(a) lim (3x? —2x +1) =9 


(b) lim 8x? = 8 


xX 


(c) lim /x =4 
x 16 


d) li 23 
Ca aR 
4 

(Sule ae 
x332x —5 


2. For each of the following real-valued functions of a real variable find the 
implicit domain and range. 


sin x 

yO) ay 

(b) f(x) =V2x +1 

a 

DIONE BE 
=e , ® =O 
x4+3 

3. Let. f(@%) = x = 2I O<x<2Ax>2 

x-2 ° 7 
1 , x=2 


(a) Sketch a graph for ff. 


(b) Determine where the function f is continuous. 
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jx? -5x—6| ,for |x—4]>3 
4. Let f(x) = and 
/36 — 6x for |x — 4] <3 
Hal jfor x #1 
g(x) = 
e) ,for x=-l 


(a) Discuss the continuity of f atx = 1. 


(b) Discuss the continuity of (fg)(x) = f(x)g(x) atx = —-1. 


5. For f : C — R given by f (z) = |z| give a6 — « proof that aie ru (z) = 
z> (41 
af 2 


6. When it exists, find 


2_4 
(a) lim (SS. nT) 
x72 eo 2 


— 
a 
(b) im (a> Vx* +5 =F ) 


7. Let f : R — Rand suppose that lim f(x) = L > 0. Prove that 
x a 
lim / f(x) = 
xa 


8. Using only appropriate definitions and elementary bounding processes, prove 
that if g is a real-valued function on R such that lim g(x) = M # 0, then 
xa 


1 1 
lim ——~ = —>. 
xa[g(x)P MM? 
9. Suppose that A is a subset of a metric space (S,d), f : A —> R!, and 
g: A —> R'. Prove each of the following. 


(a) If c is a real number and f (p) = c for all p € A, then, for any limit 
point po of A, we have that lim f (p) =. 
P~ Po 


pea 
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(b) If f (p) = g (p) for all p € A — {po} were po is a limit point of A and 
lim f(p)=L, then lim g(p) =L. 
P> Po P> Po 


pea peA 
(c) If f (p) < g(p) forall p € A, lim f (p) = Land lim g(p) = M, 
P> Po P> Po 
pea peA 
then L < M. 


10. For each of the following functions on R*, determine whether or not the given 
function is continuous at (0, 0). Use d—« proofs to justify continuity or show 
lack of continuity by justifying that the needed limit does not exist. 


AN He LOO) 
faye) CF 


0 for eS y =0 


SNE shor sg 210.0) 
OMA Ce? eee 


0 ,for x =y=0 


_*Y for (,y) $ @,0) 
CFG ie) ey. 


0 ,for x =y=0 
11. Discuss the uniform continuity of each of the following on the indicated set. 


241 
@ f@=s 


(b) f (x) = x3 in [1, 00). 


in the interval [4, 9]. 


12. Fora < b, let C ([a, b]) denote the set of all real valued functions that are 
continuous on the interval [a, b]. Prove that d (f, g) = max, If)-g(@)| 
a<x< 


is a metric on C ([a, b]). 


13. Correctly formulate the monotonically decreasing analog for Theorem 5.4.16 
and prove it. 
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14. 


15. 


16. 


17. 


18. 


19: 


CHAPTER 5. FUNCTIONS ON METRIC SPACES AND CONTINUITY 


Suppose that f is monotonically increasing on a segment J = (a, b) and that 
(AM) [M ERA(Wx)wWelTl>f(x)< M)|. Prove that there exists a real 
number C such that C < M and f (b-—) =C. 


A function f defined on an interval J = [a, b] is called strictly increasing 
on / if and only if f (x;) > f (x2) whenever x; > x2 for x1,x2 € J. Fur- 
thermore, a function f is said to have the intermediate value properly in / if 
and only if for each c between f (a) and f (b) there is an x9 € J such that 
f (xo) = c. Prove that a function f that is strictly increasing and has the 
intermediate value property on an interval J = [a, b] is continuous on (a, b). 


Give an example of a real-valued function f that is continuous and bounded 
on [0, oo) while not satisfying the Extreme Value Theorem. 


Suppose that f is uniformly continuous on the intervals 7; and J). Prove that 
f is uniformly continuous on S$ = J; U J. 


Suppose that a real-valued function f is continuous on J° where J = [a, b]. 
If f (a+) and f (b—) exist, show that the function 


f (at) , for a 2 | 
foay= 4 f@) for a<x<b 


f(b-) ,for x=b 
is uniformly continuous on /. 


If a real valued function f is uniformly continuous on the half open interval 
(0, 1], is it true that f is bounded there. Carefully justify the position taken. 


Chapter 6 


Differentiation: Our First View 


We are now ready to reflect on a particular application of limits of functions; namely, 
the derivative of a function. This view will focus on the derivative of real-valued 
functions on subsets of R!. Looking at derivatives of functions in R* requires a dif- 
ferent enough perspective to necessitate separate treatment; this is done with Chap- 
ter 9 of our text. Except for the last section, our discussion is restricted to aspects 
of differential calculus of one variable. You should have seen most of the results 
in your first exposure to calculus-MAT21A on this campus. However, some of the 
results proved in this chapter were only stated when you first saw them and some 
of the results are more general than the earlier versions that you might have seen. 
The good news is that the presentation here isn’t dependent on previous exposure 
to the topic; on the other hand, reflecting back on prior work that you did with the 
derivative can enhance your understanding and foster a deeper level of appreciation. 


6.1 The Derivative 


Definition 6.1.1 A real-valued function f ona subset Q of R is differentiable at a 
point ¢ € Q if and only if f is defined in an open interval containing ¢ and 


je OS) 


6.1 
we w—¢ ( ) 


exists. The value of the limit is denoted by f’(¢). The function is said to be differ- 
entiable on Q if and only if it is differentiable at each ¢ € Q. 
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Remark 6.1.2 Fora function f and a fixed point ¢, the expression 
fw) - © 
w— 
is one form of what is often referred to as a “difference quotient”. Sometimes it is 
written as 


p(w) = 


Af 
Aw 
where the Greek letter A is being offered as a reminder that difference starts with a 


_ 4 ee 
“d”. It is the latter form that motivates use of the notation Bh for the first derivative 


of f as a function of w. Other commonly used notations are Dy and D,; these only 
become useful alternatives when we explore functions over several real variables. 


There is an alternative form of (6.1) that is often more useful in terms of compu- 
tation and formatting of proofs. Namely, if we let w = ¢ +h, (6.1) can be written 
as 

h) — 
mi Gt )-fO 


li 


22 
h>0 h oe 


Remark 6.1.3 With the form given in (6.2), the difference quotient can be abbrevi- 


i 
ted as —. 
ated as — 


Definition 6.1.4 A real-valued function f on a subset Q of R is right-hand differ- 
entiable at a point ¢ € Q if and only if f is defined in a half open interval in the 
form [¢, € + 0) for some 6 > 0 and the one-sided derivative from the right, denoted 
by D* f (©), 

km LE tM-FO 

h->0+ h 
exists; the function f is left-hand differentiable at a point ¢ € Q if and only if 
f is defined in a half open interval in the form (¢ — 6, €] for some 6 > 0 and the 
one-sided derivative from the left, denoted by D~ f (C), 
hye 

an LEtH-fO 


li 
h>0- h 


exists. 
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Definition 6.1.5 A real-valued function f is differentiable on a closed interval 
[a, b] if and only if f is differentiable in (a, b), right-hand differentiable at x = a 
and left-hand differentiable at x = b. 


2 
ae: i is differentiable at 


Example 6.1.6 Use the definition to prove that f(x) = 


i= 2, 
Note that f is defined in the open interval (1,3) which contains w = 2. 
Furthermore, 


jin PO ita (a) -i fe ee ie (3) S25: 


w2 w—2 w2 w—2 wr2 w-2 w2 


Hence, f is differentiable at w = 2 and f' (2) = —3. 


Example 6.1.7 Use the definition to prove that g(x) = |x —2| is not differentiable 
ae 

Since dom (g) = R, the function g is defined in any open interval that 
contains x = 2. Hence, g is differentiable at x = 2 if and only if 


i g(2+h)-g(2)_,. hl 
im ——————_- = lim — 
h>0 h hoo h 
; |h| 
exists. Let f (h) = a for h #0. Note that 
sa, HE . A _ Al _ -h 
lim —= lim -=1 and lim —= lm —=-1. 
hoot h hooth hoo h hoo A 


Thus, ¢ (0+) 4 &(O—) from which we conclude that ue  (h) does not exist. 
> 
Therefore, g is not differentiable at x = 2. 


Remark 6.1.8 Because the function g given in Example 6.1.7 is left-hand differen- 
tiable at x = 2 and right-hand differentiable at x = 2, we have that g is differen- 
tiable in each of (—oo, 2] and [2, «). 


Example 6.1.9 Discuss the differentiability of each of the following at x = 0. 


1 
xsin— ,for x#0 
1. G(x)= my 


0 ,for x=0 
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1 
xsin— ,for x40 
x 


26 FAX) = 
0 or -x=0 


First of all, notice that, though the directions did not specify appeal to the defi- 
nition, making use of the definition is the only viable option because of the way the 
function is defined. Discussing the differentiability of functions that are defined “in 
pieces” requires consideration of the pieces. On segments where the functions are 
realized as simple algebraic combinations of nice functions, the functions can be 
declared as differentiable based on noting the appropriate nice properties. If the 
function is defined one way at a point and a different way to the left and/or right, 
then appeal to the difference quotient is mandated. 


For (1), we note that G is defined for all reals, consequently, it is defined 
in every interval that contains 0. Thus, G is differentiable at 0 if and only if 


OPS GO. ge ee 
lim. —————- = lim ———*—— = lim |{ sin — 
h>0 h h>0 h h—>0 
; a! 2 
exists. Forh # 0, let ¢ (h) = sin—. For eachn é€ J, let pn = —————~. Now, 
h a (2n — 1) 
{Pn}p2. converges to 0 as n approaches infinity; but {@ (pn)}7—, = (eye 


diverges. From the Sequences Characterization for Limits of Functions (Theorem 
5.1.15), we conclude that Haste od (h) does not exist. Therefore, G is not differentiable 
aed 


atx =0. 


The function F given in (2) is also defined in every interval that contains 
0. Hence, F is differentiable at 0 if and only if 


1 
h> sin— —0 

F(O+h)-F(O 1 
ig ea = jim ——2_ — = jim (rr? sin - 
h>0 h h>0 h h>0 

1 
exists. Now we know that, for h # 0, |sin i < land Hae h* = 0, it follows from 
ard 


a simple modification of what was proved in Exercise #6 of Problem Set D that 


1 
lim (1 sin 7) = 0. Therefore, F is differentiable at x = 0 and F' (0) = 0. 


h>0 
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Excursion 6.1.10 Jn the space provided, sketch graphs of G and F on two different 
representations of the Cartesian coordinate system in intervals containing 0. 


****For the sketch of G using the curves y = x and y = —x as guides to stay within 
should have helped give a nice sense for the appearance of the graph; the guiding 
(or bounding) curves for F are y = x? and y = —x?.**#* 


Remark 6.1.11 The two problems done in the last example illustrate what is some- 
times referred to as a smoothing effect. In our text, it is shown that 


1 
x*sin— ,for x40 
K (x)= z 


0 ,jor x=0 


is also differentiable at x = 0. The function 


i 
sin-— ,for x #0 
L(x)= ‘ 


0 ,jor x=0 
is not continuous at x = Q with the discontinuity being of the second kind. The 


“niceness” of the function is improving with the increase in exponent of the “smooth- 
ing function” x". 
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In the space provided, sketch graphs of K and L on two different representations 
of the Cartesian coordinate system in intervals containing 0. 


The function L is not continuous at x = 0 while G is continuous at x = 0 
but not differentiable there. Now we know that K and F are both differentiable at 
x = 0; in fact, it can be shown that F can be defined to be differentiable at x = 0 
while at most continuity at x = 0 can be gained for the derivative of K at x = 0. 
Our first theorem in this section will justify the claim that being differentiable is a 
stronger condition than being continuous, this offers one sense in which we claim 
that F is a nicer function in intervals containing 0 than K is there. 


Excursion 6.1.12 Fill in what is missing in order to complete the following proof 
that the function f (x) = ./x is differentiable in Rt = (0, 0x). 
Proof. Let f (x) = ./x and suppose thata € Rt. Then f is 
(1) 
in the segment (C. 2a) that contains x = a. Hence, f is differentiable at x = a if 


and only if 


lim = lim 
h>0 h->0 


(2) (3) 
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exists. Now 
(Ja +h — Ja) (Va +h+ Ja) 
lim = im | —— 
430 h-0 h(Ja+h+ Ja) 
(3) 
(4) 
(5) 
(6) 
Consequently, f is differentiable at x = a and f' (a) = . Since a € Rt 


(7) 
was arbitrary, we conclude that 


ib 
way | ( ERA Si) = V3) > f= sa, 


*** Acceptable responses are: (1) defined, (2) [(f (@ +h) — f @) (h7')], GB) 


[(Va-$h — Ja) (h- ‘ (4) lim iF ass | (5) lim (Yah + Va)", 
(6) (2a), ma 


The next result tells us that differentiability of a function at a point is a stronger 
condition than continuity at the point. 


oR a a 


Theorem 6.1.13 [fa function is differentiable at ¢ € R, then it is continuous there. 


Excursion 6.1.14 Make use of the following observations and your understanding 
of properties of limits of functions to prove Theorem 6.1.13 
Some observations to ponder: 


e The function f being differentiable at ¢ assures the existence of ad > 0 such 
that f is defined in the segment (¢ — 6, € + 0); 
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e Given a function G defined in a segment (a, b), we know that G is continuous 
at any point p € (a, b) if and only if lim G (x) = G (—p) which is equivalent 
xp 


to having a: [G (x) -—G (p)| = 0. 


Space for scratch work. 


Proof. 


***Once you think of the possibility of writing [G (x) — G( p)| as 
[(G (x) — G (p)) (& - p)'| (x — p) for x # p the limit of the product theorem 
does the rest of the work.*** 


Remark 6.1.15 We have already seen two examples of functions that are continu- 
ous at a point without being differentiable at the point; namely, g (x) = |x — 2| at 
x = 2 and, for x =0, 


1 
xsin-— ,for x40 
G(x) = ? 


0 jor x=0 
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Boos sl 
To see that G is continuous at x = 0, note that \sin—| < 1 for x #4 0 and Lim x = 0 
X x2 


1 

implies that lim (x) (sin -)) = 0. Alternatively, for « > 0, let d(€) = €; then 
x-> Xx 
0 < |x —O| < 6 implies that 


< |x| <d=e. 


Beak 
sin — 
x 


| 
xsin~ — | = |x| 
x 


1 
Hence, _ (« sin -) =0=G (0). Either example is sufficient to justify that the 
x> Xx 


converse of Theorem 6.1.13 is not true. 


Because the derivative is defined as the limit of the difference quotient, it should 
come as no surprise that we have a set of properties involving the derivatives of 
functions that follow directly and simply from the definition and application of our 
limit theorems. The set of basic properties is all that is needed in order to make a 
transition from finding derivatives using the definition to finding derivatives using 
simple algebraic manipulations. 


Theorem 6.1.16 (Properties of Derivatives) (a) If cis aconstant function, then 
c'(x) = 0. 


(b) If f is differentiable at ¢ and k is a constant, then h(x) = kf (x) is differen- 
tiable at ¢ and h'(¢) = kf'(). 


(c) If f and g are differentiable at ¢, then F(x) = (f + g)(x) is differentiable 
at ¢ and FC) = f+ 80. 

(d) If u and v are differentiable at ¢, then G(x) = (uv)(x) is differentiable at € 
and 


G'(¢) =u(C)o'(©) + o(Eu’(). 


(e) If f is differentiable at ¢ and f (¢) 4 0, then H(x) = [f (x)]7! is differen- 
f'© 
[FOP 


(f) If p(x) = x" for n an integer, p is differentiable wherever it is defined and 


tiable at ¢ and H'(¢) = — 


p(x) = nx"), 
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The proofs of (a) and (b) are about as easy as it gets while the straightforward 
proofs of (c) and (f) are left as exercises. Completing the next two excursions will 
provide proofs for (d) and (e). 


Excursion 6.1.17 Fill is what is missing in order to complete the following proof 
that, if u and v are differentiable at ¢, then G(x) = (uv)(x) is differentiable at ¢ 
and 


G'() =u(o)o'(©) + o(Eu'(©). 


Proof. Suppose u, v, and G are as described in the hypothesis. Because u 
and v are differentiable at ¢, they are defined in a segment containing ¢. Hence, 
G (x) = u (x)v (x) is defined in a segment containing ¢. Hence, G is differentiable 


at ¢ if and only if a exists. Note that 
aed 


(1) 
h->0 h->0 
(1) 


(2) 


= li 
h>0 h 


EFM #O) 4 4) (CEHN= MO 


Since v is differentiable at ¢ it is continuous there; thus, lim v(¢+h)= 
> 
(3) 
Now the differentiability of u and v with the limit of the product and limit of the sum 
theorems yield that 


h 


h>0 (4) 


(1) 
Therefore, G is differentiable at ¢. 


*&* Acceptable responses are: (1) [(G (¢ +h) -G(O)) ear 


im voethwCth—-u@l+tuObC+h)—-vO)] 


)) 


(2)[WwC +h)vo( +h) —u()v0 (©) A], B) 0 ©, and (4) v (©) ww’ (©)+u (©) 0! (©).8** 
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Excursion 6.1.18 Fill is what is missing in order to complete the following proof 
that, if f is differentiable at ¢ and f (¢) # 0, then H(x) = [f(x)]! is differen- 
/ 


; f'@) 
tiable at € and H'(¢) = — ; 
: TROP 
Proof. Suppose that the function f is differentiable at ¢ and f (C) #0. From 
Theorem 6.1.13, f is at ¢. Hence. lim f (x) = . Since € = 
() ae Q) 
IF Ol ae 
ae > 0, it follows that there exists 0 > O such that 
(3) 
implies that |f (x) — f (| < = The (other) triangular inequality, yields 
that, for ,IfOL-Ilf @I < Wo from which 
(3) 
es 
we conclude that | f (x)| > 5 in the segment . Therefore, the 


(4) 
function H (x) a [f(x)]7! is defined in a segment that contains ¢ and it is dif- 
é 
H(+h)-—H() 


hy exists. Now simple algebraic 


ferentiable at ¢ if and only if lim 
h>0 


manipulations yield that 


- H(€+h)-H( _.,. (Fee ro) ( =1 ) 
im ———_ = lim —_-___ ——— — = 
h—>0 h h—->0 h fE+h) FO 


From the of f at ¢, it follows that lim f (+h) = 
> 


(5) (6) 
In view of the differentiability of f and the limit of the product theorem, we have 


that 


re le Ss we ee = 


ho>0 h (7) 


*** Acceptable responses are: (1) continuous, (2) f (¢), (3) |x -—¢| < 6, (4) 
(¢ — 6, € + 6), (5) continuity, (6) f (¢), and (7) — (f’(¢)) LF 17." 


The next result offers a different way to think of the difference quotient. 
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Theorem 6.1.19 (Fundamental Lemma of Differentiation) Suppose that f is dif- 
ferentiable at xy. Then there exists a function n defined on an open interval con- 
taining 0 for which n(O) = 0 and 


fo +h) — f (xo) = [f’Go) + nh] -h (6.3) 
and y is continuous at 0. 


Before looking at the proof take a few moments to reflect on what you can say about 


f(co +h) — fo) | 


. fo) 


for |h| > 0. 


Proof. Suppose that 6 > 0 is such that f is defined in |x — xo| < 6 and let 
1 y 
~ [flo +h) — f(x0)] =f” (0). if 0 < fh] <9 
n(h) = 
0 ,ifh =0 


Because f is differentiable at xo, it follows from the limit of the sum theorem that 
He: n(h) = 0. Since 4 (0) = 0, we conclude that 7 is continuous at 0. Finally, 
aed 


1 
solving 7 = re [ f (Xo +h)- f (xo) | — f’ (xo) for f(xo +h) — f (xo) yields (6.3). 
| 


Remark 6.1.20 Jf f is differentiable at xo, then 
fo +h) © fo) + f’Coyh 


for h very small; i.e., the function near to xo is approximated by a linear function 
whose slope is f'(xo). 


Next, we will use the Fundamental Lemma of Differentiation to obtain the 
derivative of the composition of differentiable functions. 
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Theorem 6.1.21 (Chain Rule) Suppose that g and u are functions on R and that 
f(x) = g(u(2)). [fu is differentiable at xo and g is differentiable at u(xo), then f 
is differentiable at xy and 


fo) = 8’ (u(X0)) - u’ (0). 


Fis hs 28 28 28 28 2k 2g 2g 2g 2s 28s 28 2s 2s 2s 28 2k 2k 2k 2k 2k 2 2 ok ok ok 


Before reviewing the offered proof, look at the following and think about what 
prompted the indicated rearrangement; What should be put in the boxes to enable 
us to relate to the given information? 

We want to consider 


fo +h) — f (x0) 
qe 


py h 
fan $0 +) = 8 (wX0)) 
____——— 
h>0 h 
_ ij g (u(xo +h)) — g (u(Xo)) 
— 1) ee eee ooo 


ho>0 h 


Fis 28 28 2s 28 28 2k 2g 2g 2s 2s 2s 2s 28 2s 2s 2s 2 2k 2k 2k 2k 2 2K oo ok 


Proof. Let Af = f (xo +h)— f (xo), Au = u(xp +h) — (x0) and up = u (x0). 
Then 


Af = g(u(xo + h)) — g(u(Xo)) = g(uo + Au) — g (uo). 


Because u is continuous at x9, we know that Hu Au = 0. By the Fundamental 
> 


Lemma of Differentiation, there exists a function 7, with 7(0) = 0, that is continu- 
ous at 0 and is such that Af = [g’(uo) + 47(Au)] Au. Hence, 


A A 
tim = jim (5 + nals") = g’ (uo) u’ (xo) 


from the limit of the sum and limit of the product theorems. m 
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6.1.1 Formulas for Differentiation 


As a consequence of the results in this section, we can justify the differentiation 
of all polynomials and rational functions. From Excursion 6.1.12, we know that 
1 
the formula given in the Properties of Derivatives Theorem (f) is valid forn = —. 
In fact, it is valid for all nonzero real numbers. Prior to the Chain Rule, the only 


way to find the derivative of f (x) = ie + (3x* —7) ae other than appeal to 
the definition, was to expand the expression and apply the Properties of Derivatives 
Theorem, parts (a), (b), (c) and (f); in view of the Chain Rule and the Properties of 
Derivatives Theorem, we have 


12\7 ul 
f'(@) =8 G a (3x? = 7) ) ES 4+ 72x (3x? a 7) 


What we don’t have yet is the derivatives of functions that are not realized as al- 
gebraic combinations of polynomials; most notably this includes the trigonometric 
functions, the inverse trig functions, a* for any fixed positive real number a, and 
the logarithm functions. 

For any x € R, we know that 


h>0 h h>0 h 


= ate (cos x) (=) + (sinx) (eo=*)| 


cos (x +h) —cosx i cos (h) cos (x) — sin (A) sin x — cos x 
— ES =dsSOWdbhLOM ee 
h->0 h h—>0 h 


= lim (co x) (ao ® = -) — (sinx) (=) : 


Consequently, in view of the limit of the sum and limit of the product theorems, 
finding the derivatives of the sine and cosine functions depends on the existence of 


sin (x + h) — sinx _ sin (h) cos (x) + cos (A) sin x — sinx 
99 $A. = Ft Sot 


and 


h>0 
etry, it can be shown that the values of these limits are | and 0, respectively. An 


outline for the proofs of these two limits, which is a review of what is shown in an 
elementary calculus course, is given as an exercise. The formulas for the derivatives 


: sin (h) : cos (h) — 1 ; . 
hm hy and lim — BE Using elementary geometry and trigonom- 
aed 
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of the other trigonometric functions follow as simple applications of the Properties 
of Derivatives. 
Recall that e = at (1+¢)!/° and y =Inx © x =e”. With these in addition 
co 


to basic properties of logarithms, for x a positive real, 


1 esi 1 y 
je AEN zis [in (1 4 | 


h>0 h h>0 x 


n\ Wh 
= lim | In (1 + =) | : 
h>0 Xx 


Keeping in mind that x is a constant, it follows that 


1/x 
l hy=t h\*/h 
hg I oye in| (144) | 
x 


ho>0 h h>0 
1 h x/h 
= —lim | In (1 + =) 
x h->0 Xx 


h x/h 

Because (1 + =) — eas h —> Oand In(e) = 1, the same argument that 
x 

was used for the proof of Theorem 5.2.11 allows us to conclude that 


In@~+h)—Inx 1 
mM —_ = 


li : 
ho>0 h x 


Formulas for the derivatives of the inverse trigonometric functions and a”, for 
any fixed positive real number a, will follow from the theorem on the derivative of 
the inverses of a function that is proved at the end of this chapter. 


6.1.2 Revisiting A Geometric Interpretation for the Derivative 


Completing the following figure should serve as a nice reminder of one of the com- 
mon interpretations and applications of the derivative of a function at the point. 


e On the x-axis, label the x-coordinate of the common point of intersection of 
the curve, f (x), and the three indicated lines as c. 


244 CHAPTER 6. DIFFERENTIATION: OUR FIRST VIEW 


e Corresponding to each line—(,, f2, and €3, on the x-axis label the x-coordinate 
of the common point of intersection of the curve, f (x), with the line as c+h 1, 
c+ hz, and c + h3 in ascending order. Note that h;, hz and h3 are negative 
in the set-up that is shown. Each of the lines €;, €2, and €3 are called secant 
lines. 


e Find the slopes m,, m2, and m3, respectively, of the three lines. 


Excursion 6.1.22 Using terminology associated with the derivative, give a brief 
description that applies to each of the slopes mj; for j = 1,2, 3. 


Excursion 6.1.23 Give a concise well-written description of the geometric inter- 
pretation for the derivative of f at x = c, if it exists. 


6.2. The Derivative and Function Behavior 


The difference quotient is the ratio of the change in function values to the change in 
arguments. Consequently, it should come as no surprise that the derivative provides 
information related to monotonicity of functions. 
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In the following, continuity on an interval J = [a,b] is equivalent to having 
continuity on (a,b), right-hand continuity at x = a and left-hand continuity at 
x = b. For right-hand continuity at x = a; f (a+) = f (a), while left-hand 
continuity at x = b requires that f (b—) = f (0). 


Definition 6.2.1 A real valued function f on a metric space (X,dx) has a local 
maximum at a point p € X if and only if 


6 > 0)[(Wq) @ € No (p) > f @ < f (Pp); 


the function has a local minimum at a point p € X if and only if 


(6 > 0) [(Va) (¢ € No (p) = f (p) < f (q))). 


Definition 6.2.2 A real valued function f ona metric space (X, dx) has a (global) 
maximum at a point p € X if and only if 


[woe eX Sf) <f(p)]; 


the function has a (global) minimum at a point p € X if and only if 


[(vx) (q eX = f (vp) < f @))]. 


Theorem 6.2.3 (Interior Extrema Theorem) Suppose that f is a function that is 
defined on an interval I = [a,b]. If f has a local maximum or local minimum at a 
point xo € (a,b) and f is differentiable at xo, then f'(xo) = 0. 


Space for scratch work or motivational picture. 


Proof. Suppose that the function f is defined in the interval J = [a, b], has a lo- 
cal maximum at xo € (a, b), and is differentiable at x9. Because f has a local max- 
imum at xo, there exists a positive real number 6 such that (x9 — 0, x9 + 0) C (a,b) 
and (Vt) [t € (xo — 6,x0 +0) = f (t) < f (x0). Thus, for t € (x0 — 6, x0), 


f= f 0) . 


Fae (6.4) 
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while t € (xo, x9 + 6) implies that 


fi) f(0) — 


(6.5) 
t — Xo 
t a 
Because f is differential at xo, im ae exists and is equal to f’ (xo). 
x0 =X 


From (6.4) and (6.5), we know ne f’ (xo) = 0 and f’ (xo) < 0, respectively. The 
Trichotomy Law yields that f’ (xo) = 0. @ 

The Generalized Mean-Value Theorem that follows the next two results contains 
Rolle’s Theorem and the Mean- Value Theorem as special cases. We offer the results 
in this order because it is easier to appreciate the generalized result after reflecting 
upon the geometric perspective that is offered by the two lemmas. 


Lemma 6.2.4 (Rolle’s Theorem) Suppose that f is a function that is continuous 
on the interval I = [a, b] and differentiable on the segment I° = (a,b). If f(a) = 
f (b), then there is anumber xo € I° such that f'(xo) = 0. 


Space for scratch work or building intuition via a typical picture. 


Proof. If f is constant, we are done. Thus, we assume that f is not constant 
in the interval (a,b). Since f is continuous on J, by the Extreme Value Theorem, 
there exists points ¢ and ¢ in J such that 


f (@) < f &) < f G@) forallx eT. 


Because f is not constant, at least one of {x e J: f(x) > f(a)} and 

{x el: f(x) < f(a} is nonempty. If {x e 7: f(x) > f(a} = (a,b), then 
f (@) = f @ = f (vb) and, by the Interior Extrema Theorem, ¢) € (a, b) is such 
that f’ (C1) = 0. If {x e 1: f(x) < f(a)} = (a,b), then f (C1) = f @ = f(b), 
éo € (a, b), and the Interior Extrema Theorem implies that f’ (¢o) = 0. Finally, if 
{x el: f(x) > f(@} 4 (a,b) and {x eT: f(x) < f@} < G,b), then both & 
and ¢ are in (a, b) and f’ () = f’ (41) = 0. = 


Lemma 6.2.5 (Mean-Value Theorem) Suppose that f is a function that is contin- 
uous on the interval I = [a, b] and differentiable on the segment I° = (a, b). Then 
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there exists anumber & € I° such that 


fo) - f@ 
ae 


f@= = 


Excursion 6.2.6 Use the space provided to complete the proof of the Mean-Value 
Theorem. 
Proof. Consider the function F defined by 
f(b) — fa) 
FO) S FO) = ey) FG) 


as a candidate for application of Rolle’s Theorem. 


Theorem 6.2.7 (Generalized Mean-Value Theorem) Suppose that f and F are 
functions that are continuous on the interval I = [a,b] and differentiable on the 
segment I°. If F’(x) #0 on I°, then 


(a) F(b) — F(a) £0, and 


(b) @é) (< er nl fo _ ro). 


F(b)— F(a) F’'() 


Excursion 6.2.8 Fill in the indicated steps in order to complete the proof of the 
Generalized Mean-Value Theorem. 
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Proof. To complete a proof of (a), apply the Mean- Value Theorem to F. 


For (b), for x € J, define the function by 


f(6) = f@) 
F(b) — F(a) 


It follows directly that g(a) = g(b) = 0. 


g(x) = f(x) — fla) — -[F(Qx) — F(@)]. 


Theorem 6.2.9 (Monotonicity Test) Suppose that a function f is differentiable in 
the segment (a, b). 


(a) If f' (x) = O forall x € (a, b), then f is monotonically increasing in (a, b). 
(b) If f' (x) =O for all x € (a,b), then f is constant in (a, b). 
(c) If f’ (x) < O forall x € (a,b), then f is monotonically decreasing in (a, b). 


Excursion 6.2.10 Fill in what is missing in order to complete the following proof 
of the Monotonicity Test. 
Proof. Suppose that f is differentiable in the segment (a, b) and x1, x2 € (a,b) 
are such that x1 < x2. Then f is continuous in [x1, x2] and 
(1) 
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in (x1, 2). From the , there exists € € (x1,x2) such 
(2) 
that 
f G1) — f 2) 
f©O=——. 
X{ —X2 
If f' (x) = O for all x € (a,b), then f’ (€) => 0. Since x1 — x2 < O, it 
follows that Se, f (x1) < f (x2). Since x; and x2 
(3) 
were arbitrary, we have that 
(Vx1) (Vx2) [(n-» € (a,b) A )- FOiys 7 wo} 
(4) 
Hence, f is in (a, b). 


(5) 
If f’ (x) = 0 for all x € (a,b), then 


(6) 


Finally, if f' (x) < 0 forall x € (a,b), 


(7) 


**%* A cceptable responses are: (1) differentiable, (2) Mean-Value Theorem, 

(3) f (x1) — f (x2) < 0, (4) x1 < x2, (5) monotonically increasing, 

(6) f (x1) — f (x2) = 0; ie., f (x1) = f (x2). Since x; and x2 were arbitrary, we 
have that f is constant throughout (a, b)., (7) then f’ (€) < 0 and x; — x2. < 0 
implies that f (x;) — f (x2) > 0; 1e., f (41) => f (42). Because x; and x2 were 
arbitrary we conclude that f is monotonically decreasing in (a, b).*** 


Example 6.2.11 Discuss the monotonicity of f (x) = 2x? + 3x? — 36x +7. 

For x ER, f' (x) = 6x? + 6x — 36 = 6 (x + 3) (x — 2). Since f’ is positive in 
(—oo, —3) and (2, 00), f is monotonically increasing there, while f' negative in 
(—3, 2) yields that f is monotonically decreasing in that segment. 
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Remark 6.2.12 Actually, in each of open intervals (—oo, —3), (2, o), and (—3, 2) 
that were found in Example 6.2.11, we have strict monotonicity; i.e., for x1, x2 € 
(—oo, —3) or x1, X2 € (2, &), X1 < X2 implies that f (x1) < f (x2), while x1, x2 € 
(—3, 2) and x, < Xz yields that f (x1) > f (x2). 


6.2.1 Continuity (or Discontinuity) of Derivatives 


Given a real-valued function f that is differentiable on a subset Q of R, the deriva- 
tive F = f’ is a function with domain Q. We have already seen that F need not be 
continuous. It is natural to ask if there are any nice properties that can be associated 
with the derivative. The next theorem tells us that the derivative of a real function 
that is differentiable on an interval satisfies the intermediate value property there. 


Theorem 6.2.13 Suppose that f is a real valued function that is differentiable on 
[a,b] and f' (a) < f' (b). Then for any 1 € R such that f’ (a) < 2 < f' (b), there 
exists a point x € (a,b) such the f’ (x) = 2. 

Proof. Suppose that f is a real valued function that is differentiable on [a, b] 
and 4 € Ris such that f'(a) < 4 < f'(b). Let G(t) = f(t) — At. From 
the Properties of Derivatives, G is differentiable on [a,b]. By Theorem 6.1.13, G 
is continuous on [a, b] from which the Extreme Value Theorem yields that G has 
a minimum at some x € [a,b]. Since G' (a) = f'(t)-—4 < Oand G'(b) = 
f' (t) —4 > 0, there exists a ty € (a,b) and tz € (a,b) such that G (t}) < G (a) 
and G (t2) < G(b). It follows that neither (a, G (a)) nor (b, G (b)) is a minimum 
of G in [a, b]. Thus, a < x < b. In view of the Interior Extrema Theorem, we have 
that G’ (x) = 0 which is equivalent to f’ (x) =A 


Remark 6.2.14 With the obvious algebraic modifications, it can be shown that the 
same result holds if the real valued function that is differentiable on [a, b] satisfies 


f' (a) > f' (®). 


Corollary 6.2.15 Jf f is a real valued function that is differentiable on [a, b], then 
f’ cannot have any simple(first kind) discontinuities on [a, b}. 


Remark 6.2.16 The corollary tells us that any discontinuities of real valued func- 
tions that are differentiable on an interval will have only discontinuities of the sec- 
ond kind. 
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6.3. The Derivative and Finding Limits 


The next result allows us to make use of derivatives to obtain some limits: It can 
be used to find limits in the situations for which we have been using the Limit of 
Almost Equal Functions and to find some limits that we have not had an easy means 
of finding. 


Theorem 6.3.1 (L’H6pital’s Rule I) Suppose that f and F are functions such that 
f’ and F’ exist on a segment I = (a,b) and F' £0 on IT. 


(a) If f (a+) = F(a+) = Oand (<) (a+) = L, then (4) (a+) = L. 


/ 

(b) If f (a+) = F(at+) = wand (<) (a+) = L, then (4) (a+) = L. 
Excursion 6.3.2 Fill in what is missing in order to compete the following proof of 
part (a). 

Proof. Suppose that f and F are differentiable on a segment I = (a,b), F’ 40 
on I, and f (a+) = F(a+) = 0. Setting f (a) = f (at) and F (a) = F(a+) 
extends f and F to functions that are in [a, b). With this, F (a) = 0 

(1) 
and F' (x) £0 in I yields that F (x) : 
(2) 


/ 


t) (a+) = L, there exists 6 > 0 


Suppose that € > O is given. Since ( 


such that a < w <a-+0 implies that 


(2) 


From the Generalized Mean-Value Theorem and the fact that F (a) = f (a) = 0, it 
follows that 


(4) 
— 


= | ——————_. — L| = 
F (x)-F@) = 
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Ff (x) 


for some & satisfying a < € <a+0. Hence, F(x) —L| < e. Since ¢ > 0 was 
x 
arbitrary, we conclude that | 
(6) 

eek ; : f’ (w) 

Acceptable responses are: (1) continuous, (2) 4 0, (3) F’ (w) —L| < e, (4) 

w 
/ 

F @).(5) f @)— f @). 6) £2 and 7) tim LY = 14 


F’(é)’ xoat F (x) 
Proof. Proof of (b). Suppose that f and F are functions such that f’ and F’ 
exist on an open interval J] = {x :a <x <b}, F’40onI], f(at+) = F(at+) = 


/ 


and (a+) = L. Then f and F are continuous on I and there exists h > 0 


F! 
such that F’ ~ Oin I, = {x : a < x <a+h}. Fore > 0, there exists a 6 with 
0 <6 <h such that 


/ 
ae < 5 forall € in Is ={x:a<x <a+tod}. 
Let x and c be such that x < c and x,c € Is. By the Generalized Mean-Value 
fat SiO, 
FQx)-Fo) FE 


fe)-fO _ a Lé 


— 


Theorem, there exists a é in Js; such that 


° 


F(x) — F(c) 2. 
In particular, for € < 1, we have that 
fO)-fO|_|fO-fO _ 1 
F@aFO! (F@arO oo) es 


With a certain amount of playing around we claim that 


f@)  fR)-fO)_ |fO FO feO-fO 


F(x) FO)-FO| |F@ f@) F@-FO 


F 1 
|£O|_|FO (i fi 1): 
F(x) f(x) 2 
For c fixed, LO _, Qand £9 -5 Oasx > at. Hence, there exists 6;,0 < 6; < 6, 
F(x) f@) 
such that 
fo)| _« F(c) I 
— an < ———___.. 
F(x)| 4 f@)| 4(£|4+ 1/2) 
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Combining the inequalities leads to 


f@)—fO _ 
F(x) -— F(c) 


f(x) i _|£@) _ f= fO 
F(x) F(x) F(x)- F(c) 


whenever a < x <a-+0,. Since € > 0 was arbitrary, we conclude that 


e ed Os 
( ) oo ea Te a 


Remark 6.3.3 The two statements given in L’Ho6pital’s Rule are illustrative of the 
set of such results. For example, the x — a* can be replaced with x — b-, 
x — +00, x ~ oo, and x  —©, with some appropriate modifications in the 
statements. The following statement is the one that is given as Theorem 5.13 in our 
text. 


Theorem 6.3.4 (L’H6pital’s Rule II) Suppose f and g are real and differentiable 


/ 
in (a, b), where —o0 < a <b < ~w, g’ (x) <O forall x € (a,b), and tim £ = 
xa gi (x) 
A. If lim f (x) = OA lim g (x) = O or lim g (x) = +00, then lim fe) 
xa xa xa ag (x) 


Excursion 6.3.5 Use an appropriate form of L’Hépital’s Rule to find 


_ x*—5x +6—7sin(x — 3) 
1. tio. —— 
x3 2x —6 
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***Hopefully, you got —3 and e, respectively.*** 


6.4 Inverse Functions 


Recall that for a relation, S, on R, the inverse relation of S, denoted by S —! is the 
set of all ordered pairs (y, x) such that (x, y) € S$. While a function is a relation 
that is single-valued, its inverse need not be single-valued. Consequently, we cannot 
automatically apply the tools of differential calculus to inverses of functions. What 
follows if some criteria that enables us to talk about “inverse functions.” The first 
result tells us that where a function is increasing, it has an inverse that is a function. 


Remark 6.4.1 [fu and v are monotonic functions with the same monotonicity, then 
their composition (if defined) is increasing. If u and v are monotonic functions with 
the opposite monotonicity, then their composition (if defined) is decreasing. 


Theorem 6.4.2 (Inverse Function Theorem) Suppose that f is a continuous func- 
tion that is strictly monotone on an interval I with f (1) = J. Then 


(a) J is an interval; 


(b) the inverse relation g of f is a function with domain J that is continuous and 
strictly monotone on J; and 


(c) we have g(f(x)) =x forx € 1 and f(g(y))=yforye J. 


Proof. Because the continuous image of a connected set is connected and f 
is strictly monotone, J is an interval. Without loss of generality, we take f to be 
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decreasing in the interval J. Then f (x1) # f (x2) implies that x; 4 x2 and we 
conclude that, for each wo in J, there exists one and only one ¢g € J such that 
wo = f (fo). Hence, the inverse of f is a function and the formulas given in (c) 
hold. It follows from the remark above and (c) that g is strictly decreasing. 

To see that g is continuous on J, let wo be an interior point of J and 
suppose that g(wo) = x0; i.e., f (xo) = wo. Choose points w; and w2 in J such 
that w1 < Wo < wz. Then there exist points x; and x2 in J, such that xj < x9 < x2, 
f (x1) = w2 and f (x2) = w 1. Hence, xo is an interior point of 7. Now, without loss 
of generality, take € > 0 small enough that the interval (xo — €, x9 + €) is contained 
in J and define wy = f(xo + €) and wy = f(xo — €) so wf < w5. Since g is 
decreasing, 


xo te = g(wj) = g(w) > g(w3) = x0 —€ for wsuch that w} < w < w5. 
Hence, 
g(wo) +€ > g(w) > g(wo) —e€ for w such that w] < w < w3. 
Now taking 6 to be the minimum of w; — wo and wo — w} leads to 
|g(w) — g(wo)| < € whenever |w — wo| < 0. 
| 


Remark 6.4.3 While we have stated the Inverse Function Theorem in terms of in- 
tervals, please note that the term intervals can be replaced by segments (a, b) where 
a can be —o and/or b can be ov. 


In view of the Inverse Function Theorem, when we have strictly monotone con- 
tinuous functions, it is natural to think about differentiating their inverses. For a 
proof of the general result concerning the derivatives of inverse functions, we will 
make use with the following partial converse of the Chain Rule. 


Lemma 6.4.4 Suppose the real valued functions F, G, and u are such that F (x) = 
G (u(x)), u is continuous at x9 € R, F’ (xo) exists, and G’ (u (xo)) exists and 
differs from zero. Then u’ (xo) is defined and F’ (xo) = G’ (u (xo)) u’ (xo). 


Excursion 6.4.5 Fill in what is missing to complete the following proof of the 
Lemma. 
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Proof. Let AF = F (xo +h)— F (xo), Au = u(xo +h) —u(x0) and up = u (x0). 
Then 


AF= = G(ug + Au) — G(uo). 
(1) 


Since u is continuous at xo, we know that butt Au = 0. By the Fundamental Lemma 
aed 


of Differentiation, there exists a function n, with , that is continuous 
(2) 
at 0 and is such that AF = . Hence, 
(3) 
AF 
Au h 


h ~ [G’(uo) + (Au) 


From him Au = 0, it follows that y(Au) —> 0 ash — 0. Because G' (ug) exists 
> 


and is nonzero, 


AF 
j _ U(xo +h) —u(xo) _ ,. he F" (xo) 
uw (x9) = km AAA = Lim ——_ = ; 
h>0 h h>0[G/(uo) + n(Au)] ~~ G’ (uo) 
Therefore, u’ (xo) exists and | 


(4) 


*** Acceptable responses are: (1) G(u(x9 + h)) — G(u(x)), (2) n(0) = 0, (3) 
[G’ (uo) + y(Au)] Au, and (4) F’ (xo) = G' (uo) u’ (x0).*** 


Theorem 6.4.6 (Inverse Differentiation Theorem) Suppose that f satisfies the hy- 
potheses of the Inverse Function Theorem. If xo is a point of J such that f'(g(xo)) 
is defined and is different from zero, then g'(xq) exists and 


1 


—— 6.6 
Feo) — 


g’ (x0) = 


Proof. From the Inverse Function Theorem, f (g (x)) = x. Taking u = g and 
G = f in Lemma 6.4.4 yields that g’ (xo) exists and f’ (g (x)) g’ (x) = 1. Since 
f'(g(xo)) 4 9, it follows that g’ (xo) = FG as needed. m 
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Corollary 6.4.7 For a fixed nonnegative real number a, let g(x) = a*. Then 
dom (g) = R and, for all x € R, g' (x) =a* Ina. 

Proof. We know that g (x) = a” is the inverse of f (x) = log, x where f is 
a Strictly increasing function with domain (0, co) and range (—co, co). Because 
A=log, BS a4 =B ee Alna =InB, it follows that 


\ B InB 
re) = —. 
Fa Ina 


Hence 


f’ (x) =! (log, x)’ = (=) Fe 1 


Ina) xIna 


1 
f(g) 


From the Inverse Differentiation Theorem, we have that g' (x) = 


g(x)Ina=a*Ina. @ 
Remark 6.4.8 Taking a = e in the Corollary yields that (e*)' = e*. 


In practice, finding particular inverses is usually carried out by working directly 
with the functions given rather than by making a sequence of substitutions. 


Example 6.4.9 Derive a formula, in terms of x, for the derivative of y = arctan x, 
1 1 
—-~ <x <n. 

We know that the inverse of u = tanv is a relation that is not a function; con- 

sequently we need to restrict ourselves to a subset of the domain. Because u is 


: : : : : x 1 
strictly increasing and continuous in the segment I = (-5. =); the correspond- 


ing segment is (—0o, 00). We denote the inverse that corresponds to this segment by 

y = f (x) = arctan x. From y = arctan x if and only if x = tan y, it follows directly 
d d 

that (sec? y) 7 acep 


— 7 = —,—. On the other hand, tan* y + 1 = sec? y with 
x x sec“ y 


d 
x = tan y implies that sec? y = x” + 1. Therefore, an OS : 
dx Fear ae 


x 
Excursion 6.4.10 Use f (x) = i to verify the Inverse Differentiation Theorem 


on the segment (2,4), i.e., show that the theorem applies, find the inverse g and 
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its derivative by the usual algebraic manipulations, and then verify the derivative 
satisfies equation (6.6) 


***H opefully, you thought to use the Monotonicity Test; that f is strictly increasing 
in J = (2,4) follows immediately upon noting that f’ (x) = (1—x)~? > Oin 


I. The corresponding segment J = [{ —2, = is the domain for the inverse g 


that we seek. The usual algebraic manipulations for finding inverses leads us to 
solving x = y(1— y)7! for y. Then application of the quotient rule should have 
led to g’ (x) = (1+x)~’. Finally, to verify agreement with what is claimed with 
equation (6.6), substitute g into f’ (x) = (1 — x)~? and simplify.*** 


6.5 Derivatives of Higher Order 


If f is a differentiable function on a set Q then corresponding to each x € Q, there 
is a uniquely determined f’ (x). Consequently, f’ is also a function on Q. We have 
already seen that f’ need not be continuous on Q. However, if f’ is differentiable 
onaset A C Q, then its derivative is a function on A which can also be considered 
for differentiability. When they exist, the subsequent derivatives are called higher 
order derivatives. This process can be continued indefinitely; on the other hand, we 
could arrive at a function that is not differentiable or, in the case of polynomials, 
we’ll eventually obtain a higher order derivative that is zero everywhere. Note that 
we can speak of higher order derivatives only after we have isolated the set on which 
the previous derivative exists. 


Definition 6.5.1 If f is differentiable on a set Q and f"’ is differentiable on a set 
ps 


d 
Q, Cc Q, then the derivative of f' is denoted by f” or as and is called the second 
x 
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derivative of f ; if the second derivative of f is differentiable on a set Q2 C Qy, then 
@ 
the derivative of f”, denoted by f" or f®) or ak is called the third derivative 
x 
of f. Continuing in this manner, when it exists, f™ denotes the n'" derivative of 
/ 
f and is given by (fo) ‘ 


Remark 6.5.2 The statement “f exists at a point xy” asserts that f*—) (t) is 
defined in a segment containing xo (or in a half-open interval having xo as the 
included endpoint in cases of one-sided differentiability) and differentiable at xo. If 
k > 2, then the same two claims are true for f*~”). In general, “f exists at a 
point xy” implies that each of f), for j = 1,2, ...,k — 1, is defined in a segment 
containing xo and is differentiable at xo. 


Example 6.5.3 Given f (x) = 
for f™. 


5 
in R- {-3]. find a general formula 


62x) 


From f (x) =3(5 + 2x)~’, it follows that f’ (x) = 3-(—2) (5 + 2x)7? (2), 
Ff") = 3-2) (3) 5 + 2x) (27), FO (x) = 3-(—2) (-3) (—4) (5 + 2x) (23), 
and f (x) =3-(—2) (—3) (—4) (—5) (5 + 2x)~® (27); Basic pattern recognition 
suggests that 


f™ (x) = (-1)"-3-27-(@tDE6 + 2x), (6.7) 


Remark 6.5.4 Equation (6.7) was not proved to be the case. While it can be proved 
by Mathematical Induction, the set-up of the situation is direct enough that claiming 
the formula from a sufficient number of carefully illustrated cases is sufficient for 
our purposes. 


Theorem 6.5.5 (Taylor’s Approximating Polynomials) Suppose f is a real func- 
tion on [a, b] such that there exists n € J for which f “—) is continuous on [a, b] 
and f exists for every t € (a,b). For y € [a, b], let 


(1-1) p(k) 
PAO ye ED Gaye 


! 
CORK! 


Then, for a and f distinct points in [a, b], there exists a point x between a and fp 
such that 


£@) 


n! 


Ff (B) = Pa-1 (a; B) + (B—a)". (6.8) 
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Excursion 6.5.6 Fill in what is missing to complete the following proof of Taylor’s 
Approximating Polynomials Theorem. 
Proof. Since Py_; (a; f), (6 — a)" and f (P) are fixed, we have that 


f (B) = Pn—1 (a; B) + M(B — a)" 


for some M &€R. Let 


gs) = pt n—1(a;t)—M(t—a)". 


Then g is a real function on [a,b] for which is continuous and 
(1) 
g exists in (a,b) because . From 
(2) 
the Properties of Derivatives, for t € (a, b), we have that 


—a)*!-—nM(t—a)"!, 


co=F0-LE i 


and 


g (t= 
3) 


In general, for j such that 1 < j < (n—1)andt é€ (a,b), it follows that 


(k) ' 
OO =f9O- re Saji me ay, 


(a—j 7 
Finally, 
gM OM= ; (6.9) 
(4) 
Direct substitution yields that g Os = 0. Furthermore, for each j, 1 < 


n—1 ag ) (a) Gs — a) = Ne) (a); conse- 


j < @-1), t = a implies that Dye; oa! 


quently, 


g(a) =g" (a) =O foreach j, 1 <j <(n—-1). 
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In view of the choice of M, we have that g (f) = 0. Because g is differentiable in 
(a, b), continuous in [a, b], and g (a) = g (B) = 0, by 

(5) 
there exists x1 between a and B such that g’(x,) = 0. Assuming thatn > 1, 


from Rolle’s Theorem, g' differentiable in (a, b) and in [a, b] with 
(6) 
g’ (a) = g' (x41) = O for a,x, € (a,b) yields the existence of x2 between a and 
x, such that . Ifn > 2, Rolle’s Theorem can be applied to g" to 
(7) 
obtain x3 between such that g® (x3) = 0. We can repeat this pro- 


(8) 
cess through g™, the last higher order derivative that we are assured exists. After 
n steps, we have that there is an Xj, between a and x,—, such that g™ (xn) = 0. 
Substituting Xp into equation (6.9) yields that 


0=8" (mn) = 
(9) 
Hence, there exists a real number x (= Xn) that is between a and f such that 


fe (x) = n!M; ie. phe) 
n! 
|_| 


= M. The definition of M yields equation (6.8). 


** A ceptable responses are: (1) g—, (2) g is the sum of functions having those 
(k) 

properties, (3) f” (1) — 275 m (¢—a)*? —nm—-1)M(t—a)"’, 4 

f™ (t) — n!M, (5) Rolle’s Theorem or the Mean-Value Theorem, (6) continuous, 

(7) g" (x2) = 0, (8) a and x2, and (9) f™ (x,) —n!M.*** 


Remark 6.5.7 For n = 1, Taylor’s Approximating Polynomials Theorem is the 
Mean-Value Theorem. In the general case, the error from using Pn—\ (a; BP) instead 
20) 
of f (B) is — 
an approximation of this error whenever we have bounds on | f™ (x) |. 


(6 — a)" for some x between a and f£; consequently, we have 


3.7 
Example 6.5.8 Let f (x) = (1 —x)7! in [-3. a Then, for eachn € J, f™ (x) = 


8 


aq 
ni(l— x) ty) is continuous in 7. =| Consequently, the hypotheses for Tay- 
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lor’s Approximating Polynomial Theorem are met for eachn € J. Forn = 2, 


1 1 
Py-1(y3t) = Py = Teg age 


1 1 1 1 
fa= mi and fp = my the Theorem claims the existence of x € (-5. i) such 
1 (| Noyf 1 _ ay 
FV=s) = Pi sis a Cos eee 
2 4° 2 2! 2 4 
z oes i 1 1 NS 
NO By oy a ( iy a 


that 


Since 


= 
4 


1 1 2 1 9 
we wish to find x € | —=, — } such that - = 0 + ——; {| — }; the only real 
2’°4 3 (1 —x)> \16 


solution to the last equation is x) = 1 — — = which is approximately equal to 


2/4 


1 1 
.055. Because xo is between a = mi and Bp = 5) this verifies the Theorem for the 


specified choices. 


6.6 Differentiation of Vector- Valued Functions 


In the case of limits and continuity we have already justified that for functions 
from R into R*, properties are ascribed if and only if the property applies to each 
coordinate. Consequently, it will come as no surprise that the same “by co-ordinate 
property assignment” carries over to differentiability. 


Definition 6.6.1 A vector-valued function f from a subset Q of R into Ré is differ- 
entiable at a point ¢ € Q if and only if f is defined in a segment containing ¢ and 
there exists an element of R*, denoted by f' (¢), such that 
f(t) — 
km (LO =O 
EG. 


toe 
where |-| denotes the Euclidean k-metric. 


—f()| =0 
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Lemma 6.6.2 Suppose that f\, f2, ..., fk are real functions on a subset Q of R and 
f(x) = (fi @), fo @),..., fe &)) for x € Q. Then f is differentiable at ¢ € Q with 
derivative f' (¢) if and only if each of the functions f\, fr, ...5 fx is differentiable at 
Cand? = (LO. LO>++ LO). 


Proof. For ¢ and ¢ in R, we have that 
£1) -£© _(AO-AO_. om 
ORO ey = (AE Fi @) 5 r—¢ fi(0). 


Consequently, the result follows immediately from Lemma 4.3.1 and the Limit of 
Sequences Characterization for the Limits of Functions. 


Fx t) — fk ©) 


Lemma 6.6.3 If f is a vector-valued function from Q C R into RK that is differen- 
tiable at a point ¢ € Q, then f is continuous at ¢. 


Proof. Suppose that f is a vector-valued function from Q C R into R* that is 
differentiable at a point ¢ € Q. Then f is defined in a segment J containing ¢ and, 
for t € I, we have that 


t-t@) = (AOEAO ¢_-9),., AOR AO ¢_ 2) 


FOWL O U6 I ©)-0) st G 
Hence, for each j € J,1 < j < k, limf; (1) = fj (©); 1¢., each f; is continuous 
toe 
at ¢. From Theorem 5.2.10(a), it follows that f is continuous at ¢. ™ 
We note that an alternative approach to proving Lemma 6.6.3 simply uses Lemma 
6.6.2. In particular, from Lemma 6.6.2, f (x) = (f, (x), fo (x), «.-5 fx (x)) differen- 
tiable at ¢ implies that f; is differentiable at ¢ for each j, 1 < j < k. By Theorem 


6.1.13, f; is continuous at ¢ for each j, 1 < j < k, from which Theorem 5.2.10(a) 
allows us to conclude that f (x) = (fi (x), fo (*),..., fe (&)) is continuous at ¢. 


Lemma 6.6.4 If f and g are vector-valued functions from Q C R into R* that are 
differentiable at a point € € Q, then the sum and inner product are also differen- 
tiable at ¢. 


Proof. Suppose that f (x) = (fi (x), fo (*),..., fe (x)) and 
@(x) = (g1 (x), g2 (x), ..., ge (x)) are vector-valued functions from Q C R into 
R* that are differentiable at a point ¢ € Q. Then 


(f+ g) (%) = (fi + 81) (&), 2 + 82) (&), os fe + 8k) @)) 
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and 


(fe g) (x) = ((f181) (*), (F282) () 5 -s (Fee) ())- 


From the Properties of Derivatives (c) and (d), for each j € J, 1 < j < k, 
5 a ‘ # 
(f; + 8;) and (fjg;) are differentiable at ¢ with (fj +g;) (= Tyee AC) 


and (fj8;) (y= f; Os O+s,O gi (¢). From Lemma 6.6.2, it follows that 
(f + g) is differentiable at ¢ with 


f€+gQO=( +2) O=((f14+81) ©. (64+) O35 (K+H%) ©) 


and (fe g) is differentiable at ¢ with 


(fe g) (¢) = (f eg) (©) + (feg) ©. 


a 

The three lemmas might prompt an unwarranted leap to the conclusion that all 
of the properties that we have found for real-valued differentiable functions on sub- 
sets of R carry over to vector-valued functions on subsets of R. A closer scrutiny 
reveals that we have not discussed any results for which the hypotheses or conclu- 
sions either made use of or relied on the linear ordering on R. Since we loose the 
existence of a linear ordering when we go to R’, it shouldn’t be a shock that the 
Mean-Value Theorem does not extend to the vector-valued functions from subsets 
of R to R’. 


Example 6.6.5 For x € R, let f(x) = (cosx, sinx). Show that there exists an in- 
terval [a, b] such that f satisfies the hypotheses of the Mean-Value Theorem without 
yielding the conclusion. 

From Lemma 6.6.2 and Lemma 6.6.3, we have that f is differentiable in 
(a, b) and continuous in [a,b] for any a,b € R such thata < b. Since f(0) = 
f (27) = (1,0), f (27) —f (0) = (0, 0). Because f’ (x) = (— sinx, cos x), |f (x)| = 
1 for each x € (0,27). In particular, (Vx € (0, 27)) (f (x) 4 (0, 0)) from which 
we see that (Vx € (0, 27)) (f (2x7) —f(0) 4 Qa —O)f (x)); i.e, 


= (Ax) [x € (0, 22) A (f 2x) — £0) = (2a — 0)f (x))]. 


Remark 6.6.6 Example 5.18 in our text justifies that L’Hépital’s Rule is also not 
valid for functions from R into C. 
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When we justify that a result known for real-valued differentiable functions on 
subsets of IR does not carry over to vector-valued functions on subsets of R, it is 
natural to seek modifications of the original results in terms of properties that might 
carry over to the different situation. In the case of the Mean-Value Theorem, success 
in achieved with an inequality that follows directly from the theorem. From the 
Mean-Value Theorem, if f is a function that is continuous on the interval J = [a, b] 
and differentiable on the segment /° = (a,b), then there exists a number € € J° 


such that f(b) — f(a) = f’() (b—a). Since € € 1°, | f’(©| < sup | f" (x)]. 
This leads to the weaker statement that | f(b) — f(a)| < |b —a| sup le (x)]. On 


xel° 
the other hand, this statement has a natural candidate for generalization because the 


absolute value or Euclidean 1-metric can be replaced with the Euclidean k-metric. 
We end this section with a proof of a vector-valued adjustment of the Mean- Value 
Theorem. 


Theorem 6.6.7 Suppose that f is a continuous mapping of [a, b] into R* that is 
differentiable in (a, b). Then there exists x € (a, b) such that 


If (b) — f(a) < (b —a) |f (x)| (6.10) 


Proof. Suppose that f = (f;, f2) is a continuous mapping of [a, b] into R* that 
is differentiable in (a, b) and let z = f(b) — f(a). Equation 6.10 certainly holds 
if z = (0, 0); consequently, we suppose that z 4 (0,0). By Theorem 5.2.10(b) and 
Lemma 6.6.4, the real-valued function 


o(t) =zef(t) fort € [a,b] 


is continuous in [a, b] and differentiable in (a, b). Applying the Mean-Value The- 
orem to @, we have that there exists x € (a, b) such that 


$(b)—¢(@) =¢' (x) (ba). (6.11) 
Now, 
 (b) — ¢ (a) =zef (b) —zef (a) 
= (f(b) —f@) ef) - f%) -f@) ef @ 
= (f(b) —f(@)) e €() —f@) 


=zez=(2\". 
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For z; = (fi (0) — fi (@)) and z2 = (f2 (b) — fo (a)), 
lo (x) = |[zef (®)| = lafi@+ah @)| 
< Vlzil + lealy | ff | + [6 | = lal |f @| 
by Schwarz’s Inequality. Substituting into equation (6.11) yields 
Iz? = (b—a) |zef (x)| < @—a)|al |f’ ()| 
which implies |z| < (b — a) |f’ (x)| because |z| 4 0. m 


6.7 Problem Set F 


1. Use the definition to determine whether or not the given function is differen- 
tiable at the specified point. When it is differentiable, give the value of the 
derivative. 


Gy (Ha a=0 
x for O<x<l 

(b) f (x)= sx =1 
Se aor el 


1 
x sin — 3 for 2540 
(c) f@)= Ss -x=0 
0 ,for x =—0 

d = = 

@ fO=s5" 
2. Prove that, if f and g are differentiable at ¢, then F(x) = (f + g)(x) is 

differentiable at ¢ and F’(¢) = f’(¢) + g’(C). 


3. Use the definition of the derivative to prove that f (x) = x” is differentiable 
on R for eachn e€ J. 


x? , for xEQ 


4. Let f (x) = ; 
0 ,for x é€Q 


Is f differentiable at x = 0? Carefully justify your position. 
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5. If f is differentiable at ¢, prove that 


tim f+ 2%) — F © — Bh) 
h>0 h 


=@+AfO. 
6. Discuss the differentiability of the following functions on R. 


(a) f@)=lel +e +1] 
(b) f@)=x- [a 


7. Suppose that f : R —> R is differentiable at a point c € R. Given any 
two sequences {a,}"° , and {b,}°°, such that a, ~ b, for eachn € J and 
lim a, = lim b, = c, is it true that 
noo n— Ooo 

ij f (n) — f (Qn) 
im, ———— 


noo bn — An 


= f'(c)? 
State your position and carefully justify it. 


8. Use the Principle of Mathematical Induction to prove the Leibnitz Rule for 
the n” derivative of a product: 


9™@=> (hie (x) 2 @) 


k=0 k 


where é 


! 
= Grp MIO W=FO. 


9. Use derivative formulas to find f’ (x) for each of the following. Do only the 
obvious simplifications. 


Ax® + 3x -—1 


(a) f («) = ————— 
: (x5 + 4x2 (5x7 _ 7x4)’ 


3 
(b) fQ@)= (+ 2 a) (4x9 — 3x? + 10)” 
15 
(2x + 3x5)° +7 


(c) f@)= q 
14+ (44 Vx? +3) 
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12 


10 
(d) f@)= (( + =) + (4V7<4 +3—- s)') 


(e:) f@)=V/34+V/2+V71 4x 


10. Complete the following steps to prove that 


= 
mea eae ye Re 
030 O 030 0 


(a) Draw a figure that will serve as an aid towards completion of a proof 


aria 
030 O 


i. On a copy of a Cartesian coordinate system, draw a circle having 
radius | that is centered at the origin. Then pick an arbitrary point 
on the part of the circle that is in the first quadrant and label it P. 


ii. Label the origin, the point (1,0), and the point where the line x = 
P would intersect the x-axis, 


O, B, and A, respectively. 


ili. Suppose that the argument of the point P, in radian measure, is 0. 
Indicate the coordinates of the point P and show the line segment 
joining P to A in your diagram. 

iv. If your completed diagram is correctly labelled, it should illustrate 
that 


sind __ IPA 
length of PB 


where |PA| denotes the length of the line segment joining points 
P and A and PB denotes the arc of the unit circle from the point B 
to the point P. 


v. Finally, the circle having radius |OA| and centered at the origin 
will pass through the point A and a point and a point on the ray 
OP. Label the point of intersection with OP with the letter C and 


show the arc CA on your diagram. 
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(b) Recall that, for a circle of radius r, the area of a sector subtended by 0 
2 


radians is given by ri Prove that 


Ocos?0 cosOsind @ 
ga a 
2: 2 ps 


for 0 satisfying the set-up from part (a). 


sin 0 
P that lim —— = 1. 
(c) Prove tha eh r 


g-—1 
(d) Recall that sin? 0 + cos? 0 = 1. Prove that ee —— = 0. 
aed 


11. The result of Problem 10 in conjunction with the discussion that was offered 
in the section on Formulas for Derivatives justifies the claim that, for any 
x € R, (sinx)’ = cosx and (cosx)’ = —sinx, where x is interpreted as 
radians. Use our Properties of Derivatives and trig identities to prove each of 
the following. 


(a) (tanx)’ = sec? x 

(b) (secx)’ = sec x tanx 

(c) (csc x)’ = —csc x cotx 

(d) (In |sec x + tanx]|)’ = sec x 


(e) (In |csc x — cotx|)/ = csc x 


12. Use derivative formulas to find f’ (x) for each of the following. Do only the 
obvious simplifications. 


(a) f (x) =sin? (3x4 + cos? (2x? a Jxt+7)) 


tan? (4x + Bx) 


©) FOO = Ty cos? (4x5), 


2 
(ce fi O)= (1 + sec? (3x))* Gi + = a: tnx) 


(d) f (x) =cos? Ce ATs sox) 
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13. Find each of the following. Use L’H6pital’s Rule when it applies. 


t 
(a) lim —~ 
x9 BX — (z/2) 
(b) lim tan> x — tan? x 
x20 |—cosx 
3 
_ x 
as ee 
4x3 42x? —x 
qd tin —-_ 
(d) x00 5x3 + 3x2 + 2x 
t — 
(e) lim 
x70 Xx 


() lim, (x —2)In (x ~ 2) 


14. For f (x) = x? and x9 = 2 in the Fundamental Lemma of Differentiation, 
show that 7 (h) = 6h + h?. 


1 
15. For f (x) = < 


tion, find the corresponding y (/). 


and x9 = | in the Fundamental Lemma of Differentia- 


16. Suppose that f, g, and / are three real-valued functions on R and c is a fixed 
real number such that f (c) = g (c) =h(c) and f' (c) = g’ (c) =A’ (c). If 
{A,, A2, A3} is a partition of R, and 


f(x) ,for xe A, 
L(x)=}% g(x) ,for xeEA2 , 
h(x) ,for x €A3 


prove that L is differentiable at x = c. 


17. If the second derivative for a function f exists at x9 € R, show that 


lim f (xo +h) —2f (xo) + f oo — A) 
h>0 h2 


= f” (xo). 


18. For each of the following, find formulas for f in terms of n € J. 
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(a) IO= Gry 


(b) f (x) = sin (2x) 
(c) f (x) =In (4% +3) 
(d) f(x) =e 


—x? ,for x>0 
19. For f(x) = , show that f (0) exists for each 
0 ,for x <0 


n € J and is equal to 0. 


20. Discuss the monotonicity of each of the following. 


(a) f (x) =x4-4x +5 
(b) f (x) = 2x3 4+3x4+5 


3x +1 
(c) PONS aa 
(d) f (~) =x%e™ 
(ce) f@)=A+x)e~* 
Inx 


® f@=—y 


x2 


21. Suppose that f is a real-valued function on R for which both the first and sec- 
ond derivatives exist. Determine conditions on f’ and f” that will suffice to 
justify that the function is increasing at a decreasing rate, increasing at an in- 
creasing rate, decreasing at an increasing rate, and decreasing at a decreasing 
rate. 


22. Fora function f from a metric space X to a metric space Y, let Fy denote the 
inverse relation from Y to X. Prove that F is a function from rng f into X 
if and only if f is one-to-one. 


23. For each of the following, 


e find the segments i, k = 1,2,..., where f is strictly increasing and 
strictly decreasing, 


22 


24. 


295 
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e find the corresponding segments J, = f (x) on which the correspond- 
ing inverses g; of f are defined, 


e graph f on one Cartesian coordinate system, and each of the corre- 
sponding inverses on a separate Cartesian coordinate system, and 


e whenever possible, with a reasonable amount of algebraic manipula- 
tions, find each gx. 


(a) f (x) =x*+2x4+2 


2x 


(b) POO a5 


42 
(c) POSa a Poet 


(d) f (x) =sinx for -= <x <2 
(e) f(y = pet art 
Suppose that f and g are strictly increasing in an interval J and that 
(f — 8) (x) >0 


for each x € J. Let F and G denote the inverses of f and g, respectively, 
and J; and Jz denote the respective domains for those inverses. Prove that 
F (x) < G(x) for each x € J) N Jo. 


For each of the following, the Inverse Function Theorem applies on the indi- 
cated subset of IR. For each given f find the corresponding inverse g. Use the 


properties of derivatives to find f’ and g’. Finally, the formulas for f’ and g’ 
to verify equation (6.6). 


(a) f (x) =x? + 3x for (—00, 00) 


4 1 
) f@= za for (;. ~) 


(c) f (x) = e* for (—00, 00) 
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1 
xsin- ,for O<x<l 
26. For f (x) = ee , find the segments /;,, k—1, 2, ..., 
g 


0 ,for x =—0 
where f/f is strictly increasing and strictly decreasing and the corresponding 
segments J; where the Inverse Function Theorem applies. 


27. For each of the following, find the Taylor polynomials P (ft) as described in 
Taylor’s Approximating Polynomials Theorem about the indicated point y . 
(a) f (x) —_ ! 
a xX)j)= 5 = 
Sorte 
(b) f@) =sinx;y = 


(c) f@)=e* ty =2 
(dd) f@)=mn@4@-x);y =1 


ALA 


28. For each of the following functions from R into R’, find f’. 


3 . 
(a) f(x) = (Seta (3x) , €* cos (3x — ») 
x*+1 


(b) f (x) = (In (2x? + 3) , sec. x, sin’ (2x) cos* (2 + 3x?) 


29. For f(x) = (Ge 20: 253% 4¢ 2) in [0, 2], verify equation (6.10). 
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Chapter 7 


Riemann-Stieltjes Integration 


Calculus provides us with tools to study nicely behaved phenomena using small 
discrete increments for information collection. The general idea is to (intelligently) 
connect information obtained from examination of a phenomenon over a lot of tiny 
discrete increments of some related quantity to “close in on” or approximate some- 
thing that behaves in a controlled (i.e., bounded, continuous, etc.) way. The “clos- 
ing in on” approach is useful only if we can get back to information concerning the 
phenomena that was originally under study. The benefit of this approach is most 
beautifully illustrated with the elementary theory of integral calculus over R. It en- 
ables us to adapt some “limiting” formulas that relate quantities of physical interest 
to study more realistic situations involving the quantities. 

Consider three formulas that are encountered frequently in most standard phys- 
ical science and physics classes at the pre-college level: 


A=l-w d=r-t m=d-l. 


Use the space that is provided to indicate what you “know” about these formulas. 


Our use of these formulas is limited to situations where the quantities on the 
right are constant. The minute that we are given a shape that is not rectangular, 
a velocity that varies as a function of time, or a density that is determined by our 
position in (or on) an object, at first, we appear to be “out of luck.” However, when 
the quantities given are well enough behaved, we can obtain bounds on what we 


pt bs 
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wish to study, by making certain assumptions and applying the known formulas 
incrementally. 

Note that except for the units, the formulas are indistinguishable. Consequently, 
illustrating the “closing in on" or approximating process with any one of them car- 
ries over to the others, though the physical interpretation (of course) varies. 

Let’s get this more down to earth! Suppose that you build a rocket launcher as 
part of a physics project. Your launcher fires rockets with an initial velocity of 25 
ft/min, and, due to various forces, travels at a rate v (t) given by 


v(t) = 25 —f? ft/min 


where f¢ is the time given in minutes. We want to know how far the rocket travels in 
the first three minutes after launch. The only formula that we have is d = r - t, but 
to use it, we need a constant rate of speed. We can make use of the formula to obtain 
bounds or estimates on the distance travelled. To do this, we can take increments in 
the time from 0 minutes to 3 minutes and “pick a relevant rate” to compute a bound 
on the distance travelled in each section of time. For example, over the entire three 
minutes, the velocity of the rocket is never more that 25 ft/min. 


What does this tell us about the product 
(25 ft/min) - 3 min 


compared to the distance that we seek? 


How does the product (16 ft/min) - (3 min) relate to the distance that we seek? 


We can improve the estimates by taking smaller increments (subintervals of 0 
minutes to 3 minutes) and choosing a different “estimating velocity” on each subin- 
terval. For example, using increments of 1.5 minutes and the maximum velocity 
that is achieved in each subinterval as the estimate for a constant rate through each 
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subinterval, yields an estimate of 
: ‘ 9 : ; 5/3 
(25 ft/min) - (1.5 min) + | {25 — ri ft/min } - (1.5 min) = are ft. 


Excursion 7.0.1 Find the estimate for the distance travelled taking increments of 
one minute (which is not small for the purposes of calculus) and using the minimum 
velocity achieved in each subinterval as the “estimating velocity.” 


****Hopefully, you obtained 61 feet.*** 


Notice that none of the work done actually gave us the answer to the original 
problem. Using Calculus, we can develop the appropriate tools to solve the problem 
as an appropriate limit. This motivates the development of the very important and 
useful theory of integration. We start with some formal definitions that enable us to 
carry the “closing in on process” to its logical conclusion. 


7.1 Riemann Sums and Integrability 


Definition 7.1.1 Given a closed interval I = [a,b], a partition of I is any finite 
strictly increasing sequence of points P = {xo,X1,---,;Xn—1,Xn} such that a = xo 
and b = xy. The mesh of the partition {xo, x1, ...,Xn—1, Xn} is defined by 


mesh P = max (x; —xj-}). 
max (ej =) 
Each partition of I, {xo, X1,...,Xn—1,Xn}, decomposes I into n subintervals I; = 


[xj-1.x,], j =1,2,...,n, such that I; 1 I, = x; if and only ifk = j + 1 and is 
empty fork # j ork 4 (j +1). Each such decomposition of I into subintervals is 
called a subdivision of I. 


Notation 7.1.2 Given a partition P = {x0,X1,...,Xn—1,Xn} of an interval I = 
[a, b], the two notations Ax; and € (7;) will be used for (x; - Kiet), the length of 
the j'" subinterval in the partition. The symbol A or A (1) will be used to denote 
an arbitrary subdivision of an interval I. 
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If f is a function whose domain contains the closed interval J and f is bounded 
on the interval J, we know that f has both a least upper bound and a greatest lower 
bound on J as well as on each interval of any subdivision of J. 


Definition 7.1.3. Given a function f that is bounded and defined on the interval 


I and a partition P = {xo0,X1,.--5Xn-1,Xn} of I, let I; = Everest M; = 
sup f (x) andmj; = inf if (x) for j =1,2,...,n. Then the upper Riemann sum of 


xel; 


f with respect to me partition P, denoted by U (P, f), is defined by 
U (P, f) = > Mj Ax; 
j=l 


and the lower Riemann sum of f with respect to the partition P, denoted by 
L (P, f), is defined by 


L@, fy = > mjAxy 
j=l 


where Ax; = (x; — ict): 


Notation 7.1.4 With the subdivision notation the upper and lower Riemann sums 
for f are denoted by U (A, f) and L (A, f), respectively. 


| Os Bes 
Example 7.1.5 For f (x) = 2x +1 in I = [0,1] and P = 340, py i} 
1/3 5 9 1 3 5 7 
=-I7 = ee 1 2+-= = 
U (P, f) 7(5+2+3+3) q and L(P, fy = 7(1+5+ +3)= 5 


0 ,for x €QN(0, 2] 
Example 7.1.6 For g (x) = 
1 ,for x €QN(0, 2] 
U (A(W),g) =2 and L(A (1), g) = 0 for any subdivision of [0, 2]. 


To build on the motivation that constructed some Riemann sums to estimate a 
distance travelled, we want to introduce the idea of refining or adding points to 
partitions in an attempt to obtain better estimates. 
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Definition 7.1.7 For a partition Py = {Xx0,X1, .--,Xk-1,Xk} of an interval I = 
[a,b], let Ax denote to corresponding subdivision of [a,b]. If Py, and Pm are 
partitions of |a, b| having n+ 1 andm + 1 points, respectively, and Py, C Pm, then 
Pin is arefinement of P,, or Ay, is arefinement of A,. If the partitions P, and Pin 
are independently chosen, then the partition Py U Pm is a common refinement of 
Pn and Py, and the resulting A (Py, U Pm) is called a common refinement of A; 
and A,y. 
| as a ee 


1 3 
E i 7.1.8 Let = S| We Yr eee ee 1 
xcursion et P (0. aA? | ana P Cease 


(a) If A and A* are the subdivisions of I = [0, 1] that correspond P and P*, 


tively, then A = ve ae 2 4 Find A* 
respectively, then A = sla gly . Fin , 


1 1 3 3 
IT = _ vf =|]-,-— IT =]-—- 3 — 
(b) Set I [o, >| 2 E sane 3 ;. i Fork = 1, 2, 3, let A (k) be 


the subdivision of I, that consists of all the elements of A* that are contained 
in Ip. Find A (k) fork = 1, 2, and 3. 


(c) For f (x) = x? and the notation established in parts (a) and (b), find each of 
the following. 


(i) m = inf f (x) 
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(ii) mj = inf f (x) for j =1,2,3 
J 


(iii) mi’ = inf mei (x): Je aw} 


(iv) M =supf (x) 


xel 


(v) M; = supf (x) for j = 1,2,3 


xelj 


(vi) M; = sup ;supf (x): Je aw} 


xeJ 


(d) Note how the values m, mj, mM’, M, Mj, and M; compare. What you ob- 
served is a special case of the general situation. Let 
P = {X0 = 4, X1, --5Xn-1, Xn = 5} 


be a partition of an interval I = [a,b], A be the corresponding subdivision 
of [a, b] and P* denote a refinement of P with corresponding subdivision de- 
noted by A*. Fork = 1,2,...,n, let A (k) be the subdivision of I, consisting 
of the elements of A* that are contained in I,. Justify each of the following 
claims for any function that is defined and bounded on I. 


(i) Ifm = inf f (x) and m; = inf f (x), then, for j = 1,2,...,n,m < mj 
xel xel; 


andmj < inf f (x) for J € A(j). 
XE 
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(ii) If M = supf (x) and M; = sup f (x), then, for j = 1,2,...,n, Mj < 
xel xelj 


M and M; > supf (x) for J € A(j). 


xeJ 


Our next result relates the Riemann sums taken over various subdivisions of an 
interval. 


Lemma 7.1.9 Suppose that f is a bounded function with domain I = [a, b]. Let 
A be a subdivision of I, M = sup f (x), andm = inf f (x). Then 
xe 


xel 
m(b—a)<L(A,f)<U(A, f) < M(b—-a) (7.1) 
and 
LASS) SBA FV SUI fe ASp) (7.2) 


for any refinement A* of A. Furthermore, if A, and A; are any two subdivisions 
of I, then 


Li Koag) SU (Ry) (7.3) 
Excursion 7.1.10 Fill in what is missing to complete the following proofs. 


Proof. Suppose that f is a bounded function with domain J = [a,b], M = 
sup f (x), andm = a (x). For A = {:k =1,2,...,} an arbitrary subdi- 
xE 


xel 

vision of J, let M; = supf (x) and mj = inf f (x). Then I; C I for each 
xel; xelj 

j =1,2,...,n, we have that 


m<mj < y for each: 7 = 15.2, %.., 0: 


(1) 


Because Ax; = (x; — eid) > 0 for each j = 1, 2,...,7, it follows immediately 
that 


=m > (xj — xj-1) < >> mj Ax; =L(A, f) 
j=l ia 


(2) J 


282 CHAPTER 7. RIEMANN-STIELTJES INTEGRATION 
and 


n n 
mjAxj < >) MjAxj =U (A, f)< = M (b—a). 
=] j=l (3) 


J 


Therefore, m (b —a) < L(A, f) < U (A, f) < M (b — a) as claimed in equation 
(7.1). 


Let A* be a refinement of A and, for each k = 1,2,...,n, let A (k) be the 
subdivision of J; that consists of all the elements of A* that are contained in J. 
In view of the established conventions for the notation being used, we know that 
(VJ) (J € A* => (lk) (kK € {1,2,...,n} A J € A(k))); also, for each J € A (k), 
J chk => mx = inf f (x) < inf f (x) and M, = sup f (x) > supf (x). Thus, 

xelz xeJ xelk xeJ 


mel Uk) < L (Ak), f) and Mr€ Uk) 2 U (ACK), f) 


from which it follows that 
LAL =)> mt (G) <> LAMA HL as) 
j=l j=] 


J= 


and 


U(A, fy = > DUA, f= 


(4) j=l (5) 


From equation (7.1), L (A*, f) < U (A*, f). Finally, combining the inequalities 
yields that 


LASS Ff) SU Cf) S UES) 
which completes the proof of equation (7.2). 


Suppose that A, and A; are two subdivisions of J. Then A = A, U A; is 
Ay, and A;. Because A is a refinement of A, , by the 
(6) 
comparison of lower sums given in equation (7.2), L (Ay, f) < L(A, f). On the 
other hand, from A being a refinement of Aj, it follows that 
(7) 
Combining the inequalities with equation (7.1) leads to equation (7.3). ™ 
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* Acceptable responses are: (1) Mj; < M,(2)m (b — a), (3) M De nes ay 1) 


(4) S":_ Mj€ (Z;), 5) U (A*, f), (© the common refinement of, ae 


If f is a bounded function with domain J = [a,b] and ~ = g[a, b] is the 
set of all partitions of [a, b], then the Lemma assures us that {L (A, f): A € g} is 
bounded above by (b — a) up f (x) and {U (A, f) : A € @} is bounded below by 


(b — a) al Ly (x). Hence, by ae least upper bound and greatest lower bound prop- 


erties of t the reals both sup {L (A, f): A € g} and inf {U (A, f) : A € @} exist; to 
see that they need not be equal, note that—for the bounded function g given in Exam- 
ple 7.1—we have that sup {L (A, g): A € ~} = 0 while inf {U (A, g): Ae mg} = 
2 


Definition 7.1.11 Suppose that f is a function on R that is defined and bounded on 
the interval I = [a,b] and g = ga, b] is the set of all partitions of [a,b]. Then 
the upper Riemann integral and the lower Riemann integral are defined by 


“pb 
i f (x)dx = inf U (P, f) an i ff i @)dx = oe Ts 
a Peg 


respectively. If fe f (x) dx = fe f (x) dx, then f is Riemann integrable, or just 


b 
integrable, on I, and the common value of the integral is denoted by i: f (x) dx. 
a 


5x+3 ,for x€éQ 

Excursion 7.1.12 Let f (x) = ‘ 
0 , for xEQ 

For each n € J, let Ay, denote the subdivision of the interval [1,2] that con- 

sists of n segments of equal length. Use {Ay :n € J} to find an upper bound for 
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n(n + 1) 


ne 


Jif (x) dx. [Hint: Recall that Sy, k = 


*** Corresponding to each A, you needed to find a useful form for U (Ay, f). Your 

work should have led you to a sequence for which the limit exists asm — oo. For 
1 2 

n € J, the partition that gives the desired A,, is [1 1+-,14+-,...,1+ a Then 
n n n 


aN a - 
An = (h, by. In} with Lj = +e] and Mj = 8 + ~= leads to 
n n n 


21 5 as Ble 2 
U (Ay, f) = za + aa Therefore, you should proved that [7 f (x) dx < oi 


It is a rather short jump from Lemma 7.1.9 to upper and lower bounds on the 
Riemann integrals. They are given by the next theorem. 


Theorem 7.1.13 Suppose that f is defined on the interval I = [a,b] andm < 
f (x) < M for all x € I. Then 


b “tb 
m(b—a)s | f(xydx s fF ()dx <M =a). (7.4) 
ie a 
Furthermore, if f is Riemann integrable on I, then 


b 
m(b—a)< | f (x)dx < M(b—-a). (7.5) 


Proof. Since equation (7.5), is an immediate consequence of the definition of 
the Riemann integral, we will prove only equation (7.4). Let D denote the set of all 
subdivisions of the interval [a, b]. By Lemma 7.1.9, we have that, for A*, A € D, 


m(b—a) < L(f,A*) <U(f, A) <M (ba). 
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Since A is arbitrary, 
b = <L Ne < inf A 
m ( a) (f ) inf U (f, ) 


and inf U (f, A) < M(b—a);i.e., 
AeD 


m(b—a) < L(f, A*) < ['F(ydx <M =a). 


Because A” is also arbitrary, m(b—a) < sup L(f, A*) and sup L (f, A*) < 
A*eD 


A*eD 
LF @adxsi4, 


b Tb 
m(b—a)s | flax s | f (x)dx. 


Combining the inequalities leads to equation (7.4). & 

Before getting into some of the general properties of upper and lower integrals, 
we are going to make a slight transfer to a more general set-up. A re-examination 
of the proof of Lemma 7.1.9 reveals that it relied only upon independent application 
of properties of infimums and supremums in conjunction with the fact that, for any 

n 
partition {xo, X1, ..-5Xn—1, Xn}, Xj—Xj-1 > 0 and oF (xj = 4) = X, —Xo. Now, 
j=1 


Wy id 
given any function a@ that is defined and strictly increasing on an interval [a, b], for 


any partition P = {a = x0, X1, ..-,Xn—1,Xn = D} of [a, b], 


a(P) = {a (a) =a (x0), @ (X41), ..., @ &n-1), & (Xn) = a (D)} C a ([a, b)), 


a (xj) —a (xj-1) > Oand > (a (xj) — a (xj-1)) = a (b) —a (a). Consequently, 
j=1 
a (P) is a partition of ; 
[a(a),a(b)l=( {1 =[c,d]Aa(P)chy, 


which is the “smallest” interval that contains a ([a, b]). The case a (t) = t returns 
us to the set-up for Riemann sums; on the other hand, a ([a, b]) need not be an 
interval because a need not be continuous. 


286 CHAPTER 7. RIEMANN-STIELTJES INTEGRATION 


Example 7.1.14 Let I = [0,3] and a(t) = t? + |t|. Then a(1) = [0,1) U 
1. o,. 8 

[2,5) U[6, 11) U {12}. For the partition P = 40, 5? 13 mt 2, 3? 5} of I, a(P) = 

1. 41 82 


7? 2, —,6, —, 12} is a partition of [O, 12] which contains a (1). 


0, > > 
16 2 


Definition 7.1.15 Given a function f that is bounded and defined on the closed 
interval I = [a,b], a function a that is defined and monotonically increasing on 


I, and a partition P = {xo,X1,.--5Xn—1, Xn} of I with corresponding subdivision 
A, let Mj = sup f (x) and mj; = inf f (x), for Lj = [xj-1,x,]. Then the upper 
xelj XELj 


Riemann-Stieltjes sum of f over a with respect to the partition P, denoted by 
U (P, f,a) or U (A, f, a), is defined by 


U (P, f,a) = > Mj Aa; 
j=l 


and the lower Riemann-Stieltjes sum of f over a with respect to the partition P, 
denoted by L (P, f,a) or L(A, f, a), is defined by 


L (P, f, a) = Simj Aa; 
j=l 
where Aa; = (a (x;) -—a (ej): 
Replacing x; with a (x 7) in the proof of Lemma 7.1.9 and Theorem 7.1.13 


yields the analogous results for Riemann-Stieltjes sums. 


Lemma 7.1.16 Suppose that f is a bounded function with domain I = [a, b| and a 
is a function that is defined and monotonically increasing on I. Let P be a partition 
of I, M =supf (x), andm = inf f (x). Then 

xE 


xel 
m (a (b)—a(a)) < L(P, f,a) < U(P, fia) < M (a (6) —a(@)) (7.6) 
and 
L(P, f,a) < L(P*, f,a) < U (P*, f,a) <U(P, f,a) Cd) 


for any refinement P* of P. Furthermore, if A, and Aj are any two subdivisions 
of I, then 


L (Ay; f, a) < U (Aj, f,a@) (7.8) 
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The bounds given by Lemma 7.1.16 with the greatest lower and least upper 
bound properties of the reals the following definition. 


Definition 7.1.17 Suppose that f is a function on R that is defined and bounded 
on the interval I = [a,b], = gla, db] is the set of all partitions of [a,b], and 
a is a function that is defined and monotonically increasing on I. Then the upper 
Riemann-Stieltjes integral and the lower Riemann-Stieltjes integral are defined by 


“pb b 
i f (x) da (x) = inf U(P, f,a) and ip f (x) da (x) = supL (P, f, a), 
" Peg Ja_ Peg 


respectively. If fe f (x) da (x) = ie f (x) da (x), then f is Riemann-Stieltjes in- 
tegrable, or integrable with respect to a in the Riemann sense, on I, and the 


b b 
common value of the integral is denoted by / f (x) da (x) or | fda. 
a a 


Definition 7.1.18 Suppose that a is a function that is defined and monotonically in- 
creasing on the interval I = [a,b]. Then the set of all functions that are integrable 
with respect to a in the Riemann sense is denoted by & (a). 


Because the proof is essentially the same as what was done for the Riemann 
upper and lower integrals, we offer the following theorem without proof. 


Theorem 7.1.19 Suppose that f is a bounded function with domain I = [a, b], a is 
a function that is defined and monotonically increasing on I, andm < f (x) < M 
forall x € I. Then 


b Pb 
we @)-a(a) < f faa < | fda <M(a(b)—a(a)). (79) 


Furthermore, if f is Riemann-Stieltjes integrable on I, then 


b 
m (a (b)—a(a)) < | f )da (x) < M(a(b)-a(a)). (7.10) 


In elementary Calculus, we restricted our study to Riemann integrals of con- 
tinuous functions. Even there we either glossed over the stringent requirement of 
needing to check all possible partitions or limited ourselves to functions where some 
trick could be used. Depending on how rigorous your course was, some examples of 
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finding the integral from the definition might have been based on taking partitions 
of equal length and using some summation formulas (like was done in Excursion 
7.1.12) or might have made use of a special bounding lemma that applied to x” for 
eachn € J. 

It is not worth our while to grind out some tedious processes in order to show 
that special functions are integrable. Integrability will only be a useful concept if it 
is verifiable with a reasonable amount of effort. Towards this end, we want to seek 
some properties of functions that would guarantee integrability. 


Theorem 7.1.20 (Integrability Criterion) Suppose that f is a function that is bounded 
on an interval I = [a, b] and a is monotonically increasing on I. Then f € RK (a) 
on I if and only if for every € > 0 there exists a partition P of I such that 


U (P, f,a) —L(P, f,a) <e. (7.11) 


Excursion 7.1.21 Fill in what is missing to complete the following proof. 


Proof. Let f be a function that is bounded on an interval J = [a,b] and a be 
monotonically increasing on /. 
Suppose that for every € > 0 there exists a partition P of J such that 


U (P, f,a) -L(P, f,a) <e. (*) 


From the definition of the Riemann-Stieltjes integral and Lemma 7.1.16, we have 
that 


lA 


b 
LiP.f.a) < ff (s)da(x) < | 
cae (1) (2) 
It follows immediately from (*) that 
= ‘ 
O0< ‘| f (x) da (x) -{ f (x) da (x) <e. 
a J 
Since € was arbitrary and the upper and lower Riemann Stieltjes integrals are con- 


stants, we conclude that [” f (x) da (x) = ia (x) da (x); i.e., 
7 (3) 


7.1. RIEMANN SUMS AND INTEGRABILITY 289 
Conversely, suppose that f € KR(a) and let ¢ > 0 be given. For g = 
yo [a, b] the set of all partitions of [a, b], ie f (x) da (x) = a U (P, f,a) and 
eg 
Hi f (x) da (x) = supL (P, f,a). Thus, > > 0 implies that there exists a P| € 
PE” 
g [a,b] such that [” f (x)da (x) < U (Pi, f,a) < f. f () da (x)+ 5 and there 
exists Py € vo[a, b] such that f° f (x) da (x) — > 
(4) 
Therefore, 
é e é 
UP f.a)— f fda) <Fand ff (x)da)-L Pr, fra) <5. 
a a Ce) 


Let P be the common refinement of P; and 2. Lemma 7.1.16, equation (7.7) 
applied to (**) yields that 


b & b % 
es f (x) da (x) < = and f (x) da (x) - ae 
(5) f 2 f (6) ze 
Thus 
(U (P, f,a) -—L(P, f,@)) 
= (u (P, f,a) — i f (x) da (x)) a9 (_______} <é. 
(7) 
| 


**%* Acceptable responses are: (1) ie (x) da (x), (2) U (P, f, a), (3) f € R(a), 
(4) < L(P2, fia) < J? f (date), 6) UC, fa), ©) LP, f,a), and (7) 
Li @da@=LP. pas 

Theorem 7.1.20 will be useful to us whenever we have a way of closing the gap 


between functional values on the same intervals. The corollaries give us two “big” 
classes of integrable functions. 


Corollary 7.1.22 If f is a function that is continuous on the interval I = [a, b], 
then f is Riemann-Stieltjes integrable on [a, b]. 


290 CHAPTER 7. RIEMANN-STIELTJES INTEGRATION 


Proof. Let a be monotonically increasing on J and f be continuous on J. Sup- 
pose that ¢ > O is given. Then there exists an 7 > 0 such that [a (b) — a (a)] y <. 
By the Uniform Continuity Theorem, f is uniformly continuous in [a,b] from 
which it follows that there exists a 6 > 0 such that 


(Vu) (Vo)[u,o ETA |u—o| <d>(|f(u)—-fo)| <e|.: 


Let P = {x9 = a, X1,..-5Xn—1,Xn = D} be a partition of [a, b] for which mesh P < 


dand, foreach j,j =1,2,...,n,setM; = sup f(x)andm;=_ inf f (x). 
Xj-1SKSX; Xj-1S%S%j 
Then M; — mj; < 7 and 
U (P, f,a) —L(P, f,a) = >) (Mj —mj) Aaj < n> Aaj = n[a(b)—a(a)] <«. 
j=l j=l 


Since ¢ > 0 was arbitrary, we have that 
(Ve) (e > 05> GP)(P€ gla, b] AU (P, f,a) —L(P, f, a) <«)). 


In view of the Integrability Criterion, f € R(a). Because a was arbitrary, we 
conclude that f is Riemann-Stieltjes Integrable (with respect to any monotonically 
increasing function on [a, b]). 


Corollary 7.1.23 If f is a function that is monotonic on the interval I = [a, b] and 
a is continuous and monotonically increasing on I, then f € K (a). 


Proof. Suppose that f is a function that is monotonic on the interval J = [a, b] 
and a@ is continuous and monotonically increasing on J. For ¢ > 0 given, letn € J, 
be such that 


(a(b)-—a@))If ®)— f @I < ne. 


Because @ is continuous and monotonically increasing, we can choose a partition 
P = {xo = 4, X1, ...5Xn—1, Xn = D} of [a, b] such that Aa; = (a (xj) — a (xj-1)) = 


By 
Oe) a) If f is monotonically increasing in J, then, for each j € {1, 2,...,n}, 
n 
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M; = sup POH f Gy) atm = inf F@y= Ff (x74)-and 


R . Xj-{<xX<X;j 
Xj-1SX Sj j-1SXSXj 


n 


U (P, f,a)— L(P, f,a) = >. (Mj —mj) Aa; 


j= 

= SOO SF 0) — F 
< 

= 20) 4 OF )— F@) <0: 
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while f monotonically decreasing yields that M; = f (x sie mj =f (x 7) and 


b _ n 
U(P, fa)—L(P, fa) = sos (F (i-1) — F (x) 


j=l 
_ alb)-a@) 


n 


((f (a) — f (0))) <e. 
Since ¢ > 0 was arbitrary, we have that 
(Ve) (e > 0=> GP)(P€ gla, b] AU (P, f,a) —L (P, f, a) <«)). 


In view of the Integrability Criterion, f € R(a). m 


Corollary 7.1.24 Suppose that f is bounded on [a,b], f has only finitely many 
points of discontinuity in I = [a, b], and that the monotonically increasing function 


a is continuous at each point of discontinuity of f. Then f € K (a). 


Proof. Let ¢ > 0 be given. Suppose that f is bounded on [a, b] and continuous 
on [a,b] — E where E = {(], £,..., ¢} is the nonempty finite set of points of 
discontinuity of f in [a,b]. Suppose further that a is a monotonically increasing 
function on [a, b] that is continuous at each element of E. Because E is finite and 
a is continuous at each ¢; € E, we can find k pairwise disjoint intervals [u jo0 re 


j =1,2,...,k, such that 


k k 
Ec |) [w;.,] ¢ [2,2] and >| (a (vj) — a (uj)) < e" 
j=l 


eee fh 
II 
ue 
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for any e* > 0; furthermore, the intervals can be chosen in such a way that each 
point ¢, € EM (a,b) is an element of the interior of the corresponding interval, 
[Um, Dm]. Let 


k 
K =[a,b]—- U (uj, vj) . 
j=l 


Then K is compact and f continuous on K implies that f is uniformly continuous 
there. Thus, corresponding to e* > 0, there exists a 6 > 0 such that 


(Vs) (Vt) (s,t eK Als —t| <d>Slf(@)-fMo aad 


Now, let P = {xo = 4, X1, .--; Xn—1, Xn = D} be a partition of [a, b] satis- 
fying the following conditions: 


e (VA) (J € {1,2,...,k} > uj € PAd; €P), 
e (Vs) (i € {1,2,...,k} => (uj,0j;) NP = 9), and 
e (Vp) (VA) [(p € 1,2,...,n} Aj € (1, 2,..,k} Axp-1 #uj) = Axp < dl. 


Note that under the conditions established, x,_; = uj; implies that x7 = v;. If 
M =sup|f (x)|,Mp = sup f(x)andm, =~ inf __ f (x), then for each 


xel Xp-1S5XSXp Xp-1SXSXp 
p,M,—mpy < 2M. Furthermore, M, — mp, < e* as long as x»_; # uj. Using 
commutativity to regroup the summation according to the available bounds yields 
that 


n 


U (P, f,a) —L(P, f,a) = >. (Mj — mj) Aa; < [a (b) — a (a) e* + 2Me" <e 


j=l 


whenever ¢* < a a; Since ¢ > O was arbitrary, from the Inte- 
2M + [a (b) — a (a)] 


grability Criterion we conclude that f € R(a). = 


Remark 7.1.25 The three Corollaries correspond to Theorems 6.8, 6.9, and 6.10 
in our text. 


As a fairly immediate consequence of Lemma 7.1.16 and the Integrability Cri- 
terion we have the following Theorem which is Theorem 6.7 in our text. 
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Theorem 7.1.26 Suppose that f is bounded on [a,b] and a is monotonically in- 
creasing on [a, b]. 


(a) If there exists an é > 0 and a partition P* of [a, b] such that equation (7.11) 
is satisfied, then equation (7.11) is satisfied for every refinement P of P*. 


(b) If equation (7.11) is satisfied for the partition P = {xo = da, X1, ..-5Xn—1,Xn = b} 
and, for each j, j = 1,2,...,n, 8; and tj; are arbitrary points in Ease x; |; 
then 


les) — f (tj)| Aaj <e. 


(c) If f € R(a), equation (7.11) is satisfied for the partition 
P = {x0 = 4, X1, -+-)Xn-1,Xn = 5} 


and, for each j, j = 1,2,...,n, tj is an arbitrary point in Bsase 7 \; then 


<é. 


n b 
> f(t) daz - j f @)da (x) 
jal a 


Remark 7.1.27 Recall the following definition of Riemann Integrals that you saw 
in elementary calculus: Given a function f that is defined on an interval I = 
{x :a<x <b}, the “R” sum for A = {h, h, ..., In} a subdivision of I is given by 


j=n 


> Ff Ge) 


J= 


e 


where ¢; is any element of I;.. The point ¢; is referred to as a sampling point. 
To get the “R” integral we want to take the limit over such sums as the mesh 
of the partitions associated with A goes to 0. In particular, if the function f 
is defined on I = {x :a <x <b} and g[a,b] denotes the set of all partitions 
{XQ =, X15 .--5 Xn—15 Xn = D} of the interval I, then f is said to be “R” integrable 
over I if and only if 


meshP[a,b]>0 


j=n 
lim > Ff (€;) (xj — xj-1) 
j=l 
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exists for any choices of ¢; € Eee ; x; |: The limit is called the “R” integral and is 
denoted by Hi f (x) dx. 

Taking a (t) = t in Theorem 7.1.26 justifies that the old concept of an “R” 
integrability is equivalent to a Riemann integrability as introduced at the beginning 
of this chapter. 


The following theorem gives a sufficient condition for the composition of a 
function with a Riemann-Stieltjes integrable function to be Riemann-Stieltjes inte- 
grable. 


Theorem 7.1.28 Suppose f € R(a) on [a,b],m < f < Mon [a,b], ¢ is con- 
tinuous on [m, M], and h(x) = $(f («)) for x € [a,b]. Then h € KR (a) on 
[a, b]. 


Excursion 7.1.29 Fill in what is missing in order to complete the proof. 


Proof. For f € K(a) on [a,b] such that m < f < M on [a,b] and ga 
continuous function on [m, M], let h (x) = ¢(f (x)) for x € [a,b]. Suppose that 
€ > Ois given. By the , ? is uniformly continuous on 

(1) 
[m, M]. Hence, there exists a d > 0 such that 6 < e and 


(Vs) (Vt) (s,t €[m, MJ A |s —t] <d = |0 (9) - PO) <e). (x) 
Because , there exists a P = {xp =4,%1,...,X, =b} € gl[a,b] 
(2) 
such that 
UP, fA)=LP, fa) ae. (40%) 
For each j € {1,2,...,n},letM; = sup f(x)m;= inf f(x),M7 = 
Xj-1SHSXj Xj-1SXSXj J 
sup hA(x),andm* = inf h(x). From the Trichotomy Law, we know that 
Xj-1S KS; J Xj-1SXS4%j 
A={j:j€{1,2,...,n} A (Mj —mj) <6} 


and 


B={j:je{l,2,...,n} A (Mj —m,) > 6} 
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are disjoint. 
If j € A, then u,v € [xj;-1,xj] > If / —f (v)| < 6. It follows from 
(x) that sie, |r(u) —h(v)| < e. Hence, M; — mi’ < e. Since 


(3) 
Bc {1,2,..., 7}, (««) implies that 


56>) Aaj < >) (M —mj) Aa; < <0. 


jeEB jEB (4) 


Because 6 < «& by choice, we conclude that >’ Aa; < «¢. Consequently, for 
jJEB 
sup | (t)|, we have that (m; — m*) < 2K foreach j € {1,2,...,n} and 
m<t<M : 


oe 
= _ (Mj —m ) Aaj; < 2Ke. Combining the bounds yields that 
jJEB 


U (P,h, a) — L(P,h, a) 
= 2 (m; —m’) Aa; 


= S (Mj —m) aay >: (1}— m’) Aaj 
JEA jJEB 
< +2Ke. 
(5) 


Since ¢ > O was arbitrary, the Integrability Criterion allows us to conclude that 
heX(a). a 

** A cceptable responses are: (1) Uniform Continuity Theorem, (2) f € K% (a), (3) 
Id (fw) - oF) <6. MUP, f,a)—-L(P, f, a), (5) € [a (b) — a (a)].*** 


7.1.1 Properties of Riemann-Stieltjes Integrals 


This section offers a list of properties of the various Riemann-Stieltjes integrals. 
The first lemma allows us to draw conclusions concerning the upper and lower 
Riemann-Stieltjes sums of a constant times a bounded function in relationship to 
the upper and lower Riemann-Stieltjes sums of the function. 
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Lemma 7.1.30 Suppose that f is a function that is bounded and defined on the 
interval I = [a,b]. For k a nonzero real number and g = kf, we have 


k-inf f(x) ,ifk>0 k-supf (x) ,ifk>0 
xel xel 
inf g (x) = supg (x) = 
a Sup) Me oareh k-inf f(x) ,ifk <0 
xE XE 


Proof. We will prove two of the four equalities. For f a function that is defined 
and bounded on the interval J = [a,b] and k a nonzero real number, let g (x) = 
kf (x). 

Suppose that k > 0 and that M = supf (x). Then f (x) < M forall x €/ 
xel 


and 
g(x) =kf (x) < kM forall x el. 


Hence, kM is an upper bound for g (x) on the interval /. If kM is not the least upper 
bound, then there exists an ¢ > 0 such that g (x) < kM —<¢ forall x e€ J. (Here, ¢ 
can be taken to be any positive real that is less than or equal to the distance between 
kM and supg (x).) By substitution, we have kf (x) < kM —« forall x € J. Since 


xel 
k is positive, the latter is equivalent to 


é 


f(x) <M -(F) forall x Ee] 


which contradicts that M is the supremum of f over J. Therefore, 


supg (x) =kM = ksupf (x). 


xel xel 


Next, suppose that k < 0 and that M = supf (x). Now, f (x) < M for all 


xel 
x € I implies that g (x) = kf (x) => kM. Hence, kM is a lower bound for g (x) 
on J. If kM is not a greatest lower bound, then there exists an ¢ > 0, such that 
g(x) >kM-+e forallx e€ J. But, fromkf (x) > kM+eandk < 0, we conclude 
that f (x) < M+ (e/k) for all x € J. Since ¢/k is negative, M + (e/k) < M 
which gives us a contradiction to M being the sup f (x). Therefore, 


xel 


inf g (x) = kM =ksupf (x). 
xE 


xel 
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Theorem 7.1.31 (Properties of Upper and Lower Riemann-Stieltjes Integrals) 
Suppose that the functions f, f;, and fz are bounded and defined on the closed in- 
terval I = [a,b] and a is a function that is defined and monotonically increasing 
in I. 


kf? f@)da(x) ,if k>0 
(a) Ifg =kf fork € R—{0}, then Jy gda = 


kf ()da(x) ,if k <0 


= kf f ()da(x) if k>0 
and |? gda = 


k[?f(xjda(x) ,if k <0 | 
(b) Ifh = fit fr ae 
(i) frh (@)da (x) = fr fi @)da (x) + fe fo (2) da (x), and 
(ii) [Ph (@)da (x) < ffi (da (x) + f? fo) da). 
(c) If fi &) < fo@) forall x € I, then 
(i) J? fi @)da (x) < JP fo (x) da (x), and 
(ii) [fi (w)da (x) < [2 few) da (x). 


(d) Ifa <b <c and f is bounded on I* = {x : a < x < c} and a is monotoni- 
cally increasing on I*, then 


(i) [if (&)da (a) = Jo f (@)da (x) + fpf (x) da (x), and 
(ii) [of («da (x) = [°F (eda (x) + fr f (@) da @). 


Excursion 7.1.32 Fill in what is missing in order to complete the following proof 
of part d(i). 


Proof. Suppose that a < b < c and that the function f is bounded in the 
interval J* = [a,c]. For any finite real numbers y and A, let D [y ; A| denote the 
set of all subdivisions of the interval [y ; A]. Suppose that € > 0 is given. Since 


b C 
[ feaacy= ae er ae and ff (da (x) = sap DUN, Pa); 
Ja_ Lb_ 


AeD{a,b] AeD[b,c] 
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there exists partitions P,, and P,, of [a, b] and [b, c], respectively, with correspond- 
ing subdivisions A, and A,,, such that 


b Cc 
L(Bn fia) > | f (x)da (x) ~S and L (Am, fue) > | f(x)dae) 5. 


For P = P,, U Py, let A denote the corresponding subdivision of [a, c]. Then 


Sef () da (x) 


> 


7 () 
= L (An, f,a) +L (Am, f, @) 
= 
(2) 


Since ¢ > 0 was arbitrary, it follows that 


C b C 
[ reawe | F (s)da(x)+ | ere 


Now, we want to show that the inequality can be reversed. Suppose that ¢ > Ois 
given. Since 


[fede = ap Aww. 


AeD[a,c] 


There exists a A’ € D[a, c] such that 
L(A’, f,a) > i) f (x) da (x) - 6. 
ya 


For P’ the partition of [a,c] that corresponds to A’, let P” = P’ U {b} and A” 
denote the refinement of A’ that corresponds to P”. From 
(3) 


L (a. ats a) <L (A”, fs a) ; 


Because A” is the union of a subdivision of [a, b] and a subdivision of [b,c], it 
follows from the definition of the lower Riemann-Stieltjes integrals that 


b Cc 
[ teodacey+ | Feyaa (> L(0" fa). 
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Therefore, 


b Cc 
/ f (x)da «+ | f (x)da (x) > L(A", fa) > L(A’, fra) > 
Ja Lb 


(4) 


Since ¢ > 0 was arbitrary, we conclude that 
b C c 
[s (x) da otf s (x) da (x) > [fs (x) da (x). 


In view of the Trichotomy Law, ei (x) da (x) > jee (x) da (x)+ fpf (x) da (x) 


and is f (x) da (x)+ ff f @)da (x) = ff (x) da (x) yields the desired result. = 
**% Acceptable responses include: (1) L (A, f, a), 

(2) oF (x) da (x)+ fp f (x) da (x)—e, (3) Lemma 7.1.16, (4) same as completion 
for (2).*** aa 


Given Riemann-Stieltjes integrable functions, the results of Theorem 7.1.31 
translate directly to some of the algebraic properties that are listed in the follow- 
ing Theorem. 


Theorem 7.1.33 (Algebraic Properties of Riemann-Stieltjes Integrals) Suppose 
that the functions f, fi, fo € KR (a) on the interval I = [a, b]. 


(a) If g(x) =kf (x) forall x € I, then g € R(a) and 
b b 
if g (x) da (x) =k | f (x) da (x). 
(b) Ifh = fi + fo, then fi + fo € KR (a) and 
b b b 
[ reae=f feat | peda, 
(c) If fi (x) < fo (x) forall x € TI, then 


b b 
i fi (x) da (x) < i f2 (x) da (x). 
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(d) If the function f € KR (a) also on I* = {x :b < x < c}, then f is Riemann- 
Stieltjes integrable on I U I* and 


€ b Cc 
d — d d . 
[feo a(x) [re a(s)+ | f (x)da() 
(e) If |f (x)| < M for x eT, then 


b 
i fGjde@)| MO =O: 


(f) If f €R(a*) onl, then f € KR (a +a*) and 
b b b 
[ faera)=[ reydawy+ | fede’ oo. 
(g) If c is any positive real constant, then f € KR (ca) and 


b b 
[ faca=e | tf (x) da (x). 


Remark 7.1.34 As long as the integrals exist, the formula given in (d) of the Corol- 
lary holds regardless of the location of b; i.e., b need not be between a and c. 


Remark 7.1.35 Since a point has no dimension (that is, has length 0), we note that 
a 
/ f (x) da (x) = 0 for any function f. 
a 
Remark 7.1.36 If we think of the definition of the Riemann-Stieltjes integrals as 
taking direction into account (for example, with f is f (x) da (x) we hada < b and 


took the sums over subdivisions as we were going from a to b), then it makes sense 
to introduce the convention that 


a b 
fi Or Or -| f (x) da (x) 
b a 


for Riemann-Stieltjes integrable functions f. 
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The following result follows directly from the observation that corresponding 
to each partition of an interval we can derive a partition of any subinterval and vice 
versa. 


Theorem 7.1.37 (Restrictions of Integrable Functions) [f the function f is (Rie- 
mann) integrable on an interval I, then f |;* is integrable on I* for any subinterval 
I* of I. 


Choosing different continuous functions for ¢ in Theorem 7.1.28 in combina- 
tion with the basic properties of Riemann-Stieltjes integrals allows us to generate 
a set of Riemann-Stieltjes integrable functions. For example, because ¢) (f) = ¢?, 
2 (t) = |t|, and ¢3 (t) = yt + 4 for any real constants y and /, are continuous 
on R, if f € K(a) on an interval [a, b], then each of (f)*, |f|, and yf + A will 
be Riemann-Stieltjes integrable with respect to a on [a, b]. The proof of the next 
theorem makes nice use of this observation. 


Theorem 7.1.38 /f f € R(a) and g € R(a) on [a, b], then fg € K(a). 


Proof. Suppose that f € KR (a) and g € R(a) on [a,b]. From the Algebraic 
Properties of the Riemann-Stieltjes Integral, it follows that (f + g) € R(a) on 
[a, b] and (f — g) € R(a) on [a, b]. Taking ¢ (t) = t? in Theorem 7.1.28 yields 
that (f + g)* and (f — g)* are also Riemann-Stieltjes integrable with respect to a 
on [a, b]. Finally, the difference 


4fg=(f +8) —(f —8) €R(@) on [a,b] 
as claimed. m 


Theorem 7.1.39 If f € KR (a) on [a, b], then | f| € RK (a) and 


b b 
/ f (x) da (x) < | If @)lda (x). 


Proof. Suppose f € K(a) on [a,b]. Taking ¢ (t) = |t| in Theorem 7.1.28 
yields that |f| € R(a) on [a,b]. Choose y = 1, if f f (x)da(x) = O and 
y =-l, if f f (x)da (x) < 0. Then 


b b 
[ fede =y{ PEG): we + OZ O eeeeie: 
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It follows from Algebraic Properties of the Riemann-Stieltjes Integrals (a) and (c) 
that 


b b b b 
/ P@daw =r{ f(s)dace) = | yf (syda(x) sf in@laa@): 


a 

One glaring absence from our discussion has been specific examples of finding 
the integral for integrable functions using the definition. Think for a moment or 
so about what the definition requires us to find: First, we need to determine the 
set of all upper Riemann-Stieltjes sums and the set of all lower Riemann-Stieltjes 
sums; this is where the subdivisions of the interval over which we are integrating 
range over all possibilities. We have no uniformity, no simple interpretation for the 
suprema and infima we need, and no systematic way of knowing when we “have 
checked enough” subdivisions or sums. On the other hand, whenever we have 
general conditions that insure integrability, the uniqueness of the least upper and 
greatest lower bounds allows us to find the value of the integral from considering 
wisely selected special subsets of the set of all subdivisions of an interval. 

The following result offers a sufficient condition under which a Riemann-Stieltjes 
integral is obtained as a point evaluation. It makes use of the characteristic function. 
Recall that, for a set S and A C S, the characteristic function y4 : S — {0, 1} is 
defined by 


1 ,if xeEA 
XA (x) = 
0 ,if xe S—A 


In the following, 7(0,.0) denotes the characteristic function with S = R and A = 
(0, 00); i.e., 


1 ,if x>0 


X(0,00) (x) = 
0 ,if x <0 


Lemma 7.1.40 Suppose that f is bounded on [a, b| and continuous at s € (a, b). 
If a (xX) = XO,00) (x — 5), then 


b 
i Oda @erO: 
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Proof. For each P = {xo = a, x1, ..., Xn—15 Xn = D} be an arbitrary partition for 
[a, b], there exists a j € {1,2,...,m} such that s € Eger Xs). From the definition 
of a, we have that a (x,) = O for eachk e€ {1,2,..., 7 — 1} and a (x,) = 1 for each 
k € {j, ...,n}. Hence, 


1 if k=j 
Aag = a (XK) — & (XK-1) = ; 
0 ,if ke{l,2,..,/-NUU4+1,..2} 


from which we conclude that 


U(P, f,a)= sup f(x) andl (P, fra) = inf 1 ©): 


: : Xj 
Xj-1SN SX; j-1s 


Since f is continuous at s and (xj — x4) <meshP, sup f(x) —- s and 
Xj-1SNSX; 


inf f (x) 3 s as mesh P — O. Therefore, [” f (x)da (x) = f (s). 


Xj-1 <xX<X j 
If the function f is continuous on an interval [a, b], then Lemma 7.1.40 can be 
extended to a sequence of points in the interval. 


Theorem 7.1.41 Suppose the sequence of nonnegative real numbers {cy}7~, is 
ioe) 

such that >~ Cn is convergent, {8,}°°, is a sequence of distinct points in (a, b), 
n=1 


oe) 
and f is a function that is continuous on [a,b]. If a(x) = >) cnZX@,c) (* — Sn); 


n=1 


then 
b ee) 
[ feraae)= Dent Gn). 
a n=1 


Proof. For u,v € (a,b) such that u < 0, let S$, = {née J: a <s, <u} and 
T, ={néeJ:a < sy, < v}. Then 


C= >. Gye So cn = 4 (0) 


neSy neTy 


from which we conclude that a is monotonically increasing. Furthermore, a (a) = 


CO 
O and a (b) = >) cp. 
n=1 
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CO 


Let ¢ > 0 be given. Since >) cy is convergent, there exists a positive 
n=1 
integer K such that 
CO 
Y a<% 
n=K+1 


K 
where M = sup |f (x)|. Let a1 (x) = Dd) cnx(0,00) (* — sn) and a2 (x) = 
n=1 


xe[a,b] 
CO 
> nXO,c0) (& — Sn). It follows from Lemma 7.1.40 that 
n=K-+1 


b K 
[ faa @) = Def Gn): 
a j=l 
while a> (b) — a (a) < — yields that 


< &. 


b 
/ $@ue 


Because a@ = a + @, we conclude that 


<é. 


b K 
[ feaae- Das oon 
a n=1 


Since ¢ > 0 was arbitrary, [” f (x)da (x) = 4 cn f (Sn). 


Theorem 7.1.42 Suppose that a is a monotonically increasing function such that 
a’ € Ron [a, b] and f is a real function that is bounded on [a, b]. Then f € KR (a) 
if and only if fa’ € KR. Furthermore, 


b b 
i f (x) da «= | f (x) a’ (x) dx. 


Excursion 7.1.43 Fill in what is missing in order to complete the following proof 
of Theorem 7.1.42. 
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Proof. Suppose that ¢ > 0 is given. Since a’ € % on [a, b], by the Integrability 
Criterion, there exists a partition P = {xo, X1, ..., Xn} of [a, b] such that 


é 
U (P,a’) — < — (7.12) 
(1) a 


where M = sup|f (x)|. Furthermore, from the Mean-Value Theorem, for each 


j €{1,2,...,m} there exists at; € Esmee such that 


AGy = =a! (;) Ax: (7.13) 
(2) 


By Theorem 7.1.26(b) and (7.12), for any sj € eee ly € {1,2,...,n} 


> |@' (sj) — 4! (t)| Ax; <e. (7.14) 


j=l 
With this set-up, we have that 


n 


ae) Ao) 


j=l @) 
and 
baa ip (sj) Aaj = ae fi (s;) a’ (;) Ax;| 
~ — Vai f (sj) a” (sj) Ax; 
4) 

= [Zh Fo) Le) - a iN ax 

< M|S", [a! (t4) —a! (s;)] Axi] <e. 
That is, 


<€ (7.15) 
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for any choice of points s; € Esesee sara, = 1,2,...,n. Then 


FG) dap eur yess 
j=l 
and 
U(P, f,a) < U (P, fa’) +6. 
Equation (7.15) also allows us to conclude that 
U(P, fa’) <U(P, fia) +6. 
Hence, 
|U (P, f,a) —U (P, fa’)| <e. (7.16) 
Since P was arbitrary, if follows that (7.16) holds for all P € g [a, b], the set of all 


partitions of [a, b]. Therefore, 


<é. 


hb 
/ foaa@)= 


(5) 


Because ¢ > 0 was arbitrary, we conclude that, for any function f that is bounded 
on [a, b], 


pb pb 
/ f (x) da «= | f (x) a’ (x) dx. 


Equation (7.15) can be used to draw the same conclusion concerning the compara- 
ble lower Riemann and Riemann-Stieltjes integrals in order to claim that 


b b 
[ feoaaey= [rea war. 
The combined equalities leads to the desired conclusion. & 
** Acceptable responses are: (1) L (P, a’), (2) a (x;)—a (xj-1) (3) f (sj) a’ (tj) Ax; 
(4) Si_1 f (sj) a (tj) Axj, 6) [Of (dal (ey dx. 


Recall that our original motivation for introducing the concept of the Riemann 
integral was adapting formulas such as A =/-w,d =r-tandm=d _-1 to more 
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general situations; the Riemann integral allow us to replace one of the “constant 
dimensions” with functions that are at least bounded where being considered. The 
Riemann-Stieltjes integral allows us to replace both of the “constant dimensions” 
with functions. Remark 6.18 on page 132 of our text describes a specific example 
that illustrates to flexibility that has been obtained. 

The last result of this section gives us conditions under which we can transfer 
from one Riemann-Stieltjes integral set-up to another one. 


Theorem 7.1.44 (Change of Variables) Suppose that ¢ is a strictly increasing con- 
tinuous function that maps an interval [A, B]| onto [a,b], a is monotonically in- 
creasing on [a,b], and f € K(a) on [a,b]. For y € [A, B], let B (vy) = a(¢(y)) 
and g (y) = f (p(y). Then g € K (B) and 


B b 
: «oa 0) = | Fada, 
A a 


Proof. Because ¢ is strictly increasing and continuous, each partition P = 
{x0,X1,---5Xn} € gv [a,b] if and only if O = {yo, y1,..., yn} € ~[A, B] where 


x; = ¢(y,) for each j € {0,1,...,n}. Since f ([x;-1,x;]) = g ([yj-1. y,]) for 
each j, it follows that 


U(Q,g,f)=U(P,f,a) and L(Q,g8,8)=L(P, fra). 


The result follows immediately from the Integrability Criterion. ™ 


7.2 Riemann Integrals and Differentiation 


When we restrict ourselves to Riemann integrals, we have some nice results that 
allow us to make use of our knowledge of derivatives to compute integrals. The 
first result is both of general interest and a useful tool for proving some to the 
properties that we seek. 


Theorem 7.2.1 (Mean- Value Theorem for Integrals) Suppose that f is continu- 
ous on I = [a,b]. Then there exists a number é in I such that 


b 
/ § Oa F OCH. 
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Proof. This result follows directly from the bounds on integrals given by Theo- 
rem 7.1.13 and the Intermediate Value Theorem. Since f is continuous on [a, b], it 
is integrable there and, by Theorem 7.1.13, 


b 
m(b—a)< | f (x)dx < M(b—a) 


where m = inf Fe) = min f (x) = f (xo) for some x9 € J and M = sup f (x) = 
xe xe 


xel 
I? f @dx 
(ba) 
such that m < A < M. By the Intermediate Value Theorem, f (xo) < A < f (x1) 
implies that there exists a¢ € J such that f (¢) = A. @ 

The following two theorems are two of the most celebrated results from integral 
calculus. They draw a clear and important connection between integral calculus 
and differential calculus. The first one makes use of the fact that integrability on an 
interval allows us to define a new function in terms of the integral. Namely, if f is 
Riemann integrable on the interval [a, b], then, by the Theorem on Restrictions of 
Integrable Functions, we know that it is integrable on every subinterval of [a, b]. In 
particular, for each x € [a, b], we can consider 


max f (x) = f (x1) for some x; € J. Now, A = is a real number 
xe 


fix fo soa. 


This function is sometimes referred to as the accumulation of f—probably as 
a natural consequence of relating the process of integration to finding the area be- 
tween the graph of a positive function and the real axis. The variable ¢ is used as 
the dummy variable because x is the argument of the function. The accumulation 
function is precisely the object that will allow us to relate the process of integration 
back to differentiation at a point. 


Theorem 7.2.2 (The First Fundamental Theorem of Calculus) Suppose that f € 
R on I = [a, b]. Then the function F given by 


Fay= [ f (dt 


is uniformly continuous on [a,b]. If f is continuous on I, then F is differentiable 
in (a, b) and, for each x € (a,b), F’ (x) = f (x). 


7.2. RIEMANN INTEGRALS AND DIFFERENTIATION 309 


Proof. Suppose that u,v € [a,b]. Without loss of generality we can assume 
that u < v. Then, from the Algebraic Properties of Riemann-Stieltjes Integrals (d) 


and (e), 
IF 0) — F wl = / f Wad 


<M\u-d| 


where M = sup|f (t)|. Thus, 


tel 
(Ve > 0) (vu) (Vo) (u, 0 elAlu-—v| <d= a3 |F (vo) — F (u)| <e) sie, 


F is uniformly continuous on J. 

For the second part, suppose f is continuous on [a, b] and x € (a, b). Then 
there exists 6; such that {x +h: |h| < 6,} C (a,b). Since f is continuous it is in- 
tegrable on every subinterval of J, for |h| < 6,, we have that each of Vas f (t) dt, 


{< f Oat, and [**" f (1) dt exists and 


[Croa =f roar f rou 


Consequently, for any h, with |h| < 6,, we have that 


x+h 
Fa +h)-F()= f f (dt. 


By the Mean-Value Theorem for Integrals, there exists €, with |x — ¢| < 6, such 
that 


xt+h 
/ fWdt =f G)-h. 


Hence, for |h| < 6), 


F(x +h) —-F (x) 
h 
where |x — | < 61. Now, suppose that € > 0 is given. Since f is continuous 


at x, there exists a 62 > O such that | f (w) — f (x)| < € whenever |w — x| < op. 
Choose 6 = min {6;, 67}. Then, for |h| < 6, we have 


F (x +h) — F (x) 
h 


= f Gn) 


—fa) =|lf G)-f@)| <e. 
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Since € > 0 was arbitrary, we conclude that 


. F(xt+h)-F(x) 
lim TT 
ho>0 h 


= 7 (%)2 1:65 


F’ (x) = f (x). Since x € (a, b) was arbitrary, we conclude that F is differentiable 
on the open interval (a,b). @ 


Theorem 7.2.3 (The Second Fundamental Theorem of Calculus) Jf f € XK on 
I = [a, b] and there exists a function F that is differentiable on [a, b] with F’ = f 
, then 


b 
/ f (t)dt = F (b)- F(a). 


Excursion 7.2.4 Fill in what is missing in order to complete the following proof. 


Proof. Suppose that ¢ > 0 is given. For f € ®, by the , we can 


(1) 
choose a partition P = {x0, 1, ..., Xn} of [a,b] such that U (P, f) — L (P, f) < 
é. By the Mean-Value Theorem, for each j € {1,2,...,m} there is a point tj € 
[sepeg x;| such that 
F (xj) — F (j-1) = F’ (t;) Axj = 
(2) 
Hence, 


n 


> Ff &) Ax = 


j=l (3) 


On the other hand, from Theorem 7.1.26(c), 


n b 
2 f(t) Ax; — [ f &)dx| < «. 
J= a 


Therefore, 


b 
- [ Feyax ee, 
(3) a 


Since ¢ > 0 was arbitrary, [” f (‘)dt = F (b)— F(a). = 
** A cceptable responses are: (1) Integrability Criterion, (2) f (t;) Ax}, (3) F (b)— 
F (a).8* 
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Remark 7.2.5 The statement of the First Fundamental Theorem of Calculus differs 
from the one that you had in elementary Calculus. If instead of taking f to be 
integrable in I = [a,b], we take f to be integrable on an open interval containing 
I, we can claim that G (x) = ie f (t) dt is differentiable on [a, b| with G’ (x) = 
f (x) on [a,b]. This enables us to offer a slightly different proof for the Second 
Fundamental Theorem of Calculus. Namely, it follows that if F is any antiderivative 
for f then F — G =c for some constant c and we have that 


b 
F (b) = F (a) =1G 6) +c1-[6 @) +1 =16 ©) - Gai = | f (t)dt. 


Remark 7.2.6 The Fundamental Theorems of Calculus give us a circumstance un- 
der which finding the integral of a function is equivalent to finding a primitive or 
antiderivative of a function. When f is a continuous function, we conclude that it 
has a primitive and denote the set of all primitives by J f (x) dx; to find the definite 


integral f i f (x) dx, we find any primitive of f, F, and we conclude that 
b 
| f (x) dx = F (x) |? = F(b)- F(a). 
a 


7.2.1 Some Methods of Integration 


We illustrate with two methods, namely substitution and integration-by-parts. The 
theoretical foundation for the method of substitution is given by Theorem 7.1.42 
and the Change of Variables Theorem. 


Theorem 7.2.7 Suppose that the function f is continuous ona segment I, the func- 


tions u and — are continuous on a segment J, and the range of u is contained in 
x 
I. Ifa,b € J, then 


u(b) 


b 
[ fue! wax = ee, 


u(a 


Proof. By the First Fundamental Theorem of Calculus, for each c € J, the 
function 


F (u) -/ f (t)dt 
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is differentiable with F’(u) = f (u) foru € I with c < u. By the Chain 
Rule, if G(x) = F(u(x)), then G’ (x) = F’(u(x))u’ (x). Hence, G’ (x) = 
f (u(x)) uv’ (x). Also, G’ is continuous from the continuity of f, u, and uv’. It fol- 
lows from the Second Fundamental Theorem of Calculus and the definition of G 
that 


b b 
[ foc ear= | Gav 6 O= 6G) =F GON=F UO). 


From the definition of /, we conclude that 


u(b) u(a) u(b) 
F(u(b))- Fu@)= f @at- f (t)dt = f (t) dt. 


c Cc u(a 


The theorem follows from the transitivity of equals. m 


Example 7.2.8 Use of the Substitution Method of Integration to find 


m/4 
* (31 + 7) sin (37 + 3) 
| cos (37+ =) sin vt dt 


(a) Take u = cos (37 + ) 


(b) Take u = cos? (31 + al 


The other common method of integration with which we should all be familiar 
is known as Integration by Parts. The IBP identity is given by 


[udo=w = f od 
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for u and v differentiable and follows from observing that d (uv) = udv + vdu, 
which is the product rule in differential notation. This enables us to tackle in- 
tegrands that “are products of functions not related by differentiation” and some 
special integrands, such as the inverse trig functions. 


Example 7.2.9 Examples of the use of the Integration-by-Parts method of integra- 
tion. 


1. Find foe -J/1 — x2dx. 


2. Find f{ arctan (x) dx 
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3. Find { e?* sin 3x) dx 


7.2.2 The Natural Logarithm Function 
The Fundamental Theorems enable us to find integrals by looking for antideriva- 
tives. The formula (x”)/ = nx"! for n an integer leads us to conclude that J x*dx = 


—_ + C for any constant C as long as k + 1 4 0. So we can’t use a simple formula 


k= 
by 
' —dx, 
a i 


to determine 

though we know that it exists for any finite closed interval that does not contain 0 
because x~! is continuous in any such interval. This motivates us to introduce a 
notation for a simple form of this integral. 


Definition 7.2.10 The natural logarithm function, denoted by \n, is defined by the 
formula 


Xx 
1 
Inx = potest VeTy x>0. 
1 


As fairly immediate consequences of the definition, we have the following Prop- 
erties of the Natural Logarithm Function. Let f (x) = Inx for x > 0 and suppose 
that a and b are positive real numbers. Then, the following properties hold: 


1. In(ab) = In (a) + In(d), 
2. In(a/b) = In(a) — In(b), 
3. In(1) =0, 
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aK 


. In(a’) =r -In(@) for every rational number r, 


Nn 


; 1 
_ f=, 
x 
6. f is increasing and continuous on J = {x :0 < x < +o}, 
7 ! <InQ) <1 
.-<iIn : 
_ es 
8. In x —> +00 as x > +00, 


9. In x — —oo as x > OT, and 


10. the range of f is all of R. 


Remark 7.2.11 Once we have property (6), the Inverse Function Theorem guaran- 
tees the existence of an inverse function for ln x. This leads us back to the function 


e*. 


7.3 Integration of Vector- Valued Functions 


Building on the way that limits, continuity, and differentiability from single-valued 
functions translated to vector-valued functions, we define Riemann-Stieltjes inte- 
grability of vector-valued functions by assignment of that property to the coordi- 
nates. 


Definition 7.3.1 Given a vector-valued (n-valued) function f = (f\, fa, ..-s fr) 
from [a, b] into R" where the real-valued functions f\, fr, ..., fy are bounded on 
the interval I = [a, b] and a function a@ that is defined and monotonically increas- 
ing on I, f is Riemann-Stieltjes integrable with respect to a on I, writtenf € KR (a), 
if and only if (Vj) (7 € (1, 2,....2} => fj © K(a)). In this case, 


b b b b 
[ted gs (f ieee. [ peda) | foerdat))., 


Because of the nature of the definition, any results for Riemann-Stieltjes inte- 
grals that involved “simple algebraic evaluations” can be translated to the vector- 
valued case. 
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Theorem 7.3.2 Suppose that the vector-valued functions f and g are Riemann- 
Stieltjes integrable with respect to a on the interval I = [a, b]. 


(a) Ifk is a real constant, then kf € R(a) on I and 
b b 
/ kf (x) da (x) =k | f (x) da (x). 
(b) Ifh=f+g, thenh € ® (a) and 
b b b 
i) h (x) da (x) = f (x) da «+ | g (x) da (x). 


(c) If the function f € R(a) also on I* = {x :b <x <c}, then f is Riemann- 
Stieltjes integrable with respect to a on IU I* and 


c b Cc 
[ teoaaw = | ra)da (xy + | f (x) da (x). 
a a b 
(d) Iff € KR (a*) on I, thenf € KR (a + a*) and 


b b b 
[tara =| ro)da (y+ | f (x) da* (x). 


a a 


(e) If c is any positive real constant, then f € K (ca) and 


b b 
[ taca=e | f (x) da (x). 


a 


Theorem 7.3.3 Suppose that a is a monotonically increasing function such that 
a’ € Kon [a, b] and f is a vector-valued function that is bounded on [a, b]. Then 
f € KR (a) if and only if fa’ € KR. Furthermore, 


b b 
[ tcoaay = f f (x) a’ (x) dx. 


Theorem 7.3.4 Suppose that f = (f\, f2,.... fr) € Ron I = [a, b]. 
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(a) Then the vector-valued function F given by 


F(x) = ([ fi war, | he @at,... f e war) forxel 


is continuous on [a,b]. Furthermore, if f is continuous on I, then F is differ- 
entiable in (a, b) and, for each x € (a, b), F’ (x) =f (x) = 
(fi (x), fo (X), 5 fn ())- 


(b) If there exists a vector-valued function G on I that is differentiable there with 
G’ =f, then 


b 
' f (t)dt = G(b) —G(a). 


On the other hand, any of the results for Riemann-Stieltjes integrals of real- 
valued functions that involved inequalities require independent consideration for 
formulations that might apply to the vector-valued situation; while we will not 
pursue the possibilities here, sometimes other geometric conditions can lead to 
analogous results. The one place where we do have an almost immediate carry 
over is with Theorem 7.1.39 because the inequality involved the absolute value 
which generalizes naturally to an inequality in terms of the Euclidean metric. The 
generalization—natural as it is—still requires proof. 


Theorem 7.3.5 Suppose that f : [a,b] > R” andf € K(a) on [a, b] for some a 
that is defined and monotonically increasing on [a, b]. Then |f| € K (a) and 


b 
i f (x) da (x) 


a 


b 
< | If (x)| da (x). (7.17) 


Excursion 7.3.6 Fill in what is missing in order to complete the following proof. 


Proof. Suppose that f = (f1, f2, ..., fr) € R(a) on J = [a, b]. Then 


KO) = V2 @) + RO) +..+ (2G) = Oforx eT (7.18) 


and, because f is on J, there exists M > 0 such that |f(/)| = 
(1) 
{lf (x)|: x € 7} Cc [0,M]. Since (V/) (i € {1,2,...,.n} => fj € R (a)) and the 
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function ¢ (t) = t? is continuous on R, by , 
(2) 
(Vj) ( FEU 2 ont] S fj 2 ER (a)). From Algebraic Property (b) of the Riemann- 
Stieltjes integral, P (x) + i (x) +...4 i (x)ER ey Taking $* (t) = /t for 
t > 0 in Theorem 7.1.28 yields that |f| 
(3) 
Since (7.17) is certainly satisfied if f, we assume that f 40. For each 


j€ {1,2,..,n}, let oj = [? fj (x) da (x) and set w = [? f (x) da (x). Then 


: n 5 n b b n 
lw|* = > wv; = > vj | fj; (da o=/ (3 w; fj (0) (t). 
j=l j=l a  Nj=1 


From Schwarz’s inequality, 


S vf) © < __lf OI fort € [a, 4]. (7.19) 
j=l (4) 


Now Viet wf; (t) and |w| |f (¢)| are real-valued functions on [a, b] that are in 
R (a). From (7.19) and Algebraic Property (c) of Riemann-Stieltjes integrals, it 
follows that 


b n b b 
we = f (Seis wo) ae @< [ imit@aa@=wmi f toda, 
a j=l a a 


Because w + 0, Iwi? < |wl Hb |f (t)| da (t) implies that |w| < 1 If (t)| da (t) 
which is equivalent to equation 7.17). m 


**%* Acceptable responses are: (1) bounded, (2) Theorem 7.1.28, (3) € KR (a), (4) 


7.3.1 Rectifiable Curves 


As an application of Riemann-Stieltjes integration on vector-valued functions we 
can prove a result that you assumed when you took elementary vector calculus. 
Recall the following definition. 


Definition 7.3.7 A continuous function y from an interval [a, b] into R" is called 
acurve in R" ora curve on [a, b] in R"; if y is one-to-one, then y is called anare, 
and if y (a) = (f), then y is a closed curve. 
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Remark 7.3.8 Jn the definition of curve, we want to think of the curve as the actual 
mapping because the associated set of points in R” is not uniquely determined by 
a particular mapping. As a simple example, y, (t) = (t, t) and y2 (t) = (t, t) are 
two different mappings that give the same associated subset of R?. 


Given a curve y on [a, b], for any partition of [a, b], 
P = {X90 = 4,X], 5 Xm—-15Xm = D} 


let 


m 


A(P. y= > |r (xj) —y (x/-1)|- 


j=l 

Then A (P, y ) is the length of a polygonal path having vertices 

y (xo), 7 (1), ++, ¥ (Xm) which, if conditions are right, gives an approximation 
for the length of the curve y. For g [a,b] the set of all partitions of [a, b], it is 
reasonable to define the length of a curve y as 


A(y)= sup A(P,y); 
Pepala,b] 


if A (y) < ov, then y is said to be rectifiable. 

In various applications of mathematics integrating over curves becomes impor- 
tant. For this reason, we would like to have conditions under which we can deter- 
mine when a given curve is rectifiable. We close this chapter with a theorem that 
tells us a condition under which Riemann integration can be used to determine the 
length of a rectifiable curve. 


Theorem 7.3.9 Suppose that y is a curve on [a,b] in R". If y’ is continuous on 
[a, b], then y is rectifiable and 


b 
AW)=f ly’ @ldt 


Proof. Suppose that y is a curve on [a, b] in R” such that y’ is continuous. From 
the Fundamental Theorem of Calculus and Theorem 7.1.39, for [x eee 5 | C [a, b], 


xj xj 
/ y"(di| < | |v’ (t)| dt. 
Xj-1 Xj-1 


F | 


ly (A) — 7 (ir) = 
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Hence, for any partition of [a, b], P = {xo = 4, x1, ..-» Xm—15Xm = D}, 


b 
AP rs | ly! at 


from which it follows that 
b 
Aw) s | ly’ lat (7.20) 
a 


Let ¢ > 0 be given. By the Uniform Continuity Theorem, y’ is uniformly 
continuous on [a, b]. Hence, there exists a d > O such that 


Ist] <d => |y’(s)-y'()| < (7.21) 


oe 
2(b—a) 


Choose P = {x9 = 4, X1,..-5Xm—1,Xm = b} € ela, b] be such that meshP < 6. 
It follows from (7.21) and the (other) triangular inequality that 


€ 
te [ejay => ly’ | < ly’ (x,)| a 2(b—a) 
Thus, 
- € 
Fsly’@lae < |p) An t+ 55 An . 
= [Rb O+7 ()- 1 Ola] + Gan 
< [fr Ode] +E fy en) 9’ Ola] + sg an 
€ 
< |v (xj) —7 (%j-1)| +2 (sam =a 
= ly (x,;) eas (x)-1)| + (b —a) Axj. 
Summing the inequalities for 7 = 1, 2, ...m yields that 
b 
‘i ly’ @|dt < A(P,y)+.. (7.22) 
a 


Since ¢ > 0 was arbitrary, we conclude that [ y ly ’ (t)| dt < A(P,y/). 
Combining the inequalities (7.20) and (7.21) leads to the desired conclu- 
sion. ml 
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7.4 Problem Set G 


1. 


Let f (x) = x, g(x) = [2x], and, forn € J, P, denote the partition of 
[0, 2] that subdivides the interval into n subintervals of equal length. Find 
each of the following. 


(a) U (P3, f) 
(b) U (Ps, 8) 
(c) L (Pa, f) 
(d) L (Po, g) 


. For f (x) = 2x7 +1, a(t) = t + [3t]| and A the subdivision of [0, 1] 


consisting of 4 subintervals of equal length, find U (A, f,a) and L (A, f, a). 
1 1 1 


1 
. For f (x) = 3x in [-3.1] a(t) =t,andP = {-5 —- 0, 5.1], find 


2 A? 
U (P, f,a) and L (P, f, a). 


. Suppose that the function f in bounded on the interval [a, b] and g = kf for 


a fixed negative real number k. Prove that supg (x) = kint f (x). 
xel x€E 


. Suppose that the function f in bounded on the interval J = [a, b] and g = kf 


for a fixed negative integer k. Show that 


[': (x) dx = ef’ s (x) dx. 


. Suppose that the functions f, f;, and f> are bounded and defined on the 


closed interval J = [a,b] and a is a function that is defined and monotoni- 
cally increasing in J. Prove each of the following: 


(a) Ifh = fit fo, then frh (x) da (x) > J? fi @)da @)+Je fo (x) da (x) 


(b) Ifh = fitfothen [oh (x) da (x) < [fi (da (x)+f? fr (a) da (x) 
(c) If fi (x) < fo (x) forall x e J, then Sef (x) da (x) < eh (x) da (x) 


(d) If fi (x) < fo (@) forall x € 7, then [? fi (x)da (x) < f° fo (x) da (x). 
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(e) Ifa < b < cand f is bounded on J/* = {x: a <x <c} and a is 
monotonically increasing on /*, then 


Te nb Te 
[feds F(syda(s)+ | ¥ (au), 


7. Suppose that f is a bounded function on J = [a,b]. Let M = supf (x), 
xel 
m = inf f (x), M* = sup|f (x)|, and m* = inf |f (x)I. 
xel xel 


xel 


(a) Show that M* —m* < M—m. 


(b) If f and g are nonnegative bounded functions on J, N = supg (x), and 
xel 
n = infg (x), show that 
xel 


Sup (fg) (x) - inf (fg) (x) < MN — mn. 


8. Suppose that f is bounded and Riemann integrable on J = [a, b]. 


(a) Prove that | f| is Riemann integrable on J. 


(b) Show that | [? f (x)ax| < [? lf @ldx. 


9. Suppose that f and g are nonnegative, bounded and Riemann integrable on 
I = [a,b]. Prove that fg is Riemann integrable on /. 


10. Let A=] Fin jedaj<2a24 i] and 


1 


9 It A 
an if xe 


f@)= 
0 ,if xe[0,1J-A 


Is f Riemann integrable on [0, 1]. Carefully state and prove your conclusion. 


11. Let f (x) = x? and a(t) = [3t] where |..| denotes the greatest integer 
function. 
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12. 


13. 


14. 


15. 


16. 


17. 


2; 
(a) For the partition P = (x; — + cp O12, 5} with associated sub- 
division A = {I, lo, 13}, find U (P, f, a). 


oo 
and A* denotes the associated subdivision of [0,2], then P* is a re- 
finement of P. For each k e€ {1,2,3}, let A (k) be the subdivision 
of J; consisting of the elements of A* that are contained in J;. Find 


L(A(2), f,@). 


; | ae ae ae 
(b) HP* = Juj= 52 f= 01,2 Uluje = 7+: i =1,2,3,4,5,6 


For a < b, let C ({a, b]) denote the set of real-valued functions that are con- 
tinuous on the interval J = [a, b]. For f, g € C ([a, b]), set 


b 
d(f.s) = f if )—8 Gide. 


Prove that (C ([a, b]) , d) is a metric space. 
If f is monotonically increasing on an interval J = [a,b], prove that f is 
Riemann integrable. Hint: Appeal to the Integrability Criterion. 
n 
For nonzero real constants cj, C2, ..., Cn, let f (x) = Dae |x | AID (x), 
j=] 


where |-| denotes the greatest integer function and y denotes the character- 
istic function on R. Is f Riemann integrable on R? Carefully justify the 
position taken; if yes, find the value of the integral. 


Prove that if a function f is “R” integrable (see Remark 7.1.27) on the interval 
I = [a, b], then f is Riemann integrable on /. 


Suppose that f and g are functions that are positive and continuous on an 
interval J = [a, b]. Prove that there is a number ¢ € J such that 


b b 
/ POetire rf “one 


Fora < b, let J = [a,b]. If the function f is continuous on J — {c}, fora 
fixed c € (a, b), and bounded on J, prove that f is Riemann integrable on /. 
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18. Suppose that f in integrable on J = [a, b] and 
(Am) (GAM) (m > 0AM > OA (Wx) (x eETlSm< f(x) <M)). 


ERonl. 


1 
Prove 
f @) 
19. For f (x) = x* + 2x, verify the Mean-Value Theorem for integrals in the 

interval [1, 4]. 

sin x3 
20. Find i el? + Nar. 
I 
2 


ex 


21. For x > 0, let G(x) = / sin? 3t dt. Make use of the First Fundamental 

JE 

Theorem of Calculus and the Chain Rule to find G’ (x). Show your work 
carefully. 


22. Suppose that f € Rand g € Ron/ = [a,b]. Then each of f7, g?, and fg 
are Riemann integrable on J. Prove the Cauchy-Schwarz inequality: 


b 2 b b 
([‘sorre 0) <(['ro0) (fee. 


[Note that, fora = f° f? (x) dx, B = ie f (x) g (x) dx,andy = if g? (x) dx, 
a*x + 2x + y is nonnegative for all real numbers x.] 


dt 
23. For f (x) =Inx = f ie — for x > Oanda and b positive real numbers, prove 
each of the following. 
(a) In (ab) = In(a) + In(d), 
(b) In (a/b) = In (a) — In (d), 
(c) In(a’) =r - In(a) for every rational number r, 
1 
(d) f’ (x) = = 
(e) f is increasing and continuous on J = {x :0 < x < +00}, and 


() 5 <In@ <1, 


Chapter 8 


Sequences and Series of Functions 


Given a set A, a sequence of elements of A is a function F : J > A; rather than 
using the notation F (n) for the elements that have been selected from A, since the 
domain is always the natural numbers, we use the notational convention a, = F (n) 
and denote sequences in any of the following forms: 


{Gn}e 4 lanes Or 4, 42, 43, a4, ..... 


Given any sequence {c;,}?°., of elements of a set A, we have an associated sequence 
of nth partial sums 


n 


{sn}P2, where s, = ee 
k=l 


the symbol 577°, cx is called a series (or infinite series). Because the function 
1-1 
g(x) = x — 1 is a one-to-one correspondence from J into JU {0}, ie., g : J > 


JU {0}, a sequence could have been defined as a function on JU {0}. In our dis- 
cussion of series, the symbolic descriptions of the sequences of nth partial sums 
usually will be generated from a sequence for which the first subscript is 0. The 
notation always makes the indexing clear, when such specificity is needed. 


Thus far, our discussion has focused on sequences and series of complex (and 
real) numbers; i.e., we have taken A = C and A = R. In this chapter, we take A to 
be the set of complex (and real) functions on C (and R). 
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8.1 Pointwise and Uniform Convergence 


The first important thing to note is that we will have different types of convergence 
to consider because we have “more variables.” The first relates back to numerical 
sequences and series. We start with an example for which the work was done in 
Chapter 4. 


Example 8.1.1 For each n é€ J, let f, (z) = z" where z € C. We can use results 
obtained earlier to draw some conclusions about the convergence of { fn (Z)}7~_,. In 
Lemma 4.4.2, we showed that, for any fixed complex number zo such that |zo| < 1, 


lim ZO = (0. In particular, we showed that for zo, 0 < |zo| < 1, ifé > 0, then 
n—->Oo 


taking 


1 , fore>1 


M=M(é, 2) = | foré <1 


In |zol 


yields that kas — 0| < é foralln > M. When zy = 0, we have the constant 
sequence. In offering this version of the statement of what we showed, I made a 
“not so subtle” change in format; namely, I wrote the former M (e) and M (e, Zo). 
The change was to stress that our discussion was tied to the fixed point. In terms 
of our sequence { fn (z)}"2,, we can say that for each fixed point z7 € Q = 
{2 €C: [zl < 1}, (fn (Zo)}2, is convergent to 0. This gets us to some new termi- 
nology: For this example, if f (z) = 0 for all z € C, then we say that {fn (Zo) $7. 
is pointwise convergent to f on Q. 


It is very important to keep in mind that our argument for convergence at each 
fixed point made clear and definite use of the fact that we had a point for which a 
known modulus was used in finding an M (e, zo). It is natural to ask if the pointwise 
dependence was necessary. We will see that the answer depends on the nature of 
the sequence. For the sequence given in Example 8.1.1, the best that we will be 
able to claim over the set Q is pointwise convergence. The associated sequence of 
nth partial sums for the functions in the previous example give us an example of a 
sequence of functions for which the pointwise limit is not a constant. 


Example 8.1.2 For a 4 0 and each k € JU {0}, let fy (z) = az* where z € C. 
In Chapter 4, our proof of the Convergence Properties of the Geometric Series 
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Theorem showed that the associated sequence of nth partial sums {sy (z)}7-.9 was 
given by 


a (1 = gd) 


6) = file) = Yack = OD) 
k=0 k=0 6 


In view of Example 8.1.1, we see that for each fixed z7 € Q = {z EC: |z| < 1}, 


{Sn (Zo) }92., is convergent to i . Thus, {Sn (Z)}7-9 is pointwise convergent on 


Q. In terminology that is soon to be introduced, we more commonly say that “the 
series py ee az is pointwise convergent on Q.” 


Our long term goal is to have an alternative way of looking at functions. In par- 
ticular, we want a view that would give promise of transmission of nice properties, 
like continuity and differentiability. The following examples show that pointwise 
convergence proves to be insufficient. 


2 
Example 8.1.3 For eachn ¢€ J, let f, (z) = TE where z € C. For each fixed 
nz 


Z we can use our properties of limits to find the pointwise limit of the sequences 
of functions. If z = 0, then {fy (0)}"°., converges to 0 as a constant sequence of 
zeroes. If z is a fixed nonzero complex number, then 


nz ‘ zg & 


im = = 
n>0ol+n2z n> 1 Zz 


= oe 
wy) 


1 ,for zeC-— {0} 
Therefore, f, —> f where f (z) = 


0 ,for z=0 
Remark 8.1.4 From Theorem 4.4.3(c) or Theorem 3.20(d) of our text, we know 
n® 
that p > Oanda € R, implies that lim ———— = 0. Lettin = or 
P P as py g¢ itp” 
p > 0 leads to the observation that 
lim n*¢" =0 (8.1) 


n—-> Oo 


whenever 0 < ¢ < land foranya € R. This is the form of the statement that 
is used by the author of our text in Example 7.6 where a sequence of functions for 
which the integral of the pointwise limit differs from the limit of the integrals of the 
functions in the sequence is given. 
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Example 8.1.5 (7.6 in our text) Consider the sequence { fn}°~_, of real-valued func- 
tions on the interval I = [0,1] that is given by fy (x) = nx (I —x ay. forne J. 
For fixed x € I — {0}, taking a = land¢é = (1 — x*) in (8.1) yields that 
n (1 — x7)" — Oasn > ow. Hence, fn 0 0. Because fy, (O) = 0 for all 


n € J, we see that for eachx € I, 
. aA n 

lim fy (x) = lim nx (1 —x ) —0, 

noo n—- oo 
In contrast to having the Riemann integral of the limit function over I being 0, we 
have that 

slit Lg (x) dx = lim — : 

im = lim.——=— 

Rn = EEE. oD 


Note that, since @ in ae (8.1) can be any real number, the sequence of real 
: 2 2\n * F . 
functions gy (x) =n-x (1 —Xx ) forn € J converges pointwise to 0 on I with 


1 ya 
| SUN IEE ag Co 


This motivates the search for a stronger sense of convergence; namely, uniform 
convergence of a sequence (and, in turn, of a series) of functions. Remember that 
our application of the term “uniform” to continuity required much nicer behavior 
of the function than continuity at points. We will make the analogous shift in going 
from pointwise convergence to uniform convergence. 

Definition 8.1.6 A sequence of complex functions { f,}°°_, converges pointwise to 
a function f ona subset Q of C, written f, — f or fh =e f, if and only if the 
ré 


sequence { fn (zo) }7., —> f (Zo) for each zp € Q; i.e., for each zo € Q 


(Ve > 0) (AM = M (ze, z0) € J) (n > M €, 20) = |fn (Zo) — f (Zo) < €). 


Definition 8.1.7 A sequence of complex functions { f,} converges uniformly to f 
ona subset Q of C, written f, = f, if and only if 


(Ve > 0)GM =M(e))M ETA Wn) (Vz) 2 >MAzZEQNS [fn (@) — f @)| < 8))- 
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Remark 8.1.8 Uniform convergence implies pointwise convergence. Given a Se- 
quence of functions, the only candidate for the uniform limit is the pointwise limit. 


Example 8.1.9 The sequence considered in Example 8.1.1 exhibits the stronger 
sense of convergence if we restrict ourselves to compact subsets of 
Q = {zEC:[|z| <1}. For eachn e€ J, let fy, (z) = 2" where z € C. Then 
{fn (z)}°2, is uniformly convergent to the constant function f (z) = 0 on any com- 
pact subset of Q. 

Suppose K C Qis compact. From the Heine-Borel Theorem, we know that 
K is closed and bounded. Hence, there exists a positive real number r such that 
r < land (Vz)(z€ K = (z| <r). Let Q; = {z € C: |z| < r}. Fore > O, let 


if , fore>1 
M=M(e)= In (e) 
— , fore <1 
Inr 
In (e) 
Thenn > M > n > — => nInr < In(e) because 0 < r < 1. Consequently, 
nr 
r” < €and it follows that 
WOsOl=\24|Sldher7"<—e 


Since € > 0 was arbitrary, we conclude that f, = f. Because K C Q,, fn = 
Q, K 
as claimed. 


Excursion 8.1.10 When we restrict ourselves to consideration of uniformly con- 
vergent sequences of real-valued functions on R, the definition links up nicely to a 


graphical representation. Namely, suppose that f, = jf. Then corresponding to 
[a,b] 

any & > O, there exists a positive integer M such thatn > M = | fn (x) — f («)| < 

é for all x € [a,b]. Because we have real-valued functions on the interval, the in- 


equality translates to 
f()-é < fr (x) < f (*) +86 forall x € [a,b]. (8.2) 


Label the following figure to illustrate what is described in (8.2) and illustrate the 
implication for any of the functions fy, whenn > M. 
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Remark 8.1.11 The negation of the definition offers us one way to prove that a 
sequence of functions is not uniformly continuous. Given a sequence of functions 
{ fn} that are defined on a subset Q of C, the convergence of { fn} to a function f on 
Q is not uniform if and only if 


(Ge > 0) (VM) [Me J=> 
(An) (Azm,) (n > M Azm, € QA |fn (Zm,) — f (zm, ) 


> é)]. 


1 CO 
Example 8.1.12 Use the definition to show that the sequence —| is point- 
NZ} n=l 
wise convergent, but not uniformly convergent, to the function f (x) S OonQ = 
{zEC:0 < |z| < 1}. 


Suppose that zo is a fixed element of Q. For ¢ > 0, let M = M (e,z0) = 


F | | Thenn > M >n > —— < € because |zo| > 0. Hence, 
zolé 


=> 
Izole = n'[zol 


CO 
Since ¢ > 0 was arbitrary, we conclude that | | is convergent to 0 for each 
NZ ees 
1 os 0 Jn=1 
zo € Q. Therefore, {| is pointwise convergent on Q. 
NZ Jn=1 
1 1 
On the other hand, let ¢ = 5 and for eachn € J, set Zn = rer Then 
n 
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Zn € Qand 


se) a 
n 
n+l 


CO 
Hence, | -| is not uniformly convergent on Q. 


NZ Jn=1 


1 CO 
Example 8.1.13 Prove that the sequence | et converges uniformly for 
NZ n= 


|z| => 2 and does not converge uniformly in Q* = {z € C: |z| < 2)-|-- ine i} 
n 


. From 


Let Q= {z €C: |z| = 2} and, for eachn € J, let f, (z) = ia 
NZ 
the limit properties of sequences, { fn (z)}7-., is pointwise convergent on C to 


0 ,for zeEC-— {0} 


f@= 
lL for 2=0 


Thus, the pointwise limit of { fn (z)}?2_, on Q is the constant function 0. For ¢ > 0, 
eek 1/1 

letM =M(e)=|={(-4+1]]. Thnn>Ma>n>-={-4+1)=> 
2\e 2\e 2n—1 


é because n > 1. Furthermore, |z| > 2 => n|z| > 2n > nlz|—1>2n—-—1>0. 
Hence, \|z| >2An>M> 


< 


1 1 1 


i 
Injz}—1] ~ n|z|—-1~ 2n—1 


fn (z) — Ol = oe 


Because ¢ > 0 was arbitrary, we conclude that fn, = 90. 
Q 


1 
On the other hand, let ¢ = 5 and, corresponding to eachn € J, set 


1 
Zn = —. Then zy € Q* and 
n 


1 
lfn @n) — Ol = |——_~] = 


1 
1 2 
1+n(7) 
n 
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Hence, { fn (z)}P~, is not uniformly convergent in Q*. 


Excursion 8.1.14 Use the definition to prove that the sequence {z"} is not uni- 
formly convergent in |z| < 1. 


1 
****Hopefully, you thought to make use of the choices ¢, = (: — *) that could be 
n 


related back to e7!.*** 


Using the definition to show that a sequence of functions is not uniformly con- 
vergent, usually, involves exploitation of “bad points.” For Examples 8.1.12 and 
8.1.13, the exploitable point was x = 0 while, for Example 8.1.14, it was x = 1. 


Because a series of functions is realized as the sequence of nth partial sums of 
a sequence of functions, the definitions of pointwise and uniform convergence of 
series simply make statements concerning the nth partial sums. On the other hand, 
we add the notion of absolute convergence to our list. 


Definition 8.1.15 Corresponding to the sequence {cx (z)}~29 of complex-valued 
functions ona set Q C C, let 


Sn (@) = > ck @) 
k=0 


denote the sequence of nth partial sums. Then 


(a) the series °° 9 cx (z) is pointwise convergent on Q. to S if and only if, for 
each zy € Q, {Sn (Zo) }72.9 converges to S (zo); and 


(b) the series pen ck (z) is uniformly convergent on Q.to S if and only if Sy 3 
Q 
S. 
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Definition 8.1.16 Corresponding to the sequence {cx (Z)}--9 of complex-valued 
functions on a set Q C C, the series )°~9 cx (z) is absolutely convergent on Q 
if and only if Dae |cx (z)| is convergent for each z € Q. 


Excursion 8.1.17 Fora #0 andk € JU {0}, let cx (z) = az*. In Example 8.1.2, 
we saw that 


io) CO 

Sa = Sad 

k=0 k=0 
is pointwise convergent for each z9 € Q= {z EC: |z| < I}toad—- zo). Show 
that 


(i) > p29 ck (z) is absolutely convergent for each zo € Q; 


(ii) De ar Ck (z) is uniformly convergent on every compact subset K of Q; 


(iii) De arn ck (z) is not uniformly convergent on Q. 


***Ror part (i), hopefully you noticed that the formula derived for the proof of the 
Convergence Properties of the Geometric Series applied to the real series that re- 
lal (1 —|zI"**) 


sults from replacing az‘ with |a| |z|*. Since )“7_, lal = 1—Izi ae 
—|z 


334 CHAPTER 8. SEQUENCES AND SERIES OF FUNCTIONS 


la| 
1 {Z| 
ie. D9 ck (Z) = Deep az* is absolutely convergent for each z € Q. To show 
part (ii) it is helpful to make use of the fact that if K is a compact subset of 
Q then there exists a positive real number r such thatr < 1 and K C Q, = 
{z € C: |z| < r}. The uniform convergence of yp Ck (z) on Q, then yields uni- 


can a(1—z"*!) 


conclude that {779 lal |z a ae rae 


for each z € C such that |z| < 1; 


form convergence on K. For Sp (z) = S“p-9 ck (2) = peo a2 
a la|r”+! 

and S$ (z) = es: you should have noted that |S, (z) — S (z)| < aa for all 

—Z —r 

In (e (1 —r) la\') 
Inr 


sibility for justifying the uniform convergence. Finally, with (ili), corresponding to 


1 
eachn € J, let z, = (1 — " then z, € Q for each n and S, (Zn) — S (Zn) = 


z € Q, which leads to M (e) = max } 1, —1 as one pos- 


n 


n+l 
(n+ 1) Jal (1 - =) can be used to justify that we do not have uniform 
n 


convergence.*** 


8.1.1 Sequences of Complex- Valued Functions on Metric Spaces 


In much of our discussion thus far and in numerous results to follow, it should 
become apparent that the properties claimed are dependent on the properties of the 
codomain for the sequence of functions. Indeed our original statement of the defini- 
tions of pointwise and uniform convergence require bounded the distance between 
images of points from the domain while not requiring any “nice behavior relating 
the points of the domain to each other.” To help you keep this in mind, we state the 
definitions again for sequences of functions on an arbitrary metric space. 

Definition 8.1.18 A sequence of complex functions { f,}°°_, converges pointwise 
to a function f on a subset Q of a metric space (X,d), written f, —> f or 


tn oe J, if and only if the sequence { fy (wo)}r | — f (wo) for each wo € Q; 
€ 


Ww 
i.e., for each wo € Q 


(Ve > 0) (AM = M (z, wo) € J) (1 > M (€, wo) > fn (Wo) — f (wo) < €). 


8.2. CONDITIONS FOR UNIFORM CONVERGENCE i eo) 


Definition 8.1.19 A sequence of complex functions { f,} converges uniformly to f 
on a subset Q of a metric space (X,d), written f, = f on Qor fy, = f, if and 
Q 


only if 


(Ve > 0)(QAM=M (c)) [META Wn) Vw) 1>MaweQ 
= |fn(w) — f (w)| < e)]. 


8.2. Conditions for Uniform Convergence 


We would like some other criteria that can allow us to make decisions concerning 
the uniform convergence of given sequences and series of functions. In addition, 
if can be helpful to have a condition for uniform convergence that does not require 
knowledge of the limit function. 


Definition 8.2.1 A sequence { fn}°°_, of complex-valued functions satisfies the 
Cauchy Criterion for Convergence on Q C C if and only if 


(Ve > 0) (GM € J)[(Vn) Vm) (Vz) 21> MAm>MazeQ 
= |fn (2) — fm (2) < €)I. 


Remark 8.2.2 Alternatively, when a sequence satisfies the Cauchy Criterion for 
Convergence ona subset Q C C it may be described as being uniformly Cauchy 
on Q or simply as being Cauchy. 


In Chapter 4, we saw that in R” being convergent was equivalent to being 
Cauchy convergent. The same relationship carries over to uniform convergence 
of functions. 


Theorem 8.2.3 Let {fn}°°., denote a sequence of complex-valued functions on a 
set Q CC. Then { fy}°°, converges uniformly on Q if and only if { fn}°, satisfies 
the Cauchy Criterion for Convergence on Q. 
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Space for scratch work. 


Proof. Suppose that { f,}°° , is a sequence of complex-valued functions on a 
set Q Cc C that converges uniformly on Q to the function f and let ¢ > 0 be given. 


Then there exists M e€ J such that n > M implies that | f, (z) — f (z)| < , for 


all z € Q. Taking any other m > M also yields that | fi, (z) — f (z)| < > for all 
z€Q. Hence, form > MaAn> M, 


| fn (z) = Tn (z)| — I(fin (z) aa A (z)) _ (fn (z) a 7 (z))| 
<lfn lt -— f Olt lin —- fl <e 


for all z € Q. Therefore, { f,}°° , is uniformly Cauchy on Q. 


Suppose the sequence { f;,}°° , of complex-valued functions on a set Q C 


C satisfies the Cauchy Criterion for Convergence on Q and let ¢ > 0 be given. For 
z € Q, {fr (z)}P2 is a Cauchy sequence in C; because C is complete, it follows 
that {fn (z)}°°, is convergent to some ¢, € C. Since z € Q was arbitrary, we 
can define a function f : Q — C by (Vz) (zg € Q=> fF (z) = &). Then, f is the 


pointwise limit of {f,}°°,. Because { f,}°° , is uniformly Cauchy, there exists an 


M e€ J such that m > M andn > M implies that 
E 
l fn (2) — fin (2) < 5 for all z € Q. 


Suppose that n > M is fixed and z € Q. Since lim fm (€) = f (€) for each 
m— Oo 

¢€ € Q, there exists a positive integer M* > M such that m > M* implies that 

lfm (z) -— f @)I| < . In particular, we have that | fiy++1 (z) — f (z)| < There- 

fore, 


fn (z) — f @)L = Ifa (2) — fess (2) + faurgi (2) — f I 
< | fn (2) — feta @I+ | furs (2) — f (| <e. 


Butn > M and z € Q were both arbitrary. Consequently, 


8.2. CONDITIONS FOR UNIFORM CONVERGENCE aot 


(Vn) (Vz) n>MAzEQS> If, (2) -— f I <e). 


Since ¢ > 0 was arbitrary, we conclude that f, = f. @ 
Q 


Remark 8.2.4 Note that in the proof just given, the positive integer M* was depen- 
dent on the point z and the ¢; i.e. M* = M* (e, z). However, the final inequality ob- 
tained via the intermediate travel through information from M“, | fy (z) — f (z)| < 
€, was independent of the point z. What was illustrated in the proof was a process 
that could be used repeatedly for each z € Q. 


Remark 8.2.5 In the proof of both parts of Theorem 8.2.3, our conclusions relied 
on properties of the codomain for the sequence of functions. Namely, we used the 
metric on C and the fact that C was complete. Consequently, we could allow Q 
to be any metric space and claim the same conclusion. The following corollary 
formalizes that claim. 


Corollary 8.2.6 Let { fn}"°, denote a sequence of complex-valued functions de- 


fined on a subset Q of a metric space (X,d). Then { f,}°°_, converges uniformly on 
Q if and only if { fn}0°, satisfies the Cauchy Criterion for Convergence on Q. 


Theorem 8.2.7 Let {fn}°°., denote a sequence of complex-valued functions on a 


set Q C C that is pointwise convergent on Q. to the function f ; i.e., 
lim fn (z) = f(z); 
noo 
and, for eachn € J, let M, = sup|fn(z) — f (z)|. Then fr = f if and only if 
zEeQ, Q 


lim M, = 0. 


n> oo 


Use this space to fill in a proof for Theorem 8.2.7. 
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Theorem 8.2.8 (Weierstrass M-Test) For each n e€ J, let uy (w) be a complex- 
valued function that is defined on a subset Q of a metric space (X, da). Suppose that 
there exists a sequence of real constants {M,}°°_, such that |un (w)| < My for all 
w € Qand for eachn € J. If the series °°; M, converges, then S-~ , Un (w) 
and >-~ ; \un (w)| converge uniformly on Q. 


Excursion 8.2.9 Fill in what is missing in order to complete the following proof of 
the Weierstrass M-Test. 


Proof. Suppose that {un (w)}%°,, Q, and {M,}°° , are as described in the hy- 
potheses. For eachn ¢€ J, let 


Sn (w) = >) ux (w) and T, (w) = D2 lux (w)| 
k=1 k=1 


and suppose that ¢ > 0 is given. Since )°°°., Mn converges and {M,}°2, C R, 
n oo : . 
1 rei My}, is a convergent sequence of real numbers. In view of the com- 
pleteness of the reals, we have that 14 M, ase is . Hence, there 
(1) 
exists a positive integer K such thatn > K implies that 


n+p 
sy Mx < € foreach p € J. 
k=n+1 


Since |uz (w)| < M;, for all w € Q and for each k € J, we have that 


n+p n+p 
[Trtp (ww) = Tr (w)| =|} D5 luk I] = So lux (w)| for all w € Q. 
k=n+1 k=n+1 
Therefore, {7 }7° , is in Q. It follows from the 
(2) (3) 
that 
n+p n+p 
= < Dy lls DM <e 
(4) (5) k=n+1 k=n+1 


for all w € Q. Hence, {S,}°°, is uniformly Cauchy in Q. From Corollary 8.2.6, we 


conclude that | 
(6) 


&.3. PROPERTY TRANSMISSION AND UNIFORM CONVERGENCE 339 


***** Acceptable responses include: (1) Cauchy, (2) uniformly Cauchy, (3) triangular 
(5) psyaes 1 Me (w)) and (6) 372° un (w) and 
> [un (w)| converge uniformly on Q.**** 


inequality, (4) Sweep (w) — Sp (w) 


Excursion 8.2.10 Construct an example to show that the converse of the Weier- 
strass M-Test need not hold. 


8.3. Property Transmission and Uniform Convergence 


We have already seen that pointwise convergence was not sufficient to transmit the 
property of continuity of each function in a sequence to the limit function. In this 
section, we will see that uniform convergence overcomes that drawback and allows 
for the transmission of other properties. 


Theorem 8.3.1 Let { fn}?° , denote a sequence of complex-valued functions defined 
ona subset Q of a metric space (X,d) such that f, = f. For w a limit point of Q 
Q 


and eachn € J, suppose that 


lim fy (1) = An. 
t> w 
teQ 
Then {Ay}"°_, converges and lim f (t) = lim An. 
tw n—- oo 


Excursion 8.3.2 Fill in what is missing in order to complete the following proof of 
the Theorem. 
Proof. Suppose that the sequence { fn}"°_, of complex-valued functions defined 
on a subset Q of a metric space (X,d) is such that f, = f, w is a limit point of 
Q 


Q. and, for eachn € J, jim Jn (t) = An. Let é > 0 be given. Since f, = f, 
Ww Q 
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by Corollary 8.2.6, {fn}?-, is on Q. Hence, there exists a positive 


(1) 
integer M such that implies that 


(2) 
E 
| fn (t) — fn (t1)| < = forall 
3 
(3) 
Fix m and n such thatm > M andn > M. Since jim Sk (t) = Ax for eachk € J, 
WwW 
it follows that there exists a 6 > 0 such that 0 < d (t, w) < 6 implies that 
E 
lfm (t) — Aml < 3 and 
(4) 


From the triangular inequality, 


[An — Aml < |An — fn (| + + | fin (t) — Am| <é. 


(5) 


Since m and n were arbitrary, for each ¢ > ( there exists a positive integer M 
such that (Ym) (Vn) (n > MAm> M => |Ay — An| < €); i.e, {An}P2, C C is 
Cauchy. From the completeness of the complex numbers, if follows that {Ay}?~, is 
convergent to some complex number; let lim Ay, = A. 
n—- oo 
We want to show that A is also equal to jim f (t). Again we suppose that 
7>w 


teQ 
€ > Ois given. From f, = f there exists a positive integer M, such thatn > M, 
Q 


implies that = = for allt € Q, while the convergence of {An}°~_, 


(6) 
yields a positive integer M2 such that |Ay — A| < i whenever n > Mo. Fix n such 
that n > max {M,, M>}. Then, for all t € Q, 

€ € 
If ) — fr @| < 3 and |An—A| < r 


Since iim Sn (t) = An, there exists a 6 > 0 such that 
Ww 
teQ 


eOzAa = for all E (Ns (w) — {w})NQ. 
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From the triangular inequality, for all t € Q such that0 < d(t, w) < 6, 


If@M-Als_ i rs. 
(7) 


Therefore, | 
(8) 


**%* A cceptable responses are: (1) uniformly Cauchy, (2)n > M Am > M,(3)t € 
é 

Q, (4) |fn (t) — Anl < 370) fn (t)— fm (t), (6) f O- fn O, MIF O - fn Ol+ 

| fn (t) — An| + |An — Al, and (8) jim f (t) = Ae 


teQ 


Theorem 8.3.3 (The Uniform Limit of Continuous Functions) Let { f,,}°°_, denote 
a sequence of complex-valued functions that are continuous on a subset Q of a met- 
ric space (X,d). If fn = f, then f is continuous on Q. 

Q 


Proof. Suppose that {f,}°° , is a sequence of complex-valued functions that 


are continuous on a subset Q of a metric space (X,d). Then for each ¢ € Q, 
lim fn (t) = fn (©). Taking Ay = fn (©) in Theorem 8.3.1 yields the claim. = 
tae 


Remark 8.3.4 The contrapositive of Theorem 8.3.3 affords us a nice way of show- 
ing that we do not have uniform convergence of a given sequence of functions. 
Namely, if the limit of a sequence of complex-valued functions that are continuous 
on a subset Q of a metric space is a function that is not continuous on Q, we may 
immediately conclude that the convergence in not uniform. Be careful about the 
appropriate use of this: The limit function being continuous IS NOT ENOUGH to 
conclude that the convergence is uniform. 


CO 
The converse of Theorem 8.3.3 is false. For example, we know that ; — 


NZ Jy 
converges pointwise to the continuous function f (z) = 0 in C — {0} and the con: 
vergence is not uniform. The following result offers a list of criteria under which 
continuity of the limit of a sequence of real-valued continuous functions ensures 
that the convergence must be uniform. 


Theorem 8.3.5 Suppose that Q is a compact subset of a metric space (X,d) and 
{fn}2, satisfies each of the following: 
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(i) {fn}P2, is a sequence of real-valued functions that are continuous on Q,; 


(ii) fn f and f is continuous on Q; and 
(iii) (Vn) (Vo) (n €JAw EQS fr (w) > frst (w)). 


Then f, = f. 
Q 


Excursion 8.3.6 Fill in what is missing in order to complete the following proof of 
Theorem 8.3.5. 


Proof. For { f,}°° , satisfying the hypotheses, set g, = f, — f. Then, for each 

n € J, gp is continuous on Q and, for each ¢ € Q, lim ele y= . Since 
n> Co oan? 
(1) 

fn (w) > fn4i (w) implies that f, (w) — f (w) > fn4i (Ww) — f (w), we also have 


that (Vn) (Vw) ¢ eJAweQ> 
(2) 
To see that g, — 0, suppose that ¢ > 0 is given. For eachn e¢ J, let 
Q 


Kn = {x € Q: gn (x) > €}. 


Because Q and R are metric spaces, g, is continuous, and {w € R: w > ¢é} isa 

closed subset of R, by Corollary 5.2.16 to the Open Set Characterization of Con- 

tinuous Functions, . As aclosed subset of a compact metric space, 

(3) 
from Theorem 3.3.37, we conclude that K,, is . If x € Ky41, then 
(4) 

Sn41 (x) > € and gn (x) > gn41 (x); it follows from the transitivity of > that 

. Hence, x € K,,. Since x was arbitrary, (Vx) (x € Kn41 => x € Kn); 
(5) 
1.e., . Therefore, {Kn} pj isa sequence of compact 
(6) (7) 
subsets of Q. From Corollary 3.3.44 to Theorem 3.3.43, ((Vn € J) (K;, 4 8)) => 
() Ki #9. 


keJ 
Suppose that w € Q. Then lim 8n (w) = O and {g, (x)} decreasing yields 
n> Oo 


the existence of a positive integer M such thatn > M implies that 0 < gy (w) < «. 


In particular, w ¢ Ky+ 1 from which it follows that w ¢ () Ky. Because w was 
neJ 
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arbitrary, (Vw € Q){ w ¢ () Kn [bie., 1.) Kn = 9. We conclude that there exists 
neJ neJ 


a positive integer P such that Kp = 9. Hence, K, = 9 for all ; that is, for 


(8) 
alln > P, {x €Q: gy (x) => ¢} = GW. Therefore, 


(Vx) (Vn) (x €QAn> PDO K Bn (xX) <8). 


Since ¢ > 0 was arbitrary, we have that g,, — 0 which is equivalent to showing that 
Q 
fra f. eu 
Q 


*** Acceptable responses are: (1) 0, (2) gn (W) > gn41 (w), (3) Kn is closed, (4) 
compact, (5) gy (x) > €, (6) Kn41 C Kn, (7) nested, and (8) n > P.*** 


Remark 8.3.7 Since compactness was referred to several times in the proof of The- 
orem 8.3.5, it is natural to want to check that the compactness was really needed. 


CO 
The example offered by our author in order to illustrate the need is | re 
TN =a 


in the segment (0, 1). 


Our results concerning transmission of integrability and differentiability are for 
sequences of functions of real-valued functions on subsets of R. 


Theorem 8.3.8 (Integration of Uniformly Convergent Sequences) Let a be a func- 
tion that is (defined and) monotonically increasing on the interval I = [a, b]. Sup- 
pose that { fn}-_, is a sequence of real-valued functions such that 


(Vn)\(neJ=> fr Ee R(a) onl) 


and f, = f. Then f €R(a) onl and 
[a,b] 
b b 
J feoaaey = tim | f,@)aa09 


Excursion 8.3.9 Fill in what is missing in order to complete the following proof of 
the Theorem. 
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Proof. For each n € J, let ¢, = sup| fp (x) — f (x)|. Then 


xel 


frn@—-en<f@< fora<x<b 
(1) 


and if follows that 
b b Ab 
: CGseiue ws | f (x)da «sf f@gaGye 


b 
| Cee Oy (8.3) 


Properties of linear ordering yield that 
“pb b 

os f reyaaey- | fdas) < 
a Ja 


b 
i: Gada | (8.4) 
o (2) 


Because the upper bound in equation (8.4) is equivalent to 


(3) 
we conclude that 


(vn € J) (0 < [? f (x)da (x) — [? f (da (x) < ) By The- 
-Y (4) 
orem 8.2.7, €) > Oasn — oo. Since he (x) da als (x) da (x) is constant, 
we conclude that . Hence f € K(a). 
(5) 
Now, from equation 8.3, for eachn € J, 


b b b 
/ CRO RTO / f (x)da (x) < / Gieiendaey. 


(6) Finish the proof in the space provided. 
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***Acceptable responses are:(1) fn (x) + én (2) qe (fn (x) — €n) da (x), 


(3) J? eenda (x), (4) 2en [a (b) — a (a1, (5) ff (2) da (x) = fi f (x) da. (x), (6) 
Hopefully, you thought to repeat the process just illustrated. From the modified 
inequality it follows that 


| [2 (da (x) — f° fae) da (x)| < & [a (b) — a (a)]; then because ¢, 3 0 as 
n — OO, given any ¢ > 0 there exists a positive integer M such that n > M implies 
that €, [a (b) — a (a) < €.*** 


CO 

Corollary 8.3.10 /f f, € K (a) on [a, b], for eachn € J, and >» Sk (x) converges 
k=1 

uniformly on [a, b] to a function f, then f € RK (a) on [a, b] and 


b oo b 
| feaae=> i Fas: 
a k=1 a 


Having only uniform convergence of a sequence of functions is insufficient to 
make claims concerning the sequence of derivatives. There are various results that 
offer some additional conditions under which differentiation is transmitted. If we 
restrict ourselves to sequences of real-valued functions that are continuous on an 
interval [a, b] and Riemann integration, then we can use the Fundamental Theorems 
of Calculus to draw analogous conclusions. Namely, we have the following two 
results. 


Theorem 8.3.11 Suppose that { f,}°°, is a sequence of real-valued functions that 


are continuous on the interval [a,b] and f, = f. Forc € [a,b] and eachn € J, 
[a,b] 
let 


Fy (x) a fn (t) dt. 


Then f is continuous on [a,b] and F, = F where 
[a,b] 


Fay= | f (t) dt. 


The proof is left as an exercise. 
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Theorem 8.3.12 Suppose that { fn }°°, is such that fr ae f and, for eachn € J, 
a, 


f,, is continuous on an interval [a, b]. If f; = g for some function g that is defined 
[a,b] 
on [a, b], then g is continuous on [a, b] and f' (x) = g (x) for all x € [a, b]. 


oe) 
n=1 


Proof. Suppose that {f;, is such that fy, a f , f, is continuous on an 
a, 


interval [a,b] for eachn € J, and f’ = g for some function g that is defined on 
[a,b] 
[a, b]. From the Uniform Limit of Continuous Functions Theorem, g is continuous. 


Because each f/ is continuous and f’ — g, by the second Fundamental Theorem 
a,b 


[a,b] 
of Calculus and Theorem 8.3.11, for [c, x] C [a, b] 
x x 
[ s@ar= tim [feat = jim [i - hO)- 
Cc n->oco Cc noo 


Now the pointwise convergence of { f;,} yields that lim [ ta lx) = fa (c)| = f (x)- 
n 


f (c). Hence, from the properties of derivative and the first Fundamental Theorem 
of Calculus, g (x) = f’ (x). @ 

We close with the variation of 8.3.12 that is in our text; it is more general in 
that it does not require continuity of the derivatives and specifies convergence of 
the original sequence only at a point. 


Theorem 8.3.13 Suppose that { f,}°°, is a sequence of real-valued functions that 

are differentiable on an interval [a,b] and that there exists a point x9 € [a,b] 

such that lim | Sn (xo) exists. If { Fe Sone converges uniformly on [a, b] then { fn}?—, 
- = 


converges uniformly on [a, b] to some function f and 
! _ tt / 
(vx) (x € [a,b] > f’ (x) = lim ff). 


Excursion 8.3.14 Fill in what is missing in order to complete the following proof 
of Theorem 8.3.13. 


Proof. Suppose ¢ > 0 is given. Because {f;, (xo)}°°, is convergent sequence 
of real numbers and R is complete, {fy (xo) }r. 1 is . Hence, there 


() 
exists a positive integer M, such thatn > M, andm > M, implies that 


fn (x0) — fn (xo) < _ 
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Because { cca en converges uniformly on [a, b], by Theorem , there exists 


(2) 
a positive integer M> such thatn > Mz andm > Mp implies that 


/ / é 
— ——— f 
\fn ©) — fn ©] < GH for 
(3) 
For fixed m and n, let F = f, — fm. Since each f; is differentiable on [a, b], 
F is differentiable on (a,b) and continuous on [a,b]. From the 


(4) 
Theorem, for any [x,t] C (a, b), there exists a é € (x, t) such that F (x) — F (t) = 
F’ (€) (x — ft). Consequently, ifm > Mz andn > Mp, for any [x, t] C (a, b), there 
exists aé € (x,f), it follows that 


(fn (x) — fin ()) — fn O — fn OL = | fn © — Fn QI Lx = 11 (8.5) 


é 
Slee 
2(b—a) = 


Let M = max {M, M2}. Thenm > M andn > M implies that 


fn (w) — fim (w)| 
<  |(fn (w) — fin (W)) — Gn 0) — fm %0))1 + I fn 0) — fm Ho) < € 


for any w € [a,b]. Hence, { f,}°° , converges uniformly on [a, b] to some function. 


Let f denote the limit function; i.e., f (x) = lim fn (x) for each x € [a,b] and 
nC 


In = f. 


[a,b] 


Now we want to show that, for each x € [a, b], f’ (x) = lim fr (x); Le., 
n 
for fixed x € [a, b], 


kim fi fn) - fr) . fO-f@) 
wm Lea ARTY. = Lm AA 


n> oot x t—x tx t—x 


where the appropriate one-sided limit is assumed when x = a or x = b. To this 
end, for fixed x € [a, b], let 


fn (t) — fn (X) 
Xx 


t- 


fM- Ff) 


f= xX 


Gn (t) a and $(t) a 


for t € [a,b] — {x} andn e J. Then, x € (a,b) implies that himéy, C)= 4, &); 
x 

while x = a and x = b yield that lim ¢, (t) = f/ (a) and lim ¢, (t) = Ff; (d), 
tat t>b- 
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respectively. Suppose ¢ > O if given. Ifm > M2,n > Mp, and t é€ [a,b] — {x}, 
then 


é 


Ibn (t) — bm (t)| = = 2(b—a) 


(6) 


from equation (8.5). Thus, {@,}°°, is uniformly Cauchy and, by Theorem 8.2.3, 

uniformly convergent ont € [a,b] — {x}. Since f (t) = lim Sn (t) for t € [a, b], 
n CO 

we have that 


Jim $n) = 60). 


Consequently, ¢, — ¢ on [a,b] — {x}. Finally, applying Theorem 8.3.1 to the 
sequence {¢,}°°.,, where A, = f/ (x) yields that 


n=1? 


f'@) = lim © = 
(7) 


| 

*** Acceptable responses are: (1) Cauchy, (2) 8.2.3, (3) all € € [a,b], (4) Mean- 

Value, (5) 7 

(6) tn (t) — fn (x) = fin (t) — fin (x) -_ (fn (t) — fin (t)) = hn (x) — fin (x))| 
fx t—x = |t — x| 

(i An = im. 0)" 


> 


Rudin ends the section of our text that corresponds with these notes by con- 
structing an example of a real-valued continuous function that is nowhere differen- 
tiable. 


Theorem 8.3.15 There exists a real-valued function that is continuous on IR and 
nowhere differentiable on R. 


Proof. First we define a function ¢ that is continuous on R, periodic with period 
2, and not differentiable at each integer. To do this, we define the function in a 
interval that is “2 wide” and extend the definition by reference to the original part. 
For x € [—1, 1], suppose that ¢ (x) = |x| and, for all x € R, let d(x +2) = (x). 
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In the space provided sketch a graph of ¢. 


The author shows that the function 


CO 3 n 

£0)= (3) os 
n=0 

satisfies the needed conditions. Use the space provided to fill in highlights of the 

justification. 


8.4 Families of Functions 


Since any sequence of functions is also a set of functions, it is natural to ask ques- 
tions about sets of functions that are related by some commonly shared nice behav- 
ior. The general idea is to seek additional properties that will shared by such sets 
of functions. For example, if F is the set of all real-valued functions from [0, 1] 
into [0, 1] that are continuous, we have seen that an additional shared property is 
that (Vf) (f € F = (at) (t € [0,1] A f (t) =1)). In the last section, we consid- 
ered sets of functions from a metric space into C or R and examined some of the 
consequences of uniform convergence of sequences. 
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Another view of sets of functions is considering the functions as points in a 
metric space. Let C ([a, b]) denote the family of real-valued functions that are con- 
tinuous on the interval J = [a,b]. For f and g in C ([a, b]), we have seen that 


Po (fg) = max If x) -g@)l 


and 


b 
p(fa)= | hea eOlak 


are metrics on C ([a,b]). As a homework problem (Problem Set H, #14), you 
will show that (C ([a, b]), p) is not a complete metric space. On the other hand, 
(C (La, b]) , Poo) is complete. In fact, the latter generalizes to the set of complex- 
valued functions that are continuous and bounded on the same domain. 


Definition 8.4.1 For a metric space (X, d), let C (X) denote the set of all complex- 
valued functions that are continuous and bounded on the domain X and, corre- 
sponding to each f € C (X) the supremum norm or sup norm is given by 


fll = fille = sup LF) 


It follows directly that || f||y =0 <= f (x) =0 for all x € X and 


(Vf) (Vg) (f,8 €C(X) = If +8llx < Illy + llglly). 


The details of our proof for the corresponding set-up for C ([a, b]) allow us to claim 
that po (f, g) = || f — gly is a metric for C (X). 


Lemma 8.4.2 The convergence of sequences in C (x) with respect to Poo is equiv- 
alent to uniform convergence of sequences of continuous functions in subsets of 
X. 
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Use the space below to justify the claim made in the lemma. 


****Hopefully, you remembered that the metric replaces the occurrence of the ab- 
solute value (or modulus) is the statement of convergence. The immediate trans- 
lation is that for every ¢ > O, there exists a positive integer M such thatn > M 
implies that Poo (fn, f) < €. Of course, you don’t want to stop there; the state- 


ment Po (fn, f) < € translates to sup | fn (x) — f (x)| < € which yields that 
xeX 

(Vx) (x € X = [fn (x) — f (x)| < €). This justifies that convergence of { fi }°°, 

with respect to Poo implies that {f,}°° , converges uniformly to f. Since the con- 

verse also follows immediately from the definitions, we can conclude that con- 

vergence of sequences in C (X) with respect to p.. is equivalent to uniform 


convergence.*** 


Theorem 8.4.3 For a metric space X, (C (X), Poo) is a complete metric space. 


Excursion 8.4.4 Fill in what is missing in order to complete the following proof of 
Theorem 8.4.3. 


Proof. Since (C (X) , poo) is a metric space, from Theorem 4.2.9, we know that 
any convergent sequence in C (X) is Cauchy. 
Suppose that { f,}°° , is a Cauchy sequence in (C (X), Poo) and that ¢ > 0 
is given. Then there exists a positive integer M such thatn > M andm > M 
implies that ;ie.,forn > Mandm > M, 


(1) 
sup | fn (C) — fin ()| < e. 
EEX 


Hence, (Vx){ x eX > ) Since ¢ > 0 was arbitrary, we conclude 
(2) 
that { fr}Co, is . Asa 


(3) (3) 


352 CHAPTER 8. SEQUENCES AND SERIES OF FUNCTIONS 


sequence of complex-valued functions on a metric space X, by Theorem : 


(4) 
{fn}r~, is uniformly convergent. Let f : X — C denote the uniform limit. Be- 
cause f, — f, for any ¢ > O there exists a positive integer M such thatn > M 
x 


implies that 


fn (x) — f (x) < = for all x ex. 


In particular, = sup | fn (€) — f © < é < €. Since ¢ > 0 was ar- 
(5) €EX p, 
bitrary, we conclude that po (fn, f) > Oasn > oo. Hence, { fy ee is convergent 


to f in (C (X), Poo). 
Now we want to show that f € C (X). As the uniform limit of continuous 
functions from a metric space X in C, we know that f is . Because 
(6) 
Jn = f, corresponding to ¢ = | there exists a positive integer M such thatn > M 
implies that | f, (x) — f (x)| < 1 for all x © X. In particular, from the (other) 
triangular inequality, we have that 


(Vx) eX => If @) < lfusi @l4+ 1. (8.6) 


Since fy41 € C (X), fiy41 is continuous and on X. From equation 
(7) 

(8.6), it follows that f is on X. Because f : X — C is contin- 
(7) 

uous and bounded on X, . The sequence { f,}°° 
(8) 

Cauchy sequence in (C (X), foo). Consequently, we conclude that every Cauchy 

sequence in (C (X), po) is convergent in (C (X), px). This concludes that proof 

that convergence in (C (X), Poo) is equivalent to being Cauchy in (C (X), poo). 


*8 Acceptable responses are: (1) Poo (fns fm) < € (2) |fn (&) — fin (&)I < €, (3) 
uniformly Cauchy, (4) 8.2.3, (5) Poo (fn, f), (6) continuous, (7) bounded, and (8) 
fec(X)**"* 


,; was an arbitrary 


Remark 8.4.5 At first, one might suspect that completeness is an intrinsic property 
of a set. However, combining our prior discussion of the metric spaces (IR, d) and 
(Q, d) where d denotes the Euclidean metric with our discussion of the two metrics 
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on C ([a, b]) leads us to the conclusion that completeness depends on two things: 
the nature of the underlying set and the way in which distance is measured on the 
set. 


We have made a significant transition from concentration on sets whose ele- 
ments are points on a plane or number line (or Euclidean n-space) to sets where the 
points are functions. Now that we have seen a setting that gives us the notion of 
completeness in this new setting, it is natural to ask about generalization or transfer 
of other general properties. What might characterizations of compactness look like? 
Do we have an analog for the Bolzano-Weierstrass Theorem? In this discussion, 
we will concentrate on conditions that allow us to draw conclusions concerning se- 
quences of bounded functions and subsequences of convergent sequences. We will 
note right away that care must be taken. 


Definition 8.4.6 Let F denote a family of complex-valued functions defined on a 
metric space (Q, da). Then 


(a) F is said to be uniformly bounded on Q if and only if 
GM eER)(Vf) Vw) (f € FAw Ee QS /|f (w)| < M). 


(b) F is said to be locally uniformly bounded on Q if and only if 
(Vw) (w ENS GNy) (Ny C QA F is uniformly bounded on N,,)). 


oo 


(c) any sequence {fy}7-, C F is said to be pointwise bounded on Q if and only 
if 


(Vw) (w EQ (fr (we, is bounded); i.e., corresponding to each w € 


Q, there exists a positive real number M,, a _ (w) such that 
e 


| fn (w)| < My foralln € J. 


Example 8.4.7 For x € Q = R—{0}, let F = } fy (x) = SG 
n~ +X 
2|w 
Q, taki = 
forweé aking $ (w) fT eane 


Thus, F is pointwise bounded on Q. 


ine i}. Then, 


implies that | fn (w)| < $(w) for alln € J. 


Remark 8.4.8 Uniform boundedness of a family implies that each member of the 
family is bounded but not conversely. 
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Excursion 8.4.9 Justify this point with a discussion of F = {fn (z) =nz:ne€ J} 
onU, = {zEC: |z| <r}. 


***H opefully, you observed that each member of F is bounded in U; but no single 
bound works for all of the elements in F.*** 


Remark 8.4.10 Uniform boundedness of a family implies local uniform bounded- 
ness but not conversely. 


~ ine s| is locally uniformly 
ae 


Excursion 8.4.11 To see this, show that | 7 


bounded in U = {z: |z| < 1} but not uniformly bounded there. 


****Neighborhoods that can justify local uniform boundedness vary; the key is to 
capitalize on the fact that you can start with an arbitrary fixed z € U and make use 
of its distance from the origin to define a neighborhood. For example, given zo € U 


with |zo] =r < 1, let Nz, = N (< ="); now, Nz, C U and \( =2")1] < 
(1 — |z|)~! can be used to justify that, for eachn € J, tC — aye <4(1—-71r) /3. 
The latter allows us to conclude that the given family is uniformly bounded on 
Nz). Since zo was arbitrary, we can claim local uniform boundedness in U. One 
way to justify the lack of uniform boundedness is to investigate the behavior of the 
functions in the family at the points /1 — n—!.** 
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The following theorem gives us a characterization for local uniform bounded- 
ness when the metric space is a subset of R or C. 


Theorem 8.4.12 A family of complex valued functions F on a subset Q of C is 
locally uniformly bounded in Q if and only if F is uniformly bounded on every 
compact subset of Q. 


Proof. (<=) This is an immediate consequence of the observation that the clo- 
sure of a neighborhood in C or R is compact. 

(=) Suppose F is locally uniformly bounded on a domain Q and K is a compact 
subset of Q. Then, for each z € K there exists a neighborhood of z, N (z; €,) anda 
positive real number, M-, such that 


If QI < Mz, for all ¢ € N (z; €z). 


Since {N (z; €,) : z € K} covers K, we know that there exists a finite subcover, say 
{N (233 €z,;) = 1,2,---,n}. Then, for M = max {M;, eae co n}, If (I< 
M, for all z € K, and we conclude that F is uniformly bounded on K. m 


Remark 8.4.13 Note that Theorem 8.4.12 made specific use of the Heine-Borel 
Theorem; i.e., the fact that we were in a space where compactness is equivalent to 
being closed and bounded. 


Remark 8.4.14 Jn our text, an example is given to illustrate that a uniformly bounded 
sequence of real-valued continuous functions on a compact metric space need not 
yield a subsequence that converges (even) pointwise on the metric space. Because 
the verification of the claim appeals to a theorem given in Chapter 11 of the text, at 
this point we accept the example as a reminder to be cautious. 


Remark 8.4.15 Again by way of example, the author of our text illustrates that it 
is not the case that every convergent sequence of functions contains a uniformly 
convergent subsequence. We offer it as our next excursion, providing space for you 
to justify the claims. 


Excursion 8.4.16 Let Q= {x € R:0 <x < 1} =[0, 1] and 
2 
ae ae oe) ned], 


x 
x2 4+ (1—nx) 
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(a) Show that F is uniformly bounded in Q. 


(b) Find the pointwise limit of { fy}°°, for x € Q. 


(c) Justify that no subsequence of { f,}°°_, can converge uniformly on Q. 


"For (a), observing that x7 + (1 —nx)* > x* > 0 forx € (0, 1] and f, (0) =0 
for eachn € J yields that | f;, (x)| < 1 for x € Q. In (b), since the only occurrence 
of n is in the denominator of each f,, for each fixed x € Q, the corresponding 
sequence of real goes to 0 as n — ov. For (c), in view of the negation of the defi- 
nition of uniform convergence of a sequence, the behavior of the sequence { f,}"° ; 
1 CO 
at the points {- allows us to conclude that no subsequences of { f,}°°., will 
n=1 
converge uniformly on Q..*** 

Now we know that we don’t have a “straight” analog for the Bolzano-Weierstrass 
Theorem when we are in the realm of families of functions in C (X). This poses the 
challenge of finding an additional property (or set of properties) that will yield such 
an analog. Towards that end, we introduce define a property that requires “local and 
global” uniform behavior over a family. 
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Definition 8.4.17 A family F of complex-valued functions defined on a metric space 
(Q, d) is equicontinuous on Q if and only if 


(Ve > 0) Gd > 0) (Vf) Wu) Vo) (f €E FAUuECQAVE QA (u,v) <6 
= |f @)— f)| <e). 


Remark 8.4.18 /f F is equicontinuous on Q, then each f € F is clearly uniformly 
continuous in Q. 


Excursion 8.4.19 On the other hand, for Ur = {z : |z| < R}, show that each func- 


tion in F = {nz:n € J} is uniformly continuous on UR though F is not equicon- 
tinuous on Ur. 


Excursion 8.4.20 Use the Mean-Value Theorem to justify that 
ae 
{ Jn (X) =n sin = cn e J 
n 


is equicontinuous in Q = [0, oo) 


The next result is particularly useful when we can designate a denumerable 
subset of the domains on which our functions are defined. When the domain is 
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an open connected subset of R or C, then the rationals or points with the real and 
imaginary parts as rational work very nicely. In each case the denumerable subset 
is dense in the set under consideration. 


Lemma 8.4.21 [f{ fn}°°, is a pointwise bounded sequence of complex-valued func- 
tions on a denumerable set E, then { f,}°°_, has a subsequence { Tales that con- 
verges pointwise on E. 


Excursion 8.4.22 Finish the following proof: 


Proof. Let {f,} be sequence of complex-valued functions that is pointwise 
bounded on a denumerable set E. Then the set E can be realized as a sequence{w x} 
of distinct points. This is a natural setting for application of the Cantor diago- 
nalization process that we saw earlier in the proof of the denumerability of the 
rationals. From the Bolzano—Weierstrass Theorem, { f, (w;)} bounded implies that 
there exists a convergent subsequence { tn) (w1)}. The process can be applied to 
{ fn,1 (w2)} to obtain a subsequence { f;,,2 (w2)} that is convergent. 


Jit. FE Ja 
Fie 52: 9ao 


In general, ee) ae is such that eee (wj)}o, is convergent and LFaah oo isa 


subsequence of each of Lith <4 fork = 1,2,..., 7 — 1. Now consider kn a 


*** For x € E, there exists an M e€ J such that x = wy. Then 1 hacnt isa 
CO 


n=M-+1 


[e,2) 
n=M+1 
subsequence of { In, om} from which it follows that { Inn (x)} is convergent 
ALA ts 

The next result tells us that if we restrict ourselves to domains K that are com- 
pact metric spaces that any uniformly convergent sequence in C (K) is also an 


equicontinuous family. 
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Theorem 8.4.23 Suppose that (K,d) is a compact metric space and the sequence 
of functions { fy}°°_, is such that (Vn) (n€ J => fr € C(K)). If {fr}Qo, converges 
uniformly on K, then F = {f, :n € J} is equicontinuous on K. 


Proof. Suppose that (K, d) is a compact metric space, the sequence of functions 
{fn}°, C C (K) converges uniformly on K and ¢ > O is given. By Theorem 8.2.3, 


n=1 
{fn}°2, is uniformly Cauchy on K. Thus, there exists a positive integer M such 


that n > M implies that || fn — finlle < = In particular, 


llfn — Sulle < = for all n > M. 


Because each f/f; is continuous on a compact set, from the Uniform Continuity 
Theorem, for each n e€ J, f, is uniformly continuous on K. Hence, for each 


j € {1,2,...,M}, there exists a 6; > 0 such that x,y € K andd(x,y) < 0; 
implies that | fi (x) — fj (y)| < Let 6 = jee Then 


Ge (1,2,..,MJAx,yeK Ad(x,y) <)> 
(Vj) (Vx) (Vy) bot BED) 


E 
fi @)- HO <5 
For n > M and x, y € K such that d (x, y) < 6, we also have that 


Ifn ®) = fn ODI S fn (&) — fu @)I + 
| fu (x) — fu YI +I fu ) -— fa I < €. (8.8) 


From (8.7) and (8.8) and the fact that ¢ > 0 was arbitrary, we conclude that 


(Ve > 0) (Gd > 0) (V fn) Wu) (Vo) (fn € FAu,v € K Ad (u,v) <6 
= lf) — fO)| <«); Le. 
F is equicontinuous on K. @ 


We are now ready to offer conditions on a subfamily of C (K) that will give us 
an analog to the Bolzano- Weierstrass Theorem. 


Theorem 8.4.24 Suppose that (K,d) is a compact metric space and the sequence 
of functions {f,}°°, is such that (Wn)\(néeJ=> fr €C(K)). If (frin € J} is 
pointwise bounded and equicontinuous on K, then 


(a) {fn :n € J} is uniformly bounded on K and 
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(-b) {fn}?2, contains a subsequence that is uniformly convergent on K. 
Excursion 8.4.25 Fill in what is missing in order to complete the following proof 
of Theorem 8.4.24. 


Proof. Suppose that (K,d) is a compact metric space, the sequence of func- 
tions {f,}°°, is such that (Vn)(n€e J => fr €C(K)), the family {f, :n € J} is 
pointwise bounded and equicontinuous on K. 

Proof of part (a): 

Let ¢ > 0 be given. Since {f,, : n € J} is equicontinuous on K, there exists 
a 0 > 0 such that 


(Vn) (Vx) (Vy) [(n EJAx, ye K Ad (x,y) <9) > fr) — fr) <e]. 
(8.9) 


Because {N5 (u) : u € K} forms an for K and K is compact, there 


(1) 
exists a finite number of points, say pj, P2, ..., Pe, Such that K C 


(2) 
On the other hand, {f, :n € J} is pointwise bounded; consequently, for each pj, 
j €{1, 2, ...,k}, there exists a positive real number M; such that 


(Vn) (n € J => | fn (pj)| < Mj). 


For M = , it follows that 
(3) 


(vn) (Vj) ((neJAj € {1,2,...,k}) = |fn (pj)| <M). (8.10) 


k 
Suppose that x € K. Since K Cc U Nj (pj) there exists anm e€ {1,2,...,k} 
j=l 
such that . Hence, d (x, pm) < 6 and, from (8.9), we conclude that 
(4) 
for alln € J. But then | f, (x)| — | fn (pm)| < | fn &) -— fn (Pm)! 


(5) 
yields that | fn (x)| < |fn (Pm)| + € for . From (8.10), we conclude 


(6) 
that | f, (x)| < M +e forall n e€ J. Since x was arbitrary, it follows that 


(vn) (Vx) [(n€JAx €K) => |fa@| <M +el]sie., 
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{frineée J} is 
(7) 


Almost a proof of part (b): 

If K were finite, we would be done. For K infinite, let E be a denumerable 
subset of K that is dense in K. (The reason for the “Almost” in the title of this part 
of the proof is that we did not do the Exercise #25 on page 45 for homework. If 
K C RorK CC, then the density of the rationals leads immediately to a set E 
that satisfies the desired property; in the general case of an arbitrary metric space, 
Exercise #25 on page 45 indicates how we can use open coverings with rational 


radii to obtain such a set.) Because { f, :n € J} is on E, by Lemma 
(8) 
8.4.21, there exists a subsequence of { f;, hs say {g eee that is convergent for 


each x € E. 


Suppose that ¢ > 0 is given. Since {f, :n € J} is equicontinuous on K, 
there exists a 6 > 0 such that 


(Vn) (Wx) (Wy) |(n eJAx,y EK Ad (ty) <9) = Ifu 0) — fn OI <5]. 


Because E is dense in K, {Ng (u) : u € E} forms an open cover for K. Because 
K is compact, we conclude that there exists a finite number of elements of E, say 
W1, W2, ..., Wg, such that 


Kc 


q 
Ns (wj) - (8.11) 


j=l 


Since {w1, wo, ..., Wg} C E and {g; C3) an is a convergent sequence of complex 
numbers for each x € E, the completeness of C, yields Cauchy convergence of 
{gj (ws)} ;— for each ws, 5s € {1,2,...,g}. Hence, for each s € {1,2,...,q}, there 
exists a positive integer M, such thatn > M, and m > M, implies that 


18n (Ws) — 8m (ws)| < = 


Suppose that x € K. From (8.11), there exists an s € {1,2,...,q} such that 
. Then d (x, ws) < 6 implies that 
(9) 


If @) = fu ws) <5 
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for alln € J. Let M = max {M,:s € {1, 2, ...,q}}. It follows that, forn > M and 
m> M, 


18n (X) — 8m (X)I < 18n (4) — Bn (ws) + 


+ 18m (Ws) — 8m (x)| < é. 


(10) 


Since ¢ > 0 and x € K were arbitrary, we conclude that 
(Ve > 0)€GM eJ)[n>Mam> M = (Vx) (« € K = [8n (®) — 8m @)| < 8)]; 


Le., {gi} 1S . By Theorem 8.4.23, {er} is uniformly conver- 


(11) 
gent on K as needed. 


k 
*8 A cceptable responses are: (1) open cover, (2) LJ No ( Dp ne 
j=l 
(3) max {Mj : j =1,2,...,k}, (4) No (pm), (5) |fn (&) — fn (Pm)|_ < €, ©) alll 
n € J, (7) uniformly bounded on K, (8) pointwise bounded on K, (9) x € N5 (ws), 
(10) |gn (Ws) — 8m (ws)|, (11) uniformly Cauchy on Kk .*** 


Since we now know that for families of functions it is not the case that every 
convergent sequence of functions contains a uniformly convergent subsequence, 
families that do have that property warrant a special label. 


Definition 8.4.26 A family F of complex-valued functions defined on a metric space 
Q is said to be normal in Q if and only if every sequence {fn} C F has a subse- 
quence {f, mi that converges uniformly on compact subsets of Q. 


Remark 8.4.27 In view of Theorem 8.4.24, any family that is pointwise bounded 
and equicontinuous on a compact metric space K is normal in K. 


Our last definition takes care of the situation when the limits of the sequences 
from a family are in the family. 


Definition 8.4.28 A normal family of complex-valued functions F is said to be 
compact if and only if the uniform limits of all sequences converging in F are 
also members of F. 
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8.5 The Stone-Weierstrass Theorem 


In view of our information concerning the transmission of nice properties of func- 
tions in sequences (and series), we would like to have results that enable us to 
realize a given function as the uniform limit of a sequence of nice functions. The 
last result that we will state in this chapter relates a given function to a sequence of 
polynomials. Since polynomials are continuously differentiable functions the theo- 
rem is particularly good news. We are offering the statement of the theorem without 
discussing the proof. Space is provided for you to insert a synopsis or comments 
concerning the proof that is offered by the author of our text on pages 159-160. 


Theorem 8.5.1 Jf f € C ([a, b]) fora < b, then there exists a sequence of polyno- 


mials {Py}°_, C C ([a, b]) such that lim Py, (x) = f (x) where the convergence is 
n> Co 


uniform of [a,b]. If f is a real-valued function then the polynomials can be taken 
as real. 


Space for Comments. 


8.6 Problem Set H 


1. Use properties of limits to find the pointwise limits for the following se- 
quences of complex-valued functions on C. 


NZ a 
xv | sr ne | 
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® [2 
© {= a 
[eal 

1+nz n has 
© |; ttl 


© fer} 


2. For eachn e€ J, let f, (x) = uaa Use the definition to prove that { f,}°°, 


nx 
is pointwise convergent on [0, oo), uniformly convergent on [a@, oo) for any 
fixed positive real number a, and not uniformly convergent on (0, 00). 


3. For each of the following sequences of real-valued functions on R, use the 
definition to show that { fn (x)}°°., converges pointwise to the specified f (x) 
on the given set /; then determine whether or not the convergence is uniform. 
Use the definition or its negation to justify your conclusions concerning uni- 
form convergence. 


2 
(a) {fn @)VO, = | |; f (x) =0; 7 = [0, 1] 
(6) (fa (I, = [rf G) = 0.1 = 10, 1] 


3 
(c) (node =| i |: Fo) =0.7 =10,0 


nx 


) {fr @ hey = | ie 
positive fixed real number 


1— x” 1 1 1 
©) (fn (RL = | — |; f@)= 31 = [-5. ;| 


|; f (x) = 0; I = [a, oo) where a is a 


(fn NR = [axe | f @) = 05 7 = 10, 1] 
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4. 


10. 


. Suppose that the sequences of functions { f;, 


CO 
. Determine all the values of h such that S 


(oe) 
n=1 


forn € J and f (x) = 0 for x € J = [0, 1], show that 
—x 
tn (x) — f («) asn > oo for each x € J. Is is true that 


For the sequence { f;,} of real-valued functions on R given by f, (x) = 


(n+ 1)(n+2)x" 


1 1 
[ f@rar— fp drasn— oo? 
0 0 


CO [e.@) - 
n—| and {gn}; Converge uni- 


formly to f and g, respectively, on a set A in a metric space (S,d). Prove 
that the sequence { f, + gn}°°., converges uniformly to f + g. 


2 
is uniformly conver- 


xX 
n=1 (1 + nx?) vn 


gent in J = {x € R: |x| <A}. (Hint: Justify that each f, (x) = 


x2 


(1 + nx?) 
is increasing as a function x and make use that the obtain an upper bound on 
the summand.) 


oe) 02) 


. Prove that, if yz |a,| is convergent, then ya cosnx converges uniformly 


n=1 n=1 
forallx € R. 


[e.2) CO 
. Suppose that Sin |b, | is convergent and let f (x) = > bi sinnx forx € R. 


n=1 n=1 


Show that 


oo 


fiw~= Sinbn cos nx 


n=l 


CO [e,2) 
and that both bn sinnx and Sinbn cosnx converge uniformly for all x € 


n=1 n=1 


R. 


. Prove that if a sequence of complex-valued functions on C converges uni- 


formly on a set A and on a set B, then it converges uniformly on A U B. 


Prove that if the sequence { f;, el of complex-valued functions on C is uni- 


formly convergent on a set Q to a function / that is bounded on Q, then 
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there exists a positive real number K and a positive integer M such that 
(Vn) (Vx) (1 >MaAx€Q> |f, (x)| < K). 


11. Suppose that { f,,}°°., is a sequence of real-valued functions each of which is 
continuous on an interval J = [a, b]. If { f,}°2, is uniformly continuous on 
I, prove that there exists a positive real number K such that 


(Vn) (Vx)n EJ Axel => |fy(x)| < K). 


12. Without appeal to Theorem 8.3.8; 1.e., using basic properties of integrals, 
prove Theorem 8.3.11: Suppose that {f,}"°, is a sequence of real-valued 
functions that are continuous on the interval [a,b] and f, = f. Forc € 

[a,b] 
[a,b] and eachn e€ J, let F, (x) a 1. fn (t) dt.Then f is continuous on 
e 
[a,b] and F, — F where F (x) = [* f (t)dt. 
[a,b] 


13. Compare the values of the integrals of the nth partials sums over the interval 
[0, 1] with the integral of their their limit in the case where ae Tk (x) is 
such that 


x4+1 , -l<x<0O 


FUN aegis. Queer 


and, for eachn = 2, 3,4, ..., 


—1 
0 , -l<x < — 
n 
> —l 
nextn , —<x<0 
Sn (x) = ‘ 1 
—n’xtn , O<x<- 
n 
1 
0 , —~<x<l1 
n 


Does your comparison allow you to conclude anything concerning the uni- 
form convergence of the given series n [0, 1]? Briefly justify your response. 
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1 
0 Jif -l<x<-- 
n 
14. For eachn e€ J, let f;, (x) = a rig ae ig) Z 
ee | 
0 Jif —-<x<1l 
n 


15. 


16. 


Ly. 


18. 


Then { f,}°2, C C ([-1, 1]) where C ([—1, 1]) is the set of real-valued func- 
tions that are continuous on [—1, 1]. Make use of { f,}°° ; to justify that the 
metric space (C ({[—1, 1]), p) is not complete, where 


1 
p(fa)=f If @) =e @)lde. 
-1 
For each of the following families F of real-valued functions on the specified 


sets Q, determine whether of not F is pointwise bounded, locally uniformly 
bounded, and/or uniformly bounded on Q. Justify your conclusions. 


(a) F=|1-Lined] a=) 
nx 


sinnx 

w F=| Ta ned], 0=10,1 
nx 

(c) F=| gine] O=R 
2n 


(e) F = {n?x"(1—x):neJ},Q=[0,1) 


Suppose that F is a family of real-valued functions on R that are differen- 
tiable on the interval [a,b] and F’ = { fue: } is uniformly bounded on 
[a, b]. Prove that F is equicontinuous on (a, b). 


Is F = [nxe“™ :n€JAx € Ry uniformly bounded on [0, 00)? State 
your position clearly and carefully justify it. 


IsG = {n COs Seana JAXxE R} equicontinuous on IR? State your posi- 
n 
tion clearly and carefully justify it. 
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n 


k?x sink 
19. Is Sane uniformly convergent on [0, 00)? State your position 
k=1 


clearly and carefully justify it; 


Chapter 9 


Some Special Functions 


Up to this point we have focused on the general properties that are associated with 
uniform convergence of sequences and series of functions. In this chapter, most of 
our attention will focus on series that are formed from sequences of functions that 
are polynomials having one and only one zero of increasing order. In a sense, these 
are series of functions that are “about as good as it gets.” It would be even better 
if we were doing this discussion in the “Complex World”; however, we will restrict 
ourselves mostly to power series in the reals. 


9.1 Power Series Over the Reals 


In this section, we turn to series that are generated by sequences of functions 
ky 
{ce — a)"F 9° 


Definition 9.1.1 A power series in R about the point a € R is a series in the form 
CO 
co+ ae (x — a)" 
n=1 


where a and Cn, forn € J U {0}, are real constants. 


Remark 9.1.2 When we discuss power series, we are still interested in the differ- 
ent types of convergence that were discussed in the last chapter; namely, point- 
wise, uniform and absolute. In this context, for example, the power series co + 
yr cn (x — a)" is said to be pointwise convergent on a set S C R if and only if, 
for each xo € S, the series cot >; Cn (x0 — a)" converges. If cot > -— 1 Cn (x0 — a)” 
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is divergent, then the power series co + >-~.; Cn (x — a)" is said to diverge at the 
point xo. 


When a given power series cp + >---., Cn (x9 — @)” is known to be pointwise 
convergent on a set S C R, we define a function f : S —> Rby f (x) =co+ 
yr Cn (x — a)" whose range consists of the pointwise limits that are obtained 
from substituting the elements of S into the given power series. 

We’ ve already seen an example of a power series about which we know the con- 
vergence properties. The geometric series 1 + >°° , x" is a power series about the 
point 0 with coefficients {c,}0° 9 satisfying c, = 1 for all n. From the Convergence 
Properties of the Geometric Series and our work in the last chapter, we know that 


e the series paren, x” is pointwise convergent to i inU = {x ER: |x| < 1}, 


e the series )°>°.) x” is uniformly convergent in any compact subset of U, and 


e the series }°°° ) x” is not uniformly convergent in U. 


We will see shortly that this list of properties is precisely the one that is associated 
with any power series on its segment (usually known as interval) of convergence. 
The next result, which follows directly from the Necessary Condition for Conver- 
gence, leads us to a characterization of the nature of the sets that serve as domains 
for convergence of power series. 


Lemma 9.1.3 Jf the series De Cn (x — a)” converges for x, 4 a, then the series 
converges absolutely for each x such that |x — a| < |x, — a|. Furthermore, there 
isa number M such that 

|x — a 


) for |x —a| < |x} —a| andforall n. (9.1) 
ra 


Proof. Suppose >°°° 9 Cn (x — a)" converges at x; 4 a. We know that a nec- 
essary condition for convergence is that the “nth terms” go to zero as n goes to 
infinity. Consequently, lim Cn (x1 — a)” = 0 and, corresponding to ¢ = 1, there 

nC 
exists a positive integer K such that 


n> K = |cn (@1—a)" —0| <1. 


9.1. POWER SERIES OVER THE REALS 371 
Let M =max)1, max cj; (x; — ay! Then 
O<j<K 


len (41 — a)" | < M forall ne JU {0}. 


For any fixed x € R satisfying |x — a| < |x; — al, it follows that 


n 
—@a 
Jen Ge = a2)"| = lenl Le — a!" = enl ber — a" | 
x— n 
<M for alln € J U {0} 
X{—a 


as claimed in equation (9.1). Finally, for fixed x € R satisfying |x — a| < |x; —al, 
the Comparison Test yields the absolute convergence of 77°.) cn (x — a)". 

The next theorem justifies that we have uniform convergence on compact sub- 
sets of a segment of convergence. 


Theorem 9.1.4 Suppose that the series pee, Cn (x — a)" converges for x1 # a. 
Then the power series converges uniformly on I = {x € R:a-h<x<ath} 
for each nonnegative h such thath < |x, — a|. Furthermore, there is a real number 
M such that 


Jen —a)"| < ( ) for |x —a| <h < |x; —a| and for all n. 


|x} —@| 


n 
Proof. The existence of M such that |c, (x —a)"| < M ( ual ) was just 


|x1-@| 
shown in our proof of Lemma 9.1.3. For |x — a| < h < |x; — a], we have that 


|x —al h 
ze 


x1 —al ~ [x1 -a| 
The uniform convergence now follows from the Weierstrass M-Test with M, = 
n 


(aa) -® 


Theorem 9.1.5 For the power series co + rs Cn (x — a)", either 


(i) the series converges only for x = a; or 


(ii) the series converges for all values of x € R; or 
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(iii) there is a positive real number R such that the series converges absolutely for 
each x satisfying |x — a| < R, converges uniformly in {x € R: |x —a| < Ro} 
for any positive Ro < R, and diverges for x € R such that |x —a| > R. 


Proof. To see (i) and (ii), note that the power series )°°° | n” (x — a)" diverges 


: x—a)" . 
for each x 4 a, while ae — is convergent for each x € R. Now, for 
n 


(iii), suppose that there is a real number x; 4 a@ for which the series converges 
and a real number x2 for which it diverges. By Theorem 9.1.3, it follows that 
|x} —a| < |x2 —a|. Let 


[e.2) 
S= f eR: ole (x —a)"| converges for |x —a| < | 
n=0 


and define 
R=sup S. 


Suppose that x* is such that |x* —a| < R. Then there exists a p € 
S such that |x*—a| < p < R. From the definition of S$, we conclude that 
> 0 ic (x* — a)"| converges. Since x* was arbitrary, the given series is abso- 
lutely convergent for each x in {x € R: |x —a| < R}. The uniform convergence 
in {x € R: |x —a| < Ro} for any positive Ro < R was justified in Theorem 9.1.4. 


Next, suppose that x € R is such that |x - a| = p > R. From Lemma 
9.1.3, convergence of >°”° 9 |cn (€ — a)"| would yield absolute convergence of the 
given series for all x satisfying |x — a| < p and place p in S which would contradict 
the definition of R. We conclude that for all x € R, |x —a| > R implies that 
ro fen (x — @)"| as well as °° 9 cn (x — a)” diverge. m 
The nth Root Test provides us with a formula for finding the radius of conver- 
gence, R, that is described in Theorem 9.1.5. 
Lemma 9.1.6 For the power series co + )p-1 Cn (x — a)", let p = limsup/|en| 


n— Oo 
and 


+oo ,if p=0 


,if O<p<mw. (9.2) 


Ope 


,f p=+0 
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Then co + >-~., Cn (x — a)" converges absolutely for each x € (a —R,a+R), 
converges uniformly in {x € R: |x —a| < Ro} for any positive Ro < R, and di- 
verges for x € R such that |x —a| > R. The number R is called the radius of 
convergence for the given power series and the segment (a — R,a+ R) is called 
the “interval of convergence.” 


Proof. For any fixed xo, we have that 


lim sup,/|Cyn (xo — a)"| = lim sup (x0 —al/ eal) = |x9 —a| p. 
noo noo 


From the Root Test, the series cp + pone Cn (xo — a)” converges absolutely when- 
ever |xg — a| p < 1 and diverges when |xg — a| p > 1. We conclude that the radius 
of convergence justified in Theorem 9.1.5 is given by equation (9.2). ™ 


oo (—2)"t! 


nf 2 (2") 
Example 9.1.7 Consider > ,~0 


ai (x — 2)". Because a ony Te 


2 2 
lim (5) V2 = 3 from Lemma 9.1.6, it follows that the given power series has 


n> oo 


radius of convergence 5 On the other hand, some basic algebraic manipulations 


yield more information. Namely, 


oo ten n+l (oe) <3 n 
ae see ee 
n=0 n=0 


(—2) 
3 


Therefore, for each x € R such that |x — 2| < 5° we have that 


as long as (x —2)| < 1, from the Geometric Series Expansion Theorem. 


COO ¢_9yyjntl 
ye en 2 


n 
n=0 3 


Another useful means of finding the radius of convergence of a power series 
follows from the Ratio Test when the limit of the exists. 


Lemma 9.1.8 Let a be areal constant and suppose that, for the sequence of nonzero 


Set = L fords L <0 
n 


real constants {Cn}p°.9, lim 
= n—->Oo 
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CO 
(i) IfL =0, thenco+ xe (x — a)" is absolutely convergent for all x € Rand 
n=1 
uniformly convergent on compact subsets of R; 


= 1 1 
(ii) If[0 < L < &, then cot > cn (x — a)” is absolutely convergent (« =F? a+ 7) 


n=1 


it iE 
uniformly convergent in any compact subset of (« —F a+ 7) and diver- 


gent for any x € R such that |x — a| > im 


CO 
(iii) If L = ~&, thenco + ae (x — a)" is convergent only for x = a. 
n=1 
The proof is left as an exercise. 
Remark 9.1.9 In view of Lemma 9.1.8, whenever the sequence of nonzero real 


Cn+1 
Cn 


constants {c,}°°_, satisfies lim 
{Cn} p—o sft im 


= L for0 < L < ow analternative formula 
CO 
for the radius of convergence R of co + LG (x — a)" is given by 


n=1 


sf Ox Bxoo> (9.3) 


oo (1)"2-4--- (2n) 


Example 9.1.10 Consider Da aD) (x +2)”. 
. . eee n — 


n=1 
_ (-1)"2- 4+ Qn) 
POD ACEO) Then 
cn] | (F)"2+40+-Qn)-2@ 41) 1-4-7+-Bn—-2)] 241) 2 
iGo SSE (22455 On)|" jet 3 


as n — oo. Consequently, from Lemma 9.1.8, the radius of convergence of the 


; 8 4 
given power Series is 5 Therefore, the “interval of convergence” is (-}. re | 
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The simple manipulations illustrated in Example 9.1.7 can also be used to derive 
power series expansions for rational functions. 


Example 9.1.11 Find a power series about the point a = | that sums pointwise to 


8x — 5 
een =or and find its interval of convergence. 
Note that 
8x —5 = 1 nN =) 
(1+4x)(3—2x) 3-2x 144,’ 
YR Hy" S72" iors 
SO easy > x — = oe or |x — = 
aon Lad) ee rar 5 
and 
SZ —2 1 


1+4x 5 1-|(S)e-p] 


=2 < —4 n oO 7 g2n+ : 5 
= ee (=) «=| acl +1 oer (x — 1)" for |x —1| a 


n=0 


1 
We have pointwise and absolute convergence of both sums for |x — 1| < min | 4 | 


It follows that 


8x — 5 — Pee gee I 
Free Ge sea eee —1)""* —— +2" — 1)" SL eS 
(1 +4x) B — 2x) >|: ye gear t |e ie aa) 
The nth partial sums of a power series are polynomials and polynomials are 
among the nicest functions that we know. The nature of the convergence of power 
series allows for transmission of the nice properties of polynomials to the limit 
functions. 


Lemma 9.1.12 Suppose that the series f (x) = eae Cn (x — a)” converges in 
{x ER: |x —a| < R} with R > 0. Then f is continuous and differentiable in 
(a —R,a+R), f’ is continuous in (a — R,a+ R) and 
CO 
7 y= ye (x —a)""! fora—R<x <atR. 


n=1 
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Space for comments and scratch work. 


Proof. For any x; such that |x; — a| < R, there existsanh € RwithO <h<R 
such that |x; —a| < h. Let J = {x:|x-—a|<h}. Then, by Theorem 9.1.4, 
Sr Cn (& — a)" is uniformly convergent on J. From Theorem 8.3.3, f is con- 
tinuous on J as the continuous limit of the polynomials pare, cj(x- a)/. Conse- 
quently, f is continuous at x;. Since the x; was arbitrary, we conclude that f is 
continuous in |x — a| < R. 

Note that °° , ney (x — a)"—! is a power series whose limit, when it is 
convergent, is the limit of {s;,} where sy (x) = D04_9 ¢j @ — a)/. Thus, the second 
part of the theorem will follow from showing that )°°° , ney (x — a)"—' converges 
at least where f is defined; i.e., in|x — a| < R. Letxo € {x € R: 0 < |x —a| < R}. 
Then there exists an x* with |x9 — a| < |x* — a| < R. Inthe proof of Lemma ??, it 
was shown that there exists an M > O such that lee (x* — a)"| < M forn € JU{O}. 
Hence, 


M 


== Nae | 


n—-1| 
n xo —G 


era 


n _ 
nr”! 


ncn (xo —a)""| = -|en| |x* — | 


x*—a 


—a S 
forr = < 1. From the ratio test, the series )°°°_, nr”—! converges. Thus, 
x*—a 
os nr"—! is convergent and we conclude that >°°° (x—a)? ti 
cee g onclude heey MCn (x — a)" is 


jx*— al 
convergent at x9. Since xg was arbitrary we conclude that Dean NCy (x — aye is 
convergent in |x — a| < R. Applying the Theorems 9.1.4 and 8.3.3 as before leads 
to the desired conclusion for f’. m 


Theorem 9.1.13 (Differentiation and Integration of Power Series) Suppose f is 
given by >. 9 Cn (x — a)" for x € (a — R,a +R) with R > 0. 


(a) The function f possesses derivatives of all orders. For each positive integer 
m, the mth derivative is given by 
FOC = ren Jere ay” forly— al <R 
where (") =n(n—1)(n—2)---n—m+l). 
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(b) For each x with |x — a| < R, define the function F by F (x) = ie f (t) dt. 
Then F is also given by >-.y Hid 


n+1 
by-term integration of the given series for f. 


f (a) 


n! 


(x — a)"*! which is obtained by term- 


(c) The constants Cy are given by cy = 


Excursion 9.1.14 Use the space that is provided to complete the following proof of 
the Theorem. 


Proof. Since (b) follows directly from Theorem 8.3.3 and (c) follows from 
substituting x = a in the formula from (a), we need only indicate some of the 
details for the proof of (a). 

Let 


ie |» EN: f™(a)= > ("Jen (x-—a)""" for |x —al <2 


n=m 


where (") =n(n—1)(n—2)---(n—m-+1). By Lemma 9.1.12, we know that 
1 € S. Now suppose that k € S for some k; i.e., 


f% @) = Di n@-V)@-2)---@—k+ lene —a)"™ for |x —a| < RK. 
n=k 


Remark 9.1.15 Though we have restricted ourselves to power series in R, note 
that none of what we have used relied on any properties of R that are not possessed 
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by C. With that in mind, we state the following theorem and note that the proofs 
are the same as the ones given above. However, the region of convergence is a disk 
rather than an interval. 


Theorem 9.1.16 For the complex power series co + Peer Cn (z — a)" where a and 
Cn, forn € J U {0}, are complex constants, let p = lim supW/|cn| and 
n->co 


+oo ,if p= 
1 
Rea tS ,if 0O<p<a@ 
p 
0 ,if p=+0o 


Then the series 


(i) converges only for z = a when R = 0; 
(ii) converges for all values of z € C when R = +00; and 
(iii) converges absolutely for each z € Nr (a), converges uniformly in 
{x ER: |x —a| < Ro} = NR (@) 


for any positive Ro < R, and diverges for z € C such that |z-—a| > R 
whenever 0 < R < &. In this case, R is called the radius of convergence for 
the series and Nr (a) = {z € C: |z — a| < R} is the corresponding disk of 
convergence. 


Both Lemma 9.1.12 and Theorem 9.1.13 hold for the complex series in their 
disks of convergence. 


Remark 9.1.17 Theorem 9.1.13 tells us that every function that is representable 
as a power series in some segment (a — R,a+R) for R > 0 has continuous 


(") (q 
derivatives of all orders there and has the form f (x) = >-°~ co) (x —a)". It 
n!} 
is natural to ask if the converse is true? The answer to this question is no. Consider 


the function 


n=0 ! 


7 exp (—1/x7) , x £0 
EO= 16 , x=00 
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It follows from l’Hopital’s Rule that g is infinitely differentiable at x = 0 with 
g (0) = Ofor all n € JU {0}. Since the function is clearly not identically equal to 
zero in any segment about 0, we can’t write g in the “desired form.” This prompts 
us to take a different approach. Namely, we restrict ourselves to a class of functions 
that have the desired properties. 


Definition 9.1.18 A function that has continuous derivatives of all orders in the 
neighborhood of a point is said to be infinitely differentiable at the point. 


Definition 9.1.19 Let f be a real-valued function on a segment I. The function f 
is said to be analytic at the point a if it is infinitely differentiable at a € I and 


(n) 
fo) ==) 


R > 0. The function f is called analytic on a set if and only if it is analytic at each 
point of the set. 


(x — a)” is valid in a segment (a — R,a-+ R) for some 


Remark 9.1.20 The example mentioned above tells us that infinitely differentiable 
at a point is not enough to give analyticity there. 


9.2 Some General Convergence Properties 


There is a good reason why our discussion has said nothing about what happens at 
the points of closure of the segments of convergence. This is because there is no 


one conclusion that can be drawn. For example, each of the power series pee xl, 
n n 


ep = and >-°° 6 _ has the same “interval of convergence” (—1, 1); however, 
the first is divergent at each of the endpoints, the second one is convergent at —1 
and divergent at 1, and the last is convergent at both endpoints. The fine point to 
keep in mind is that the series when discussed from this viewpoint has nothing to do 
with the functions that the series represent if we stay in (—1, 1). On the other hand, 
if a power series that represents a function in its segment is known to converge at 
an endpoint, we can say something about the relationship of that limit in relation to 
the given function. The precise set-up is given in the following result. 


Theorem 9.2.1 [f )--°.9 Cn converges and f (x) = S329 cnx” for x € (—1, 1), 
then lim f (1) => a Gn: 
x7 17 
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Excursion 9.2.2 Fill in what is missing in order to complete the following proof of 
Theorem 9.2.1. 


Proof. Let s,) = >o;—~9 cx and s_; = 0. It follows that 


m m m—-1 
ae = >. (= 32) = (« —x) » va) Sy 
n=0 n=0 n=0 


Since |x| < land lim sy, = 20 cn, we have that lim s,,x"" = 0 and we 
moo _ mo 


conclude that 
CO CO 
$@Q)=> Ga" S 05) sn”. (9.4) 
n=0 n=0 


Let s = °° yn. For each x € (—1, 1), we know that (1— x) ox” = 1. 
Thus, 


s=(1—x) > sx”. (9.5) 
n=0 


Suppose that ¢ > 0 is given. Because lim s, = s there exists a positive integer M 
n—- Co 


such that implies that |s, — s| < 5 Let 
(1) 


K = max | max s—sil} 


2 0<j<M 
and 
Jif ¢e>2KM 
6o= 
é : 
— ,if «<2KM 
2KM 
: KM 2KM € € . 
Note that, if 2K M < then — 3 < 8 < 5" Forl1—6 <x < 1,it 


follows that 


M M 
Q—x) > In—slixl*<G-x)_ ial <G-x)_M < _ (9.6) 


n=0 (2) n=0 (2) 
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Use equations (9.4) and (9.5), to show that, if 1-6 < x < 1, then 
If @)-s| <e. 
(3) 


| 
*** Acceptable responses are: (1) n > M, (2) K, (3) Hopefully, you noted that 
| f (x) — s| is bounded above by the sum of (1 — x) ys Js, — s| |x|” and 


l=2) > 41 18n — 5| |x|". The first summation is bounded above by as 


shown in equation (9.6) while the latter summation is bounded above by 
é 
5 ((1 — x) ro gy Ll"); with x > 0 this yields that 


(1 — x) Deas el” = 1 — x) De x” < A — x) Dna [ae l” = 18" 


An application of Theorem 9.2.1 leads to a different proof of the following result 
concerning the Cauchy product of convergent numerical series. 


Corollary 9.2.3 If 0.9 dn, Dp bn, and >>°.9 Cn are convergent to A, B, and 
C, respectively, and -?~ 9 Cn is the Cauchy product of .?° dn and °° 9 bn, then 
C= AB. 


Proof. For 0 < x < 1, let 


CO CO CO 
fx)= ae g(x) = Dee and h (x) = Gee 
n=0 n=0 n=0 


where cy, = bate ajb,—j;. Because each series converges absolutely for |x| < 1, 
for each fixed x € [0, 1) we have that 


f (x) g (x) = (Se “)(Srme") = Dove =n 00. 
n=0 n=0 
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From Theorem 9.2.1, 
lim f (x) =A, lim g(x) = B,and lim h(x) =C. 
x17 x17 x17 


The result follows from the properties of limits. m 

One nice argument justifying that a power series is analytic at each point in 
its interval of convergence involves rearrangement of the power series. We will 
make use of the Binomial Theorem and the following result that justifies the needed 
rearrangement. 


Lemma 9.2.4 Given the double sequence {a; a suppose that a |ai | = b; 


i,jeJ 
and °°, b; converges. Then 


CoO Cw CO CO 
SS a= DS ay 
i=l j=l j=l i=l 
Proof. Let E = {x, : n € JU {0}} be a denumerable set such that lim Xij-= XO 
n CO 
and, for eachi,n € J let 


fC =)> ajand jG =) ay 
= = 


J 


Furthermore, for each x € E, define the function g on E by 
(oe) 
2) => 6G): 
i=l 


From the hypotheses, for eachi ¢€ J, lim fi On) = fi (xo). Furthermore, the def- 
n> Co 
inition of E ensures that for any sequence {wx}7°, C E such that Jim Wk = Xo, 
> 00 
im fi (wx) = fi (xo). Consequently, from the Limits of Sequences Characteri- 
> 00 


zation for Continuity Theorem, for eachi e€ J, f; is continuous at xo. Because 
(Vx) (Vi)G EeJAx €E = |f; (x)| < Bj) and °°, b; converges, 77°, fi (x) is 
uniformly convergent in E. From the Uniform Limit of Continuous Functions The- 
orem (8.3.3), g is continuous at xo. Therefore, 


> >i = be: (xo) = 8 (Xo) = lim g Qn). 


i=1 j=1 i= 


pany 
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Now 
CO CO CO CO n 
> aij = lim > fi Xn) = lim > Ajj 
n> OO 4 n> co 4 é 
i=] j=l i=l i=1 j=l 
n CO CO CO 
= lim > > aij = > > Ajj. 
NOW # . Wy = < J 
j=l i=1 ji=l1 i=1 
| 


Theorem 9.2.5 Suppose that f (x) = (2.9 cnx" converges in |x| < R. For 
a € (—R, R), f can be expanded in a power series about the poi x =a which 


converges in {x €R: |x —a| < R—|al} and f (x) = pee, ie _ ) (x — a)”. 


In the following proof, extra space is provided in order to allow more room for 
scratch work to check some of the claims. 


Proof. For f (x) = (72 cnx" in |x| < R, leta € (—R,R). Then f (x) = 
panel Cax" = >? 9 Cn L(x — a) + a]"and, from the Binomial Theorem, 


Fo= Ded (“lal ea" = Yala! way, 


n=0 j=0 n=0 j=0 
We can think of this form of summation as a “summing by rows.” In this context, 
the first row would could be written as co (x — a)°, while the second row could be 
written as c] [()e° (x —a)! + (jJal (x - ay]. In general, the (€ + 1) st row is 
given by 


aay oe . 
ce bs ( Ja (x om 
ia 


= Cp ()e° (x — a)! + Ga (x — ay? sie ({)e" (x - a : 


384 CHAPTER 9. SOME SPECIAL FUNCTIONS 


In the space provided write 4-5 of the rows aligned in such a way as to help you 
envision what would happen if we decided to arrange the summation “by columns.” 


ce (i)a* G@=ay aif ken 
roy = , then it follows that 
ENG Jif k>n 


f &)= Dent” = Dien -—a) +a)” = >) >) wnt. 
n=0 


In view of Lemma 9.2.4, S779 (S29 Wnk) = Deo (Deo Wnk) whenever 


CO n n ; ; CO 
> > len! ( _ lal’ lx —al"~F = lend (x — al + lal)” < 00; 


n=0 j=0 J n=0 


i.e., at least when (|x — a] + |a|) < R. Viewing the rearrangement as “summing by 


columns,” yields that first column as (x — a)° [coa® + chal +--+ + (")ena” +--+ | 
and the second column as (x — a)! | (6)c1a° + (j)esal +--+ 6," Jena”! ++ i 


In general, we have that the (k + 1) st column if given by 


k+1 
(x =a) cxa® + ( : Joriat tt (ena he | 
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Use the space that is provided to convince yourself concerning the form of the 
general term. 


Hence, for any x € R such that |x — a| < R — |a|, we have that 


f)= oS (x — ays (> (, 7 ,)eut) 
n! 
= -> (x —a) (> abi ) 
=De-at; fi Sn—De-9---b+ Da ey) 


=k 


f%@ 
k! 


— (x — a) 
=0 


as needed. 


Theorem 9.2.6 (Identity Theorem) Suppose that the series paeeaen Anx" and 
9 bnx" both converge in the segment S = (—R, R). If 


CO CO 
E= |} ese ann" = > 
n=0 n=0 
has a limit point in S, then (Vn) (n € J U {0} = ay = by) and E = S. 


Excursion 9.2.7 Fill in what is missing in order to complete the following proof of 
the Identity Theorem. 
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Proof. Suppose that the series }°°°.9 dnx” and 5° 4 b,x” both converge in the 
segment S = (—R, R) and that 


[e,2) [e.e) 
E= |} eS: ae = Yas 

n=0 n=0 

has a limit point in §. For eachn e€ J U {0}, let c, = a, — by. Then f (x) Pe 
é 
rg cnx” = 0 for each x € E. Let 
A={xeS:xek'}andB=S-—A={xeS:x€A} 

where E’ denotes the set of limit points of E. Note that S is a connected set such 
that S$ = AU Band AN B=9M. First we will justify that B is open. If B is empty, 


then we are done. If B is not empty and not open, then there exists a w € B such 
that — (AN; (w)) (Ng (w) C B). 


(1) 


Next we will show that A is open. Suppose that x9 € A. Because xo € S, by 
Theorem 9.2.5, 


CO 
f (&) = Di dn (« — x0)" for 
n=0 (2) 
Suppose that T = {j e JU {0}: dj 40} 4 G. By the , T has a 
(3) 
least element, say k. It follows that we can write f (x) = (x — xo)‘ g (x) where 
8 (x) = 9 deem (x — x0)" for . Because g is continuous at xo, 


(2) 
we know that lim g(x) = = # 0. Now we will make use of 
x7>X0 


(4) (5) 


Ig Gol > 0 to show that there exists 6 > O such that g (x) 4 0 for 


the fact that 


|x —xo| < 0. 


(6) 
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Hence, g (x) £ 0 for |x — xo| < 6 from which it follows that 


f (®) =(@ — x0) g (@) 40 


in . But this contradicts the claim that xg is a limit point of zeroes of 
(7) 
f. Therefore, and we conclude that 
(8) (9) 
Thus, f (x) = Poo dn (x — x0)" = 0 for all x in a neighborhood N (xo) of xo. 
Hence, N (xo) C A. Since xo was arbitrary, we conclude that 


(Vw) (« eA> Jie. 
(10) 
(11) 


Because S is a connected set for which A and B are open sets such that 

S=AUB,A#Q, and AN B = G, we conclude that | 
(12) 

**** Acceptable responses are: (1) Your argument should have generated a sequence 
of elements of E that converges to w. This necessitated an intermediate step be- 
cause at each step you could only claim to have a point that was in E’. For example, 
if Ns (w) is not contained in B, then there exists a v € S such that v ¢ B which 
places v in E’. While this does not place v in E, it does insure that any neighbor- 
hood of v contains an element of E. Let u; be an element of E such that uy 4 w 
and |u; — w| < 0. The process can be continued to generate a sequence of elements 
of E, {u pa , that converges to w. This would place w in AM B which contradicts 
the choice of B. (2) |x — xo| < R — |xol, (3) Well-Ordering Principle, (4) g (xo), 


(5) dx, (6) We’ve seen this one a few times before. Corresponding to ¢ = Ig Gol 


there exists a d > O such that |x — xo| < 6 = |g (x) — g (%)| < e. The (other) 


triangular inequality, then yields that |g (xo)| — |g (x)| < Is @ co 


lg @o)l 


which implies 


that |g (x)| > whenever |x — xo| < 6. (7) 0 < |x — xo| < 6, (8) T = @, 


(9) (Vn) (n € J U {0} => d, = 0), (10) (AN (w)) (N (w) C A), (11) A is open, (12) 
B is empty.*** 
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9.3. Designer Series 


With this section, we focus attention on one specific power series expansion that 
satisfies some special function behavior. Thus far we have been using the defi- 
nition of e that is developed in most elementary calculus courses, namely, e = 
n 

lim (1 + —J] . There are alternative approaches that lead us to e. In this section, 
noo n 

we will obtain e as the value of power series at a point. In Chapter 3 of Rudin, e 

n 


1 1 1 
was defined as )°° 5 — and it was shown that pa ee = lim (1 =F -) . We 
nN: n! 


get to this point from work on a specially chosen power series. The series leads to 
a definition for the function e* and Inx as well as a “from series perspective” view 
of trigonometric functions. 
For eachn € J, ifc, = (n!)~1, then lim sup (len41l eal") = 0. Hence, the 
n> oo 


Ratio Test yields that }°°° 9 cnz” is absolutely convergent for each z € C. Conse- 
quently, we can let 


CO Ln 
E@=>> — forz eC. (9.7) 


n=0 


Complete the following exercises in order to obtain some general properties of 
E (z). If you get stuck, note that the following is a working excursion version 
of a subset of what is done on pages 178-180 of our text. 

From the absolute convergence of the power series given in (9.7), for any fixed 
z, w € C, the Cauchy product, as defined in Chapter 4, of E (z) and E (w) can be 
written as 


corm=(S5\(S" =)- ya 


n=0 n=0 n=0 k=0 
n! 
From () = Heb! it follows that 
'(n—k)! 
E(z) E(w) = yy tat 2 / ; (;):*o") 
ee eG pn! a k 

~~ Gt)" 
= 25 n! 


n=0 
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Therefore, 
E(zjJE(w)=E(z+w). (9.8) 


Suppose there exists a ¢ € C such that E (¢) = 0. Taking z = ¢ and w = —¢ in 
(9.8) yields that 


E(QE(-C)=EO=!1 (9.9) 


which would contradict our second Property of the Additive Identity of a Field 
(Proposition 1.1.4) from which we have to have that E (¢) E (w) = O forall w € C. 
Consequently (Vz) (z € C= E (z) £0). 


1. For x real, use basic bounding arguments and field properties to justify each 
of the following. 


(a) (Vx) (x € R= E(x) > 0) 


(b) jim FE (x) =0 


(c) (Vx) (Vy)[@,y €ERAO <x <y) 
= (E(x) < E(Qy)AE(-y) < E(-x))] 
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What you have just shown justifies that E (x) over the reals is a strictly increas- 
ing function that is positive for each x € R. 


2. Use the definition of the derivative to prove that 


(vz) (z €C = E’(z)=E(2)). 


Note that when x is real, E’ (x) = E (x) and (Vx) (x € R= E (x) > 0) with 
the Monotonicity Test yields an alternative justification that FE is increasing 
inR. 
A straight induction argument allows us to claim from (9.8) that 
n n 
(Vn) |. 19 2(S21)=[T eG] (9.10) 
j=l j=l 


3. Complete the justification that 


1 n 
E(1)= lim (1+-) 
n—- Oo nh 
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For eachn ¢€ J, let 


p=-1414+2h a reer ! hee ) 
ai a n 3! n n 


(b) Use part (a) to justify that lim supt, < E (1). 


n> oo 


(c) Forn > m > 2, justify that 
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(d) Use the inequality you obtain by keeping m fixed and letting n > oo 


in the equation from part (c) to obtain a lower bound on lim inft, and an 
n—-> Oo 


upper bound on s,, for each m. 


(e) Finish the argument. 


4. Use properties of E to justify each of the following claims. 
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(a) (VVna)(né€ J => E (n) =e"). 


(b) (Vu) (ue QAu> 05 E(u) =e") 


Using field properties and the density of the rationals can get us to a justification 
that E (x) = e* for x real. 


n+l 
5. Show that, for x > 0, e* > m+! and use the inequality to justify that 
n ! 
lim x"e~* =O foreachn e J. 
X— +00 


9.3.1 Another Visit With the Logarithm Function 


Because the function F [Rp is strictly increasing and differentiable from R into 
Rt = {x eR: x > 0}, by the Inverse Function Theorem, E [|p has an inverse 
function L : Rt — R, defined by E (L (y)) = y that is strictly increasing and 
differentiable on R*. For x € R, we have that L (E (x)) = x, for x real and the 
Inverse Differentiation Theorem yields that 


1 
L’ (y) = — for y > 0 (9.11) 
y 
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where y = E (x). Since E (0) = 1, L (1) = 0 and (9.11) implies that 
» dx 
L(y=}, — 

which gets us back to the natural logarithm as it was defined in Chapter 7 of these 


notes. A discussion of some of the properties of the natural logarithm is offered on 
pages 180-182 of our text. 


9.3.2 A Series Development of Two Trigonometric Functions 


The development of the real exponential and logarithm functions followed from re- 
stricting consideration of the complex series E (z) to R. In this section, we consider 
E (z) restricted the subset of C consisting of numbers that are purely imaginary. For 
x eR, 


Bea 3 (ix)" eZ 3 (i)" x" 


= n! ay n! 
Since 
1 if 4|n 1 ,if 4|n 
n_ |i .if 4/@—-1) an | ci if 41@-1 
pe Tea Wed peso, 0 A= Say eee honey. 
=i ,if 4) @=3) iif 4)(—3) 


it follows that each of 
COS stk (ix) + E(-ix)] and S(x)= le (ix) — E (—ix)] (9.12) 
have real coefficients and are, thus, real valued functions. We also note that 
E (ix) =C (x) +iS (x) (9.13) 


from which we conclude that C (x) and S (x) are the real and imaginary parts of 
E (ix), forx € R. 


Complete the following exercises in order to obtain some general properties of 
C (x) and S (x) for x € R. If you get stuck, note that the following is a working 
excursion version of a subset of what is done on pages 182-184 of our text. Once 
completed, the list of properties justify that C (x) and S (x) for x € R correspond to 
the cos x and sin x, respectively, though appeal to triangles or the normal geometric 
view is never made in the development. 
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1. Show that |E (ix)| = 1. 


2. By inspection, we see that C (0) = 1 and § (0) = 0. Justify that C’ (x) = 
—S (x) and S’ (x) = C (x). 


3. Prove that (4x) (x €e Rt AC (x) = 0). 


4. Justify that there exists a smallest positive real number xg such that C (xo) = 
0. 


5. Define the symbol z by z = 2x9 where xo is the number from #4 and justify 
each of the following claims. 
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(c) E (xi) =-1 


(d) E(2xi) =1 


It follows immediately from equation (9.8) that E is periodic with period 277; 1.e., 
(Vz) (Z<E€C> E(z+2mi) = E(Z)). 


Then the formulas given in equation (9.12) immediately yield that both C and S are 
periodic with period 277. 

Also shown in Theorem 8.7 of our text is that (Vr) (t € (0,27) => E (it) 4 1) 
and 


(Vz) (iz € CA |z| = 1) > Gln) (t € (0,27) A E (it) = 2). 


The following space is provided for you to enter some helpful notes towards justi- 
fying each of these claims. 
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9.4 Series from Taylor’s Theorem 


The following theorem supplies us with a sufficient condition for a given function to 
be representable as a power series. The statement and proof should be strongly rem- 
iniscent of Taylor’s Approximating Polynomials Theorem that we saw in Chapter 
6. 


Theorem 9.4.1 (Taylor’s Theorem with Remainder) Fora < b, let I = [a,b]. 
Suppose that f and f\) are in C (1) for 1 < j <nand that f+" is defined for 
each x € Int (1). Then, for each x € I, there exists a € witha < € < x such that 


n ¢(j) ; 
rosy @u-ai+R@ 


jo 


(n+1) _ ,yntl 
where Ry (x) = — is known as the Lagrange Form of the Re- 
n ! 
mainder . 


Excursion 9.4.2 Fill in what is missing to complete the following proof. 


Proof. It suffices to prove the theorem for the case x = b. Since f and f) are 


(i) 
inC(1) forl <j <n, Rn =f(b)->" fY@ 


j<0 >, — (b — a)! is well defined. In 


order to find a different form of R,, we introduce a function g. For x € J, let 


n j n+1 
f@) pe (OX) 
(x) = f(b) - BD a a —— a 
9 (x) ) 2, 7 Y Gaal 
From the hypotheses and the properties of continuous and functions, 
(1) 
we know that @ is and differentiable for each x € 7. Furthermore, 


(2) 


yp (a)= = 
(3) (4) 
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and gy (b) = 0. By , there exists a € € J such that 
(5) 
gy’ (€) = 0. Now 


! 2 —fY (x) =] 
p(x) =- a oy |- 
2 G= 4): 6) 
(nt+ I O—x)" 


(b = a)"+} 


ne 


Because 


no ¢(Gtl) (j+1 ; 
eee w=sfeo+y ho He - x)! 


j=0 : j= 


ntl ¢(j) . 
=f O72 Ge oxy, 


it follows that 


9 (x) re “oat 


as fe) i eet? @) = 
= gape = (=i Gem ) 
7 (7) . 
(n+1) = n 
If g’ (€) = 0, then ye) i —) (b-é)" = eNO ey pe. Therefore, 
(b az: ayer 
| 
(8) 


*“#* Acceptable responses are: (1) differentiable, (2) continuous, 
(3) f(b) - aes =, ie “) (b — a)i — R,,, (4) 0, (5) Rolle’s or the Mean-Value The- 
fu i (x) a! (x) ; 
orem, (6) 57” jo Gy x), (1) - (b—x)", 
+1 +1 
PONCHO es 


ae (n +1)! 
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Remark 9.4.3 Notice that the inequality a < b was only a convenience for framing 
the argument; i.e., if we have the conditions holding in a neighborhood of a point 
a we have the Taylor’s Series expansion to the left of a and to the right of a. In 
this case, we refer to the expansion as a Taylor’s Series with Lagrange Form of the 
Remainder about a. 


Corollary 9.4.4 For a € Rand R > 0, suppose that f and f are in 
C((a—R,a+R)) for 1 < j < nand that f+" is defined for each x € 
(a — R,a+R). Then, for each x € (a — R,a+ R), there exists a 

¢€ € (a —R,a+R) such that 


n ¢(j) . 
F= POO ow +e 
jo 


PI Oea 
where Ry = Gane —= 


9.4.1 Some Series To Know & Love 


When all of the derivatives of a given function are continuous in a neighborhood 
of a point a, the Taylor series expansion about @ simply takes the form f (x) = 
f (a) 
! 


0 - (x — a)’ with its radius of convergence being determined by the 


behavior of the coefficients. Alternatively, we can justify the series expansion by 
proving that the remainder goes to 0 asn — oo. There are several series expansions 
that we should just know and/or be able to use. 


Theorem 9.4.5 


(a) For all real @ and x, we have 


x a < (x Gy" 14 
e =e 2a (9. ) 


(b) For all real a and x, we have 


Og ne 
sinx = > AEE) (= a)" (9.15) 
nN: 


n=0 
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and 


cosx = >¢ cosa) (ogy (9.16) 


! 
= nN: 


(c) For |x| < 1, we have 


Sa aa | n+l Jn 
In(l+x) = Soa (9.17) 
n=1 A 
and 
oo —] n—-1 ,2n—-1 
arcine a ee (9.18) 
nh — 


n=1 


(d) The Binomial Series Theorem. For each m € R! and for |x| < 1, we have 


m= Its 2) eA)» 


n! 


(+x)"=1+>° (9.19) 
n=1 


We will offer proofs for (a), and the first parts of (b) and (c). A fairly complete 
sketch of a proof for the Binomial Series Theorem is given after discussion of a 
different form of Taylor’s Theorem. 


Proof. Let f (x) = e*. Then f is continuously differentiable on all of R and 
f™ (x) = e* for each n € J. Fora € R, from Taylor’s Theorem with Remainder, 
we have that 


“.1 , e? (x —a)"t! 
Fie = eer (x — a)! + Ry (a,x) where R; = a 
where & is between a and x. Note that 


<= eye ee = |Rp|. 


! 
A= nN: 
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Furthermore, because x > a witha < € < x implies that e© <e*,whilex <a 
yields that x < é <aandes < e*, 


1 
i -al"t 


e ,if x>a 
es Ix —a|"*! (n+ 1)! 
l= GDS 
|x sat 
,if x <a 
(n + 1)! 
k? 
Since jim Lom, = 0 for any fixed k € R, we conclude that R, — 0 asn > ov. 
a)" 


From the Ratio Test, a is convergent for all x € R. We conclude that 
n! 
the series given in (9. 4) converges to f for each x and a. 


The expansion claimed in (9.17) follows from the Integrability of Series 
because 
oe 3 on 


In(l+x)= — and = 1)" ¢” for |t| < 1. 
OP = aa eer =v el 


There are many forms of the remainder for “Taylor expansions” that appear in 
the literature. Alternatives can offer different estimates for the error entailed when 
a Taylor polynomial is used to replace a function in some mathematical problem. 
The integral form is given with the following 


Theorem 9.4.6 (Taylor’s Theorem with Integral Form of the Remainder) 

Suppose that f and its derivatives of order up ton +1 are continuous on a segment 
(i) =iyl 

I containing a. Then, for each x € 1, f (x) = Dii-0 Etec) + Ry (a,x) 

where 


Re (Gx) = [= ae BAO" pot) (yar. 


Proof. Since f’ is continuous on the interval 7, we can integrate the derivative 
to obtain 


Fao=fla+ | fi (at. 
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As an application of Integration-by-Parts, for fixed x, corresponding to u = f’ (ft) 
and dv = dt, du = f” (t) dt and we can choose v = — (x — ft). Then 


reoy= f+ | F@at=f@)-fOG-H iz +f (— 1) f" (Dat 
=flayt flays—a)+ | (x —t) f” (t) dt. 


Next suppose that 


Gi) = 
f= 3 Moen, [Ss  - G@aOF pat (t) dt 


n=0 


and f+) is differentiable on J. Then Integration-by-Parts can be applied to 


k 
=t 
Hie Ga’ perl) (t) dt; taking u = f**) (rf) and dv = K 7 ) dt leads tou = 
k+1 
=f 
f"+9) () dt and v = eae Substitution and simplification justifies the 


claim. 


As an application of Taylor’s Theorem with Integral Form of Remainder, com- 
plete the following proof of the The Binomial Series Theorem. 


Proof. For fixed m € R! and x € R such that |x| < 1, from Taylor’s Theorem 
with Integral Form of Remainder, we have 


(+x) x" + R;, (0, x). 


n! 


k 
I pa A 
n=1 


where 


Rx (0,x) = [Ss — =" e+) (ar, 


We want to show that 


(x a 


(1+t)"—*"! dt —> 0ask > cw 


Re 0,x)= f ee 
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for all x such that |x| < 1. Having two expressions in the integrand that involve a 
power k suggests a rearrangement of the integrand; L.e., 


~m(m—1)---(m—k) (x -t 4 
R;, (0, x) = os oo 1+1r)"~ dt. 
x (0, x) i 7 ae (1+?) 
We discuss the behavior of (1 + pyin when f is between 0 and x, and 
k 
—t 

le (=) dt separately. 

On one hand, we have that 

(1+ry”—! < 1 whenever (m > 1A-1 <t<0)V(m<1A1>1t2>0). 


On the other hand, because t is between 0 and x, ifm > 1Ax > Oorm < 1Ax <0, 
then 


>0O for m>1 
g(t) =(1+1)”! implies that g’ (t) = (m — 1) (1 + 0)"-7 
<0O for m<l 


Consequently, ifm > 1Ax > 0, then0 < t < x and g increasing yields the 
g(t) < g(x); whilem < 1Ax < 0,0 <t < x and g decreasing, implies that 
g (x) > g(t). With this in mind, define C,, (x), for |x| < 1 by 


(+xy""! , m>1,x>0ORm<1,x <0 
Cel 
“i 1 , m>1,x <OORm<1,x>0° 
We have shown that 
(+2)"—! = Cy (t) < Cn («), for t between 0 and x. (9.20) 


k 
x-—t : ee 
Next, we turn to te =) dt. Since we want to bound the behavior in 


terms of x or a constant, we want to get the x out of the limits of integration. The 
standard way to do this is to effect a change of variable. Lett = xs. Then dt = xds 


and 
k 1 k 
a (=) ar= | kt (=) as 
0 1+tf 0 1+xs 


404 CHAPTER 9. SOME SPECIAL FUNCTIONS 


cz k 
Since s (1 +x) > 0, we immediately conclude that (=) < 1. Hence, it 
xs 
follows that 


TN k+1 
de hs pe lOr x (9.21) 
o \l+t 
From (9.20) and (9.21), if follows that 
0 < [Rx (0, x)| 
1 =j)yrretna ek 
2) Cee eS erie Gia 
0 k! 
jm (m—1)---(m—k)| 
= Imm — 1) ++ m@—/)I [el Cy Ge), 
k! 
—1)---(m—k 
For uz (x) = min nt [x |k+! Cm (x) consider pam Un (x). Be- 
cause . 
cz uae) ae eae | Ge eee ere 
Un (x) n+1 


> aan Un (x) is convergent for |x| < 1. From the nth term test, it follows that 
ux (x) > Oas k — oo for all x such that |x| < 1. Finally, from the Squeeze 
Principle, we conclude that R; (0,x) > Oask > o for all x with |x| < 1. 


9.4.2 Series From Other Series 


There are some simple substitutions into power series that can facilitate the deriva- 
tion of series expansions from some functions for which series expansions are 
“known.” The proof of the following two examples are left as an exercise. 


Theorem 9.4.7 Suppose that f (u) = S329 cn(u—b)" for |u—b| < R with 
R> 0. 
(a) Ifb = kc +d with k # 0, then f (kx +d) = peer ra (x —c)" for 


poi 
X= Cl 2, 
ial 
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(b) For every fixed positive integer k, f [ (x =e) b| = gen = c) for 


Ix —c| < RIF, 


The proofs are left as an exercise. 


We close this section with a set of examples. 


1 
Example 9.4.8 Find the power series expansion for f (x) = To about the 
—x 
1 
point a = ee give the radius of convergence. 


Note that 


rl areca lattes 
ean O (l—x) (+x) 


a" ( i yal 5) for 2(x-5) <lor|x—=| < 
1-2(x-- n=0 
2 
bat at ay Ber) (0-8) ml 
ED) * 


1 
< x, it follows 


1 
*~ 5 


x- 5 Es 5° Because both series expansions are valid in 5 
that 
CO n 
(—2)” 1 1 
— n ——_— 7 —_ — —_— 
fe= D+ 5 for \x a 
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Example 9.4.9 Find the power series expansion for g (x) = arcsin (x) about the 
point a = 0. 


We know that, for |x| < 1, arcsinx = -[+ . From the Binomial 


. V1 — t2 
Series Theorem, form = —-=, we have that 
1 1 1 
a aoe | trtete ——-n+l 
172 2 2 2 n . 
(1+ u) =1+ yeh for |u| < 1. Since 
n! 


Jju| < 1 ifand only if u2| < 1, it follows that 


if ha) ar a) 
(1 = ?) = 14+ >0 Ao 4S (1 2" for It] <1. 


oa n! 
Note that 
1 1 it 1 1 1 
aes) (h (eeecaremes (el \eereey (eee 1)(-1)" ={-)(-41).---(- | 
ee) ar Gen) Gee) 
a 
nterms 
1-3---(QQn—-1) 
Consequently, 


-1/2 CORN 558 ce | 
(1-7) fg ee Pe it 2 
n 


2"n! 


with the convergence being uniform in each |t| < h for any h such thatO0 <h <1. 
Applying the Integration of Power Series Theorem (Theorem 9.1.13), it follows that 


—| 
pee NT) Sa for |x| <1 


x 
wen = | iz apa ESE 


where arcsinO = 0. 


Excursion 9.4.10 Find the power series expansion about a = O for f (x) = 
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e*+e* . ; 
cosh (x) = i and give the radius of convergence. 


***Upon noting that f (0) = 1, f’ (0) = 0, f&” (x) = f (x) and fO"-) (x) = 


oo 2n 
f’ (x), it follows that we can write f as Dani for all x € R.*** 


Example 9.4.11 Suppose that we want the power series expansion for f (x) = 
In (cos (x)) about the point a = 0. Find the Taylor Remainder R3 in both the 
Lagrange and Integral forms. 


(4) 
Since the Lagrange form for R3 is given by re for0 <& <x, we 
have that 


— (4 sec? € tan? € + 2 sect 7 
gd CoS ae, 


24 

x — tyr 
In general, the integral form is given by Ry (a, x) = | @ =O" pent) (t) dt. For 
2 n 


! 
this problem, a = 0 and n = 3, which gives 


X_(x—t 3 
R3 (a,x) = i eae (4 sec’ ¢ tan? t + 2 sec* ) dt 
a 
Excursion 9.4.12 Fill in what is missing in the following application of the geo- 
metric series expansion and the theorem on the differentiation of power series to 
3n —1 
find Yn=1 ga 
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CO 
Because x ae for |x| <1, it follows that 
= l1-x 
> (5) 
n=1 4 (1) 


From the theorem on differentiation of power series, 


[e.@) , x / 
Ym" =1() - 


n=1 


(2) 
in |x| < 1. Hence, 


Co 
n 


An 
jal 


(3) 
Combining the results yields that 


(4) 


1 4 
***F x pected responses are: (1) 3? (2) x (1 —x)7?, (3) 3° and (4) 1.*** 


9.5 Fourier Series 


Our power series expansions are only useful in terms of representing functions that 
are nice enough to be continuously differentiable, infinitely often. We would like 
to be able to have series expansions that represent functions that are not so nicely 
behaved. In order to obtain series expansions of functions for which we may have 
only a finite number of derivatives at some points and/or discontinuities at other 
points, we have to abandon the power series form and seek other “generators.” The 
set of generating functions that lead to what is known as Fourier series is {1} U 
{cosnx :n € J} Uf{sinnx : ne J}. 


Definition 9.5.1 A trigonometric series is defined to be a series that can be written 
in the form 


1 CO 
540 + 2 (ay, cosnx + by sinnx) (9.22) 


where {dn};-_9 and {by}r-_, are sequences of constants. 
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Definition 9.5.2 A trigonometric polynomial is a finite sum in the form 
N . 
> cre, x ER (9.23) 
k=—N 


where cx, k = —N, —N +1,...,N —1,N, is a finite sequence of constants. 


Remark 9.5.3 The trigonometric polynomial given in (9.23) is real if and only if 
Cag =-6y, fOr w=), ly iN. 


Remark 9.5.4 /t follows from equation (9.12) that the Nth partial sum of the trigono- 
metric series given in (9.22) can be written in the form given in (9.23). Conse- 


N 
1 : 
quently, a sum in the form 540+), (az coskx + by sinkx) is also called a trigono- 
k=0 
metric polynomial. The form used is often a matter of convenience. 


The following “orthogonality relations” are sometimes proved in elementary 
calculus courses as applications of some methods of integration: 


= “ x ,if m=n 
/ cosmx cosnxdx = | sinmx sinnxdx = 
Sa “e 0 ,if mAn 


and 


Tw 
i cosmx sinnxdx = 0 forallm,n e€ J. 
—1 
We will make use of these relations in order to find useful expressions for the coef- 
ficients of trigonometric series that are associated with specific functions. 


Theorem 9.5.5 If f is a continuous function on I = [—7z, 2] and the trigonometric 


series 50 + O°, (an cosnx + by sinnx) converges uniformly to f on I, then 


a= - f (t)cosnt dt forn € J U {0} (9.24) 
and 


1 TU 
b,=— | f @)sinnedt. (9.25) 
TU 


—e 
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1 
Proof. For each k € J, let s, (x) = 540 + Syaam (am Cos mx + bm sinmx) and 
suppose that ¢ > O is given. Because s;, — f there exists a positive integer M such 


that k > M implies that |s, (x) — f (x)| 2 é for all x € J. It follows that, for each 
fixedn € J, 

Is (x) cosnx — f (x) cosnx| = |sx (x) — f (x)| |cosnx| < Ise @) — f @) <e 
and 

sx (x) sinnx — f (x) sinnx| = [sx (x) — f (x) |sinnx| < |x) — f @)| <é 
for all x € J andallk > M. Therefore, s, (x) cosnx = f (x) cosnx and 


Sx (x) sinnx = f (x)sinnx for each fixed n. Then for fixed n e J, 
I 


1 < : 
f (x) cosnx = 540 cosnx + > (Am cos mx cosnx + by sinmx cosnx) 
m=1 
and 


; 1, — ; 
f (x) sinnx = 50 sinnx + >2 (dm cosmx sinnx + by sinmx sinnx) ; 


m=1 
the uniform convergence allows for term-by-term integration over the interval [—7z, z ] 
which, from the orthogonality relations yields that 


f (x)cosnxdx = ma, and f (x)sinnx dx = zby. 


Definition 9.5.6 Jf f is a continuous function on I = [—2, 2] and the trigonomet- 
ric series 540 + >" | (Gn cos nx + by sinnx) converges uniformly to f on I, then 


the trigonometric series 


1 = 

540 + ze (an cosnx + by, sinnx) 

is called the Fourier series for the function f and the numbers ay and by are called 
the Fourier coefficients of f. 
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Given any Riemann integrable function on an interval [—7, 2], we can use the 
formulas given by (9.24) and (9.25) to calculate Fourier coefficients that could be 
associated with the function. However, the Fourier series formed using those co- 
efficients may not converge to f. Consequently, a major concern in the study of 
Fourier series is isolating or describing families of functions for which the associ- 
ated Fourier series can be identified with the “generating functions”; i.e., we would 
like to find classes of functions for which each Fourier series generated by a func- 
tion in the class converges to the generating function. 

The discussion of Fourier series in our text highlights some of the convergence 
properties of Fourier series and the estimating properties of trigonometric polyno- 
mials. The following is a theorem that offers a condition under which we have 
pointwise convergence of the associated Fourier polynomials to the function. The 
proof can be found on pages 189-190 of our text. 


Theorem 9.5.7 For f a periodic function with period 2a that is Riemann inte- 
grable on |—1, 1], let 


Tw 


N 
1 
sw (Fin) = ¥en where en = sk f pene 

m=—N 20 —x 


If, for some x, there are constants 6 > 0 and M < © such that 
If(x+ny-f@l <M It 
for allt € (—6, 60), then lim sy (f;x) = f (x). 
Noo 


The following theorem that is offered on page 190 of our text can be thought of 
as a trigonometric polynomial analog to Taylor’s Theorem with Remainder. 


Theorem 9.5.8 If f is a continuous function that is periodic with period 2a and 
é > O, then there exists a trigonometric polynomial P._ such that |P (x) — f (x)| <é 
forallx ER. 


For the remainder of this section, we will focus briefly on the process of finding 
Fourier series for a specific type of functions. 


Definition 9.5.9 A function f defined on an interval I = [a, b] is piecewise contin- 
uous on I if and only if there exists a partition of I, {a = x0, X1, .--» Xn—15 Xn = D} 
such that (i) f is continuous on each segment (xp—1, XK) and (ii) f (at), f (b-) 
and, for each k € {1,2,...,n — 1} both f (x~+) and f (xp—) exist. 
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Definition 9.5.10 If f is piecewise continuous on an interval I and x, € I is a 
point of discontinuity, then f (xp+)— f (xg—) is called the jump at x;. A piecewise 
continuous function on an interval I is said to be standardized if the values at points 


of discontinuity are given by f (xz) = ; [f (x,+) + f (xx—)]. 


Note that two piecewise continuous functions that differ only at a finite number 
of points will generate the same associated Fourier coefficients. The following 
figure illustrates a standardized piecewise continuous function. 


y goed 


AN 


a=xX, 


Definition 9.5.11 A function f is piecewise smooth on an interval I = [a, b] if and 
only if (i) f is piecewise continuous on I, and (ii) f' both exists and is piecewise 
continuous on the segments corresponding to where f is continuous. The function 
f is smooth on I if and only if f and f' are continuous on I. 


Definition 9.5.12 Let f be a piecewise continuous function on I = [—7, 7]. Then 
the periodic extension f of f is defined by 


f @) sf =Faxr aa 
f@)= Pera’) ,if x=aVX=—Z > 
f(x — 27) ,if xER 
where f is continuous and by f (x) = fete) an each point of discon- 


tinuity of f in (—z, 7). 


It can be shown that, if f is periodic with period 2z and piecewise smooth 
on [—z, 2], then the Fourier series of f converges for every real number x to the 
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co SOD TGS) 
imit ——M—_ 


function f at every point of continuity and to the standardized value at each point 
of discontinuity. 


. In particular, the series converges to the value of the given 


Example 9.5.13 Let f (x) = x on I = [-2,7z]. Then, for each j € Z, the 
periodic extension f satisfies f (jaz) = 0 and the graph in each segment of the 
form (jx, (j + 1) 7) is identical to the graph in (—z, 7). Use the space provided 


to sketch a graph for f. 


The associated Fourier coefficients for f are given by (9.24) and (9.25) from 
Theorem 9.5.5. Because t cos nt is an odd function, 


1 a 
a = -| tcosntdt =Oforne JU {0}. 


1 —T 


According to the formula for integration-by parts, ifn € J, then 


. tcosnt 1 
tsinntdt = — +— | cosntdt+C 
n n 


for any constant C. Hence, cosnx = (—1)” forn € J yields that 


z xy 21H 


1 ff”. 2 fF n 
b, = tsinnt dt = — tsinnt dt = 
NT J—nx Tw JO 2 
= oe ih 2|n 
n 


Thus, the Fourier series for f is given by 


lee) . 
SInNNX 

2 G1 

2 ) ; 
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The following figure shows the graphs of f, 5, (x) = 2 sinx, and s3 (x) =2sinx — 
sin 2x + 3 sin 3x in (—3, 3). 


while the following shows the graphs of f and s7 (x) = 2 yg Gin plas 
n 
in (—3, 3). 


Example 9.5.14 Find the Fourier series for f (x) = |x| in-a < x < a. Note 
that, because f is an even function, f (t) sinnt is odd. 


9.5. FOURIER SERIES 415 


*k*Hopefully, you noticed that b, = 0 for each n € J and a, = 0 for each even 
natural number n. Furthermore, d9 = az while, integration-by-parts yielded that 
ayn = —4n~? (x)7! for n odd.*** 


The following figure shows f (x) = |x| and the corresponding Fourier polyno- 


; x 4 1 : 
mial s3 (x) = — — — | cosx + —cos 3x | in (—3, 3). 
2 - 9 


We close with a figure that shows f (x) = |x| and the corresponding Fourier 
Z 


1 4 1 
olynomial s7 (x) = — — — ) m——~ cos (2n — 1) x in (—3, 3). Note how the 
poly 71) = 5 = a eee: ( )x in (—3, 3) 


difference is almost invisible to the naked eye. 
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9.6 Problem Set I 


1. Apply the Geometric Series Expansion Theorem to find the power series ex- 


pansion of f (x) = about a = 2 and justify where the expansion is 


valid. Then verify that the coefficients obtained satisfy the equation given in 
part (c) of Theorem 9.1.13. 
Let 


ee: 
a) as, 


where exp w =e". 


(a) Use the Principle of Mathematical Induction to prove that, for eachn € 
Jand x € R— {0}, g™ (x) = x—"P,, (x) exp (—1/x’) where P,, (x) is 
a polynomial. 


(b) Use l’H6pital’s Rule to justify that, for each n € JU {0}, g™ (0) =0. 


. Use the Ratio Test, as stated in these Companion Notes, to prove Lemma 


9.1.8. 


. For each of the following use either the Root Test or the Ratio Test to find the 


“interval of convergence.” 
CO n 
(7x) 
OD 
n=0 


(b) D03n (x — 1)" 


n=0 


— (x + 2)" 
(c) ar a 


2, (n!)? (x — 3)" 
@ 2 (2n)! 


(Inn) 3” (x + 1)" 
O 2 sae 
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10. 


11. 


2S 
. Show that are eee is convergent in (-5. -5). 
= n+1 Ze v2 


© n(n + 1)2" (x +1)" 1 


. For each of the following, derive the power series expansion about the point 


a and indicate where it is valid. Remember to briefly justify your work. 


3x -—1 
(a) CD seal RT a 


(b) h(x) =Inx;a =2 


. For each of the following, find the power series expansion about a = 0. 


=1/2 


(a) f (x) = (1-2?) 
6) f@)=C=2)* 
(c) f@~)=U-x)? 
(d) f (x) = arctan (x”) 


. Find the power series expansion for h (x) = In (x +V1+ x?) about a = 0 


and its interval of convergence. (Hint: Consider h’.) 


. Prove that if f (uv) = 772.9 en (u — b)" for |u — b| < R with R > Oandb = 


R 
kc+d withk ~ 0, then f (kx +d) = pear, Cnk" (x — cy" for |x —c| < la 


Prove that if f (uv) = 09 cn (u — b)" for |u — b| < R with R > 0, then 
f [(x —cjr + b| = gen k= c)*”" in |x —c| < R!/* for any fixed posi- 
tive integer k. 


Find the power series expansions for each of the following about the specified 
point a. 


(a) f (x) = Bx +5)73;a=1 
(b) g(x) =sinxcosx;a = - 


x 
(c) his) ==) sa =2 
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CO 
12. Starting from the geometric series >" = x(1—x)7! for |x| < 1, derive 


n=1 
closed form expressions for each of the following. 
[e,2) 
(a) }o(@ +x" 
n=1 


(b) Dit ix” 


n=1 


©) Di@t pa 


n=1 


cay ea | 
(d) pare il 


13. Find each of the following, justifying your work carefully. 
Sn? +2n—1 
@ 2a 
n “ — 2”) 
(b) Se 


14. Verify the orthogonality relations that were stated in the last section. 


xz ,if m=n 
a uu . é 
(a) [", cosmx cosnxdx = [” sinmx sinnxdx = . ; 
0 ,if mAn 


(b) [” cosmx sinnxdx = 0 for all m,n é J. 


15. For each of the following, verify that the given Fourier series is the one asso- 
ciated with the function f according to Theorem 9.5.5. 


QO ,if —-t@<x <0 


1 2< oy | 
(a) f(x) = a ye +1)x) 


ji) Sf OS aeee = 
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2 oe) 
9 - Rs 1k COS (kx) 
(b) f (x) =x~* for x € [—z, z]; z a 1) 72 


1 2 
(c) f («) = sin’ x for x € [—z, 2]; a < n 
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